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ABSTRACT

Let @ C R? be a bounded domain. We consider the problem of how efficiently shallow neu-
ral networks with the ReLUF activation function can approximate functions from Sobolev spaces
W*(L,(Q)) with error measured in the L,(€)-norm. Utilizing the Radon transform and recent re-
sults from discrepancy theory, we provide a simple proof of nearly optimal approximation rates in a
variety of cases, including when g < p, p > 2, and s < k+ (d + 1) /2. The rates we derive are optimal
up to logarithmic factors, and significantly generalize existing results. An interesting consequence
is that the adaptivity of shallow ReLU* neural networks enables them to obtain optimal approxi-
mation rates for smoothness up to order s = k+ (d + 1)/2, even though they represent piecewise
polynomials of fixed degree k.

1 Introduction

We consider the problem of approximating a target function f : Q — R, defined on a bounded domain Q C R¢, by
shallow ReLU* neural networks of width 7, i.e. by an element from the set

n
THRY) = {Zaiok(a),- x+by), ai,b; € R, ; € Rd} : (1.1)
i=1
where the ReLU* activation function oy is defined by
0 x<0
= = 1.2
O (12)

We remark that when d = 1, the class of shallow ReLU* neural networks is equivalent to the set of variable knot
splines of degree k. For this reason, shallow ReLU* neural networks are also called ridge splines and form a higher
dimensional generalization of variable knot splines. The approximation theory of shallow ReLU* neural networks has
been heavily studied due to their relationship with neural networks and their success in machine learning and scientific
computing (see for instance [2,3L[7,[11L[19,[23[25[1291401147,154] and the references therein). Despite this effort, many
important problems remain unsolved. Notably, a determination of sharp approximation rates for shallow ReLU* neural
networks on classical smoothness spaces, in particular Sobolev and Besov spaces, has not been completed except when
d =1 (the theory of variable knot splines in one dimension is well known and can be found in [[10,22], for instance).
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Let Q C R be a bounded domain. To simplify the presentation, we will only consider the case where
Q:={x:|x|] <1} (1.3)

is the unit ball in R?, although we remark that our techniques give the same results for any domain Q with smooth
boundary by utilizing appropriate Sobolev and Besov extension theorems [1,110,20,/56].

We define the Sobolev spaces W*(L,(Q)) for integral s via the norm
£ llwszy2) = 1 fllLy@) + HZ [Faiesy (1.4)
a|=s

where the sum is over multi-indices ¢ with weight s. When s is not an integer, we write s = k + 6 with k an integer
and 0 < 0 < 1, and define the fractional Sobolev spaces (see for instance [15]]) via

g D% f(x) —D*f(y)|
sz, 0) aZk/m e dxdy (1.5)
and
1Rz 0 1= 112y 0+ Ty ) (1.6)

with the standard modifications when g = oo. Sobolev spaces are central objects in analysis and the theory of PDEs (see
for instance [20]). We remark also that when g =2 and Q = R4, the Sobolev norm can be conveniently characterized
via the Fourier transform, specifically

yaaiuny = [, EPIFE) a8, an
where f denotes the Fourier transform of f defined by (see [?,1]])

f(r:) = /Rd ei‘g"‘f(x)dx. (1.8)

The Besov spaces may be defined using the modulus of smoothness (see for instance [[10,(13159]), which for a function
f € L,(€) is given by

(f’ )(J = sup HAthLq Qkh (19)

|h| <t

Here Aﬁ f is the k-th order finite difference in the direction k& and Qi = {x € Q, x+ kh € Q}, which guarantees that
all terms of the finite difference lie in Q. For s > 0 and 1 < r,g < co the Besov norm is defined by

e (Dk(f,t)r 1r
|flBs(zg(0) == </0 qudt) (1.10)

when r < oo and by
1By (2, (@) = Sugfswk(faf)q, (1.11)
>

when r = co. The Besov spaces are closely related to approximation by trigonometric polynomials, splines, and
wavelets, and have numerous applications in approximation theory, harmonic analysis, signal processing, and statistics
(see for instance [[6,/9,16-18]]). We remark that it is known that the Sobolev spaces for non-integral values of s are
equivalent to Besov spaces (see [12,/13]), specifically

IS lws 20 = 1By 2y00) (1.12)

for an appropriately smooth domain.

An important theoretical question is to determine optimal approximation rates for Zﬁ (RY) on the classes of Sobolev
and Besov functions. Specifically, we wish to determine minimax approximation rates

sp it f~fl@ad  swp o inf 1~ ful (1.13)
HfHWS(Lq(Q))Slfnezﬁ(Rd) ! HfHBﬁ(Lq(Q))Slfnezﬁ(Rd> '

for different values of the parameters s, p, g, and k. When d = 1, the set of shallow neural networks X¥(R) simply
corresponds to the set of variable knot splines with at most n breakpoints. In this case a complete theory follows from
known results on approximation by variable knot splines [7,8,/46]. When d > 1, this problem becomes considerably
more difficult and only a few partial results are known.
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We remark that when approximating functions from a Sobolev space W*(L,(Q)) or a Besov space Bj(L,(Q)) in
L, there is a significant difference depending upon whether g > p or g < p. In the former case, linear methods of
approximation are able to achieve an optimal approximation rate, while when g < p non-linear methods are required
[8,30]. For shallow ReLU* neural networks, existing approximation results have exclusively been obtained in the
linear regime when ¢ > p. Fully understanding approximation by shallow ReLU* neural networks in the non-linear
regime when g < p appears to be a very difficult open problem.

In this work, we study approximation rates for shallow ReLU* neural networks on Sobolev spaces using existing
approximation results on variation spaces (we leave the more technical case of Besov spaces to future work). The
variation space corresponding to ReLU* neural networks is defined as follows. Let @ C R? be a bounded domain and
consider the dictionary, i.e. set, of functions

P{:={o(w-x+b), €S becc,d]}, (1.14)

where the interval [c,d] depends upon the domain Q (see [54155]) for details and intuition behind this definition). The

set IP",f consists of the possible outputs of each neuron given a bound on the inner weights. The unit ball of the variation
space is the closed symmetric convex hull of this dictionary, i.e.

n n
Bl(Pf)_{Zaidi, di€P{, Y ai| < 1}, (1.15)
i=1

i=1

where the closure is taken for instance in L, (it is known that the closure is the same when taken in different norms as
well [51,162]). Given the unit ball, we may define the variation space norm via

114 ey = inf{e >0 f € cBi (P} (1.16)
The variation space will be denoted
H(FE) = {f € Xt || fll gy < - (1.17)

We remark that the variation space can be defined for a general dictionary, i.e. bounded set of functions, D (see for
instance [8}[27,128,141,!42/154]). This space plays an important role in non-linear dictionary approximation and the
convergence theory of greedy algorithms [[14}/50L[57.58]]. In addition, the variation spaces %] (]P",f ) play an important
role in the theory of shallow neural networks and have been extensively studied in different forms recently [2,/19}/44}
451155].

An important question regarding the variation spaces is to determine optimal approximation rates for shallow ReLU¥
networks on the space %] (P‘,f ). This problem has been studied in a series of works [2|[3l23|311[36l37], with the (nearly)

optimal rate of approximation,
2k+1

. 1
L=l < Iy (1.18)

recently being obtained for the Ly-norm in [54] and in the L..-norm in [S1]. To be precise, this rate is optimal up

to logarithmic factors, which is shown in [54] under a mild restriction on the weights, while the general optimality
follows from the results proved in this work.

A promising approach to obtaining approximation rates for ReLU¥ neural networks on Sobolev and Besov spaces is to
use the approximation rate (I.I8) obtained on the variation space to obtain rates on Sobolev and Besov spaces via an
interpolation argument, i.e. by approximating the target function f first by an element of the variation space and then
approximating via a shallow neural network. This type of argument was applied in [2], where an approximation rate
of

~1/d
n
inf — <C — 1.19
PN 1f = fall (@) < Cllfllwr @) (logn> (1.19)
was proved for the class of Lipschitz functions W!(L..(Q)). We remark that, due to a minor error, the proof in [2] is
only correct when d > 4. This approach was extended in [63] (see also [38L162]) to larger values of the smoothness s
and the logarithmic factor was removed, which gives the approximation rate
inf | f— < C||fllws n=s/d 1.20
sz, I1f = fallz.@) < Cllfllws (r(e)) (1.20)
for all s < (d+2k+1)/2. Up to logarithmic factors, this rate is optimal, which solves the problem (LI3) when
p = q = oo. Indeed, lower bounds on the approximation rates (I.13) can be obtained using either the VC-dimension or
pseudodimension of the class of shallow neural networks Z’,‘,(Rd ) (see [41[251351/50]). This gives a lower bound of

sup inf ||f = fulls, @) = Clnlog(n)) ™/ (1.21)
1f lws (1 () Fn€Zn (RE)
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for all s,d, k, p and g. Removing the remaining logarithmic gap here appears to be a very difficult problem.

We remark that there are also other approaches which do not utilize the variation space, such as the method developed
in [[11,/47], where it is proved for Sobolev spaces that
inf | f— <C||fllws ns/d 1.22

fnez,;(Rd)Hf Tally@) < Cllfllws(y(9) (1.22)
for s < (d+2k+1)/2. Again, this rate is optimal up to logarithmic factors, giving the solution to (LI3) when
p = q = 00,
In this work, we utilize approximation rates for the variation space and an interpolation argument to extend the approx-
imation rates derived in previous work to a variety of new cases. The key component of our analysis is the following
embedding theorem, which is proved using a Radon space characterization of the variation space [43-45]].

Theorem 1. Let s = (d+2k+1)/2. Then we have the embedding
W (Lo (Q)) € H#1(PY). (1.23)

This result shows that the L,-Sobolev space with a certain amount of smoothness embeds into the variation space
A (P‘,f ), and has quite a few important consequences. First, combining this with the approximation rate (18, we
obtain the following corollary.

Corollary 1. Let s = (d 4+ 2k+ 1) /2. Then we have the approximation rate

inf —f <C||fllws —s/d. 1.24
fnelz’,;(]Rd)”f Tall @) < ClFllws (o (1.24)

Note that in (1.24) we have error measured in L, with p = oo and smoothness measured in L, with g = 2. In particular,
this result gives to the best of our knowledge the first approximation rate for ridge splines in the non-linear regime
when g < p. However, this only applies to one particular value of s, p and ¢, and it is an interesting open question
whether this can be extended more generally.

To understand the implications for the linear regime, we note that it follows from Corollary [l that

inf || f— <C||fllws ns/d 1.25
ety 1 = FallL,@) < Cllfllws @) (1.25)
for any 2 < p < oo with s = (d + 2k + 1) /2. Standard interpolation arguments can now be used to give approximation
rates for Sobolev spaces in the regime when p = g and p > 2.

Corollary 2. Suppose that2 < p <ooand(0<s<k+ d—erl Then we have

. . —s/d
f:g_;Hf Tallz,@) < Cllifllwsw,@)yn <. (1.26)

Corollary 2] extends the approximation rates obtained in [2,38,47,[62,[63]] to all p > 2. We remark that using interpo-
lation an analogous result can be proved for Besov spaces, but for simplicity we will not discuss this more technical
result in this paper.

Note that in Corollary 2] we required the index p > 2. When d = 1, i.e. in the case of one-dimensional splines, it is
well-known that the same rate also holds when p < 2. In this case, Theorem [Tl can actually be improved to (see [53],
Theorem 3)

W*(Li(Q)) C o (BY) (1.27)
for s = k+ 1 (the case d = 1 in Theorem[I)), and approximation rates for all 1 < p < oo easily follow from this in an
analogous manner. However, we remark that this method of proof fails when d > 1, since the embedding fails
in this case for the value of s in Theorem [I] which is required to obtain the approximation rate in Corollary 2l This
can be seen by noting that

J1(PY) C Leo(),
and thus if holds, then we must have W*(L; (Q)) C L. () which by the Sobolev embedding theory implies that
s > d, which is not compatible with Theorem [T unless

(d+2k+1)/2>d,

i.e. k> (d —1)/2. For this reason the current method of proof cannot give the same approximation rates when d > 1
for all values of 1 < p <2 and k > 0. Resolving these cases is an interesting open problem, which will require methods
that go beyond the variation spaces %] (]P’z ), for instance by generalizing the analysis in [11147].



A PREPRINT - AUGUST 21, 2024

Let us also remark that the embedding given in Theorem [Il is sharp in the sense of metric entropy. Recall that the
metric entropy numbers of a compact set K C X in a Banach space X is defined by

& (K)x =inf{e > 0: K is covered by 2" balls of radius €}. (1.28)

This concept was first introduced by Kolmogorov [24] and gives a measure of the size of compact set K C X. Roughly
speaking, it gives the smallest possible discretization error if the set K is discretized using n-bits of information. It has
been proved in [54] that the metric entropy of the unit ball B (]P’z) satisfies

2k+1

1 2k+1
€a(B1(P))) ) = n 2 3T (1.29)

Moreover, the results in [31l51]] imply that the metric entropy decays at the same rate in all L, (€2)-spaces for 1 < p <o
(potentially up to logarithmic factors). By the Birman-Solomyak theorem [3]], this matches the rate of decay of the
metric entropy with respect to L,(€) of the unit ball of the Sobolev space W*(L(Q)) for s = (d +2k+1)/2. This
means that both spaces in Theorem[Il have roughly the same size in L, (Q).

Finally, let use relate these results to the existing literature on ridge approximation. Ridge approximation is concerned
with approximating a target function f by an element from the set

Ry = {Zn:fi(wi-x), fi:R>R, o€ S‘“}, (1.30)
i=1

Here the functions f; can be arbitrary one-dimensional functions and the direction @ lie on the sphere S¢~!. There
is a fairly extensive literature on the problem of ridge approximation (see for instance [25,48] for an overview of the
literature). In the linear regime optimal approximation rates are known for Sobolev and Besov spaces (see [32,134]))
and we have for instance

fig; 1f = fall, @) < CllF sz, @pn @ (1.31)

for all 1 < p <oo. This result is proved by first approximating f by a (multivariate) polynomial of degree m, and then
representing this polynomial as a superposition of m?~! polynomial ridge functions. This construction applies to neural
networks provided we use an exotic activation function o whose translates are dense in C([—1,1]) (see [33])). Using
an arbitrary smooth non-polynomial activation function we can also reproduce polynomials using finite differences to

obtain an approximation rate of O(n~*/¢) (see [39]).

On the other hand, shallow ReLU* neural networks always represent piecewise polynomials of fixed degree k, and our
results do not proceed by approximating with a high-degree polynomial. One would expect that such a method could
only capture smoothness up to order k + 1. Interestingly, as shown in Corollary[Z] the non-linear nature of ReLU* neu-
ral networks allow us to capture smoothness up to degree k + (d + 1)/2. This shows that in high dimensions, suitably
adaptive piecewise polynomials can capture very high smoothness with a fixed low degree, providing a Sobolev space
analogue of the results obtained in [53]. We remark that this is a potential advantage of shallow ReLU* networks for
applications such as solving PDEs [52/61]].

The paper is organized as follows. In SectionRlwe give an overview of the relevant facts regarding the Radon transform
[49] that we will use later. Then, in Section 3] we provide the proof of Theorem[Il Finally, in Section [4] we deduce
Corollary

2 The Radon Transform

In this Section, we recall the definition and several important facts about the Radon transform that we will use later.
The study of the Radon transform is a large and active area of research and we necessarily only cover a few basic
facts which will be important in our later analysis. For more detailed information on the Radon transform, see for
instance [21,126,/60]. We also remark that the Radon transform has recently been extensively applied to the study of
shallow neural networks in [43,144].

Given a Schwartz function f € . (RY) defined on R?, we define the Radon transform of f as
A @b)= [ fdx @
-x=b

where the above integral is over the hyerplane @ - x = b. The domain of the Radon transform is $¢~! x R, i.e. |@| = 1
and b € R.
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Using Fubini’s theorem, we easily see that for each @ € $?~! we have
120 @) = [ 120 @b)ab= [ | [ pioas
JR R |Jwx=b
Integrating this over the sphere S9! we get
12 ()L, (521 ) < @a—rllfllL, mays

where w,_; denotes the surface area of the sphere S?~, so that the Radon transform extends to a bounded map from
Li(R?) — Li (89! x R). In fact, the bound (Z.2)) gives even more information.

b= / /a; (x)|dxdb = Hf”Ll(Rd)- (2.2)

A fundamental result relating the Radon transform to the Fourier transform is the Fourier slice theorem (see for instance
Theorem 5.10 in [26]).

Theorem 2 (Fourier Slice Theorem). Let f € L1(R?) and & € S, Let go(b) = Z(f)(®,b). Then for eacht € R
we have

(1) = f(or). (2.3)

Note that by (2.2) we have g, € L (R) and so the Fourier transform in Theorem[is well-defined. For completeness,
we give the simple proof.

Proof. Expanding out the definition of the Fourier transform and Radon transforms and using Fubini gives
golt) = / e it / f(x)dxdb = / / e 1O f(x)dxdb = / e 1 f(x)dx = f(wr), (2.4)
R -x=b RJw-x=b Rd
since  -x =b. O

Utilizing the Fourier slice theorem and Fourier inversion, we can invert the Radon transform as follows (see for
instance Section 5.7 in [26]).

1 i tdg = d—1 tta)x
f(x) (275) f(é) 5 27‘[ /Sl l / f (Dl |t| dide
2.5)
= st fo GO
The inner integral above is the inverse Fourier transform of gg (t )|t|d71 evaluated at @ -x. This gives the inversion
formula
flx) = . H,Zf(0,0-x)do, o6

where the operator H,; acts on the b-coordinate and is defined by the (one-dimensional) Fourier multiplier

—

1
Hag(r) = 5ol 4(0). @7

The inversion formula (2.6) is typically called the filtered back-projection operator and is often applied to invert the
Radon transform in medical imaging applications (see for instance [26]). It is valid provided that the Fourier inversion
formula is valid, for instance whenever f is a Schwartz function.

3 Embeddings of Sobolev Spaces into ReLU* Variation Spaces

Our goal in this section is to prove Theorem[I] on the embedding of Sobolev spaces into the neural network variation
space.

Proof of Theorem[ll By a standard density argument and the Sobolev extension theory (see for instance [?,1,20,56])

it suffices to prove that
11 2y < CF sz mey) 3.1

for s = (d 4+ 2k+1)/2 and every function f € C*(B¢). Here the norm on the left-hand side is the variation norm of
f restricted to Q, the constant C is independent of f, and ]B%‘zl denotes the ball of radius 2 in R¢ (any bounded domain
containing Q will also do).
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Since f is a Schwartz function, we may use the Radon inversion formula (Z.6) to write
flx)= /d le(a)-x)d(x), (3.2)
JSa4—

where Fy,(t) = HyZ f(o,t). We remark also that since f € C2*(B4), we have Fy, € C*(R) for each @ € 77! (it is not
necessarily compactly supported due to the Hilbert transform in the filtered back-projection operator).

Next, we use the Peano kernel formula to rewrite (3.2) for x in the unit ball as

1
f(x) = px)+— / Fcf,kﬂ)(b)(a) x—bYdbdw
k! Jgd-1
(3.3)
k+1
o /Sd 1/ L (0-x—b)dbd o,
where p(x) is a polynomial of degree at most k given by
ko (i
_ Fg (_1) Jj
x)_/S(H;)T(w-)H—l) do. (3.4)
Now Holder’s inequality implies that
1 1/2 1/2
/ / F) () dbdew < c/ (/ IF& ) 2db> do<C (/ |F(f,"“)(b)|2db> do
sd-1 J_1 sd—1 sd—1 R (3 5)

1/2
_c / ( / |tk+1ﬁw(t)|2dt) do.
si-1 \JR

Utilizing the Fourier slice theorem, the definition of the filtered back-projection operator H;, and Jensen’s inequality,
we obtain the bound

1 12
/ / IF$) (1) dbdw < € / < / |tk+1Fa,(t)|2dt> do
sd—1J_q sd=1 \JR

o — 1/2
= 2s+d—1 2
=/ < [Pz o) dt) o

_ 12 (3.6)
<c( [, [Lnp @ enkade)
§d—1 J oo
1/2
_ 25| F(EYI2 _
—c(2 [ EPU@PRIE)  =Clflymy.
Setting
(k+1
=1 /sd 1/ (0 x—b)dbdw (3.7)
the bound (B.6) implies that (see for instance Lemma 3 in [33]])
(k+1)
lelleg) < [, , [ IFS D 0)labador < €l G8)
It also immediately follows from (3.6) that
(k+1)
lelloy <€ [, | [ IES D 0)dbdo < gy, (39)
since the elements of the dictionary IP",f are uniformly bounded in L,. This implies that
[1Plloi@) = I1f = &llLa@) < 1 f o) +118ll@) < ClF llws (1, ray)- (3.10)
Since all norms on the finite dimensional space of polynomials of degree at most k are equivalent, we thus obtain
||P||;g1(]pg) Sl fllwsrymay)» (3.11)
which combined with (3.8)) gives Hf”.)m(P;j) < Cll fllws (1, (mae)) as desired. O
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4 Approximation Upper Bounds for Sobolev Spaces

In this section, we deduce the approximation rates in Corollary 2lfrom Theorem[Iland Corollary[1l This result follows
easily from the interpolation theory characterizing the interpolation spaces between the Sobolev space W*(L,(€2)) and
L,(Q) (see for instance [[10], Chapter 6 for the one dimensional case), but for the reader’s convenience we give a simple
direct proof (which contains the essential interpolation argument). We remark that a similar, but more complicated
interpolation argument can be used to obtain approximation rates for Besov spaces as well.

Proof of Corollary[2 The first step in the proof is to note that by the Sobolev extension theorems (see for instance
[?,[10,20.56]]) we may assume that fis defined on all of R, f is supported on the ball of radius (say) 2 (or some other
domain containing ), and

1 lws 2, @ay) < CILF sz, (@) 4.1
for a constant C = C(Q).

Let ¢ : RY — [0,00) be a smooth radially symmetric bump function supported in the unit ball and satisfying
¢ (x)dx =
R4

For € > 0, we define ¢¢ : RY — RY by
9e(x) = €9 (x/e)
and form the approximant
P
p _
fel0) =} < ) (=D [ 9e()fx—ty)dy. 4.2)
t=1
where p > s is an integer. Using that [ @¢(y)dy = 1, we estimate the error || f — fe||z, by

- P
17 = Fellygay < | [, 060 (Z (5) 1176 ty>> &y @3
: 1=0 Lp(dx)
Now, @ is supported on a ball of radius € and
p
<Z (%) vrre- ry>> | <0p( by < COPI ey (@)
1=0 Lp(dx)

for a constant C = C(s, p,d) by the definition of the Besov space B, (L,(R?)) (here @) (f,r), denotes the p-th order
modulus of smoothness). Thus the triangle inequality implies that

5 (%) 1se-m)

t=0

1 = el gy < [, 06) dy < C&'| Fllys(z, ) 4.5)

Lp(dx)

since || Qe[ 1 ey = 1.

The next step is to bound the W% (L, (R“))-norm of fr, where a = (d +2k -+ 1)/2. Observe that since p is fixed
depending upon s, it suffices to bound

(4.6)

003 )|
R

W (Ly (R dx)

for each fixed integer ¢t > 1. To do this, we first make a change of variables to rewrite

fes) = [ 0Ofte—m)dy =g [ e (2) fr=y)ay= [ 9et)rx—)y “.7)

Taking the Fourier transform, we thus obtain

Fer(8) = F(£)P(t€k). (4.8)
We now estimate the W% (L, (RY))-norm of fe, as follows
Folyaiuyny = [, 6P e @PaE = [ IEPAAEPId et Pat. @9
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Note that since f is supported on a ball of radius 2, we have (recall that p > 2)

L JEPIFEPAE = 1y < O s ) (4.10)

Thus Holder’s inequality implies that

esfoaaoy < ( [, 1EP1OPaE <sup £l S|q3<rs&>|>

4.11)
<l e < sup £V |§re£) )
By changing variables, we see that
<Sup |€|2(°”)I<13(t8€)|> = (1g) 2 <Sup &P 10(& ) Ce ) 4.12)
EcRd EcRd
since the supremum above is finite (¢ is a Schwartz function). Hence, we get
|fe lwor, may) < CHfHWS(L,,(Rd))Si(ais)' (4.13)
In addition, we clearly have from the triangle inequality that
Hf&‘,t (LZ(R‘I))7 (414)
so that if € < 1 we obtain (applying this for all # up to p)
[ fellwe (2 rayy < Cll A lws (e maye (4.15)

We now apply Corollary[to obtain an f, € XX (R¢) such that

1 = fellLy@) < CFllws(r, myye ™~ (4.16)
Combining this with the bound (4.3)), we get

||f_anLp(Q) < CHf”WS(L],(]Rd)) (es‘i-niaei(ais)) . (417)

Finally, choosing &€ = n~ /¢ and recalling that ot = (d+2k+1)/2 completes the proof. O
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