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Approximation Results for Gradient Descent
trained Neural Networks

G. Welper*

Abstract

The paper contains approximation guarantees for neural networks that
are trained with gradient flow, with error measured in the continuous
Lo(S*Y)-norm on the d-dimensional unit sphere and targets that are
Sobolev smooth. The networks are fully connected of constant depth
and increasing width. Although all layers are trained, the gradient flow
convergence is based on a neural tangent kernel (NTK) argument for the
non-convex second but last layer. Unlike standard NTK analysis, the con-
tinuous error norm implies an under-parametrized regime, possible by the
natural smoothness assumption required for approximation. The typical
over-parametrization re-enters the results in form of a loss in approxi-
mation rate relative to established approximation methods for Sobolev
smooth functions.
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1 Introduction

Direct approximation results for a large variety of methods, including neural
networks, are typically of the form

inf || fo = [l <n(0)™", feK ey

Le., a target function f is approximated by an approximation method fy,
parametrized by some degrees of freedom or weights 6 up to a rate n(6)~" for
some n(f) that measures the richness of the approximation method as width,
depth or number of weights for neural networks. Generally, the approximation
rate can be arbitrarily slow unless the target f is contained in some compact set
K, which depends on the approximation method and application and is typi-
cally a unit ball in a Sobolev, Besov, Barron or other normed smoothness space.
Such results are well established for a variety of neural network architectures
and compact sets K, however, these results rarely address how to practically
compute the infimum in the formula above and instead use hand-picked weights.



On the other hand, the neural network optimization literature, typically
considers discrete error norms (or losses)

Lo 1/2
1o = fll+ := (n2|f9(xi)_f(xi)|2> ,
i=1

together with neural networks that are over-parametrized, i.e. for which the
number of weights is larger than the number of samples n so that they can
achieve zero training error

inf L~ f]l- =0,

rendering the approximation question obsolete. In contrast, approximation the-
ory measures the error in continuous norms that emerge in the sample n — co
limit, where the problem is necessarily under-parametrized.

This paper contains approximation results of type for fully connected
networks that are trained with gradient flow and therefore avoids the question
how to compute the infimum in . The outline of the proof follows the typical
neural tangent kernel (NTK) argument: We show that the empirical NTK is
close to the infinite width NTK and that the NTK does not change too much
during training. The main differences to the standard analysis are:

1. Due to the under-parametrization, the eigenvalues of the NTK are not
lower bounded away form zero. Instead we require that the NTK is coer-
cive in a negative Sobolev norm.

2. We show that the gradient flow networks are uniformly bounded in positive
Sobolev norms.

3. The coercivity in negative Sobolev smoothness and the uniform bounds
of positive Sobolev smoothness allow us to derive Lo error bounds by
interpolation inequalities.

4. All perturbation and concentration estimates are carried out in function
space norms. In particular, the concentration results need some careful
consideration and are proven by chaining arguments.

The NTK is a sum of positive matrices from which we only use the contribution
form the second but last layer to drive down the error, while all other layers are
trained but estimated only by a perturbation analysis. The coercivity assump-
tion on the NTK is not shown in this paper. It is known for ReLLU activations,
but we require smoother activations and only provide a preliminary numerical
test while leaving a rigorous analysis of the resulting NTK for future work.

The proven approximation rates are lower than finite element, wavelet or
spline rates under the same smoothness assumptions. This seems to be a variant
of the over-parametrization in the usual NTK arguments: the networks need
some redundancy in their degrees of freedom to aid the optimization.



Paper Organization The paper is organized as follows. Section defines
the neural networks and training procedures and Section [2.3| contains the main
result. The coercivity of the NTK is discussed in Section [3] The proof is split
into two parts. Section [d] provides an overview and all major lemmas. The proof
the these lemmas and further details are provided in Section[5} Finally, to keep
the paper self contained, Section [§] contains several facts from the literature.

Literature Review

o Approxzimation: Some recent surveys are given in [53] [15] 69] [8]. Most of
the results prove direct approximation guarantees as in for a variety of
classes K and network architectures. They show state of the art or even
superior performance of neural networks, but typically do not provide
training methods and rely on hand-picked weights, instead.

— Results for classical Sobolev and Besov regularity are in [25, 27, [50]
A4, [64].

— [72, 73, (74, 14, [57), [47] show better than classical approximation rates
for Sobolev smoothness. Since classical methods are optimal (with
regard to nonlinear width and entropy), this implies that the weight
assignment f — 6 must be discontinuous.

— Function classes that are specifically tailored to neural networks are
Barron spaces for which approximation results are given in [5] [37, [70]

46 58, 59, [10].

— Many papers address specialized function classes [56, [54], often from

applications like PDEs [39, [52], 40, [48].

Besides approximation guarantees many of the above papers also dis-
cuss limitations of neural networks, for more information see [20].

e Optimization: We confine the literature overview to neural tangent kernel
based approaches, which are most relevant to this paper. The NTK is
introduced in [32] and similar arguments together with convergence and
perturbation analysis appear simultaneously in [45l 2, T9] [I8], Related
optimization ideas are further developed in many papers, including [75] 4]
43, 62) [76], 36, 13, 511, [49] 6, 61, 41]. In particular, [3, 63} 34, 2] refine
the analysis based on expansions of the target f in the NTK eigenbasis
and are closely related to the arguments in this paper, with the major
difference that they rely on the typical over-parametrized regime, whereas
we do solemnly rely on smoothness.

The papers [23] 28, 21, [42] 55] [68] discuss to what extend the lineariza-
tion approach of the NTK can describe real neural network training.

Characterizations of the NTK are fundamental for this paper and given
[9, 221, B8] [I1]. Convergence analysis for optimizing NTK models directly

are in [65], [66].



2.2

Approzimation and Optimization: Since the approximation question is
under-parametrized and the optimization literature largely relies on over-
parametrization there is little work on optimization methods for approx-
imation. The gap between approximation theory and practice is consid-
ered in [I} 26]. The previous paper [24] contains comparable results for 1d
shallow networks. Similar approximation results for gradient flow trained
shallow 1d networks are in [33] B1], with slightly different assumptions on
the target f, more general probability weighted Ly loss and an alternative
proof technique. Other approximation and optimization guarantees rely
on alternative optimizers. [60, 29] use greedy methods and [30] uses a
two step procedure involving a classical and subsequent neural network
approximation.

Lo error bounds are also proven in generalization error bounds for sta-
tistical estimation. E.g. the papers [I7, B8] show generalization errors
for parallel fully connected networks in over-parametrized regimes with
Holder continuity.

Main Result

Notations

<, 2, ~ denote less, bigger and equivalence up to a constant that can
change in every occurrence and is independent of smoothness and number
of weights. It can depend on the number of layers L and input dimension d.

Likewise, ¢ is a generic constant that can be different in each occurrence.

[n] :={1,...,n}
A = ij; ¢ is the index of the weight Wy := ij with |A| := £. Likewise, we
d

set 8)\ - W

®: Element wise product

A;. and A.; are ith row and jth column of matrix A, respectively.

Setup

Neural Networks We train fully connected deep neural networks without
bias and a few modifications: The first and last layer remain untrained, we use
gradient flow instead of (stochastic) gradient descent and the first layer remains
unscaled. For  in some bounded domain D C R, the networks are defined by

fHx) =WV,
F (@) = W, o (fi(2)), £=1,...,L (2)
f(.%‘) = fL+1(x)7



which we abbreviate by f¢ = f%(z) if x is unimportant or understood from
context. The weights are initialized as follows

WETt e {1, #1}1%"+1 iid. Rademacher not trained,
Whe R e g el iid. N(0,1) trained,
V e Rmoxd orthogonal columns VIV =1  not trained,

all trained by gradient flow, except for the last layer WX*! and the first matrix
V', which is pre-chosen with orthonormal columns. All layers have conventional
1//ng scaling, except for the first, which ensures that the NTK is of unit size
on the diagonal and common in the literature [I8, 9] 22| [IT]. We also require
that the layers are of similar size, except for the last one which ensures scalar
valued output of the network

m:=ng_1, l=np1 <np~---~ng>d.

Activation Functions We require comparatively smooth activation functions
that have no more that linear growth

o @) | S Jal, (3)
uniformly bounded first derivatives
le@(z)] <1 i=1,2, zeR (4)
and continuous second and third derivative with at most polynomial growth
0 (2)| < p(x), i=0,1,2,3,4 (5)
for some polynomial p and all z € R.

Training We wish to approximate a function f € Lo(D) by neural networks
and therefore use the Lo(D) norm for the loss function

1
£(0) := 5l fo — F17,p)-

In the usual split up into approximation and estimation error in the machine
learning literature, this corresponds to the former. It can also be understood
as an infinite sample limit of the mean squared loss. This implies that we
perform convergence analysis in an under-parametrized regime, different from
the bulk of the neural network optimization literature, which typically relies on
over-parametrization.
For simplicity, we optimize the loss by gradient flow
d

20 =—VL(©) (6)

and not gradient descent or stochastic gradient descent.



Smoothness Since we are in an under-parametrized regime, we require smooth-
ness of f to guarantee meaningful convergence bounds. In this paper, we use
Sobolev spaces H*(S%~!) on the sphere D = S%~! with norms and scalar prod-
ucts denoted by || - [|ga(se-1) and (-, ) jya(ga-1). We drop the explicit reference

to the domain S¢~! when convenient. Definitions and required properties are
summarized in Section [6.4.1]

Neural Tangent Kernel The analysis is based on the neural tangent kernel,
which for the time being, we informally define as

D(z,y)= lim > ofF T (@ont (). (7)

width—o0
[Al=L—1
The rigorous definition is in (11]), based on an recursive formula as in [32]. Our

definition differs slightly form the standard version because we only include
weights from layer |A\| = L — 1. We require that it is coercive in Sobolev norms

(. [reoswan) 2l 0

for some 0 < o < g, S e {—a,a}and all f € H¥(S?!). For ReLU activations
and regular NTK, including all layers, this property easily follows from [9] 22} [TT]
as shown in Lemma [3:2] However, our convergence theory requires smoother
activations and therefore Section [3| provides some numerical evidence, while a
rigorous analysis is left for future research.

The paper [32] provides a recursive formula for the NTK, which in our sim-
plified case reduces to

I(z,y) = 5 (z,9)2" (2, y),

where ¥ (z,y) and X1 (z,1) are the covariances of two Gaussian processes

that characterize the forward evaluation of the networks WLni/ 5 ( fL) and
fE=1 in the infinite width limit, see Section for their rigorous definition.
We require that

cx < Ek(x,x) <Cs >0, 9)

for all z,y € D, k= 1,..., L and constants cs, Cs, > 0. As we see in Section [3]
the kernels are zonal, i.e. they only depend on z7y. Hence, with a slight abuse
of notation (9) simplifies to ¥¥(z, ) = ¥ (2Tz) = £(1) # 0. In fact, for ReLU
activation (which is not sufficiently differentiable for our results) the paper [11]
shows XK (z,z) = 1.

2.3 Result

We are now ready to state the main result of the paper.



Theorem 2.1. Assume that the neural network - 18 trained by gradient
flow (6). Let k(t) := four) — f be the residual and assume:

1. The NTK satisfies coercivity for some 0 < a < g and the forward
process satisfies

2. All hidden layers are of similar size: ng ~ -+- ~np_1 =: m.
3. Smoothness is bounded by 0 < v < 1/2.

4. 0 <y <1—a is an arbitrary number (used for Holder continuity of the
NTK in the proof).

5. For T specified below, m is sufficiently large so that

1 1 cd T
0)[|12,,||£(0)|Zm 2 <1, <<y, T <1
[(OZalIxO)[am™2 < s — <
Then with probability at least 1 — cL(e™™ 4+ e~ 7) we have
2 < = 2 g —enlE By K
IO, @) S |7 1RO o s) + RO G wurye™™ " 55| k(O oo,
(10)
for some h with
B—a
3 z B+ —a
15O - ga—1) K (O] Fra (ga-
h < max A&7 Ho &4 , C i ., T=h"m

Vm m

and generic constant ¢ > 0, dependent on smoothness a, depth L and dimension
d, independent of width m and residual k.

All assumptions are easy to verify, except for the coercivity of the NTK
and the bounds (9)) of the forward kernel, which we discuss in the next section.
The error bound consists of two summands, only one of which depends on
the gradient flow time ¢. For large t, it converges to zero and we are left with the
first error term. This results in the following corollary, which provides a direct
approximation result of type for the outcome of gradient flow training.

Corollary 2.2. Let all assumptions of Theorem[2.1] be satisfied. Then for m
sufficiently large, with high probability (both as in Theorem , we have

C(H(O)):| ir=s [d] =

m m

%] £, (ga-1) S max { [ } 15 (0) || o (sa-1y,5

C(k(0)) = ||’<0(0)\|H*a(sdfl)H“(O)HHQ(sdﬂ)

where K := foy) — f is the gradient flow residual for sufficiently large time t.



For traditional approximation methods, one would expect convergence rate
m~/? for functions in the Sobolev space H*. Our rates are lower, which seems
to be a variation of over-parametrization is disguise: In the over-parametrized
as well as in our approximation regime the optimizer analysis seems to require
some redundancy and thus more weights than necessary for the approximation
alone. Of course, we only provide upper bounds and practical neural networks
may perform better. Some preliminary experiments in [24] show that shallow
networks in one dimension outperform the theoretical bounds but are still worse
than classical approximation theory would suggest. In addition, the linearization
argument of the NTK results in smoothness measures in Hilbert spaces H* and
not in larger L, based smoothness spaces with p < 2 or even Barron spaces, as
is common for nonlinear approximation.

Remark 2.3. Although Theorem and Corollary seem to show dimen-
sion independent convergence rates, they are not. Indeed, S depends on the
dimension and smoothness of the activation function as we see in Section Bl and
Lemma [3.21

3 Coercivity of the NTK

While most assumptions of Theorem are easy to verify, the coercivity
is less clear. This section contains some results for the NTK I'(z,y) in this
paper, which only considers the second but last layer, as well as the regular
NTK defined by the infinite width limit

O(z,y) = lim > 0f (x)d,f ()
A

width—o0

of all layers. Coercivity easily follows once we understand the NTK’s spectral
decomposition. To this end, first note that I'(z,y) and ©(z,y) are both zonal
kernels, i.e. they only depend on z”y, and as consequence their eigenfunctions
are spherical harmonics.

Lemma 3.1 ([22) Lemma 1]). The eigenfunctions of the kernels T'(x,y) and
O(xz,y) on the sphere with uniform measure are spherical harmonics.

Proof. See [22] Lemma 1] and the discussion thereafter. O

Hence, it is sufficient to show lower bounds for the eigenvalues. These are
provided in [9] 22| [T1] under slightly different assumptions than required in this

paper:

1. They use all layers O(x,y) instead of only the second but last one in
I'(x,y). (The reference [I§] does consider I'(z, y) and shows that the eigen-
values are strictly positive in the over-parametrized regime with discrete
loss and non-degenerate data.)



2. They use bias, whereas we don’t. We can however easily introduce bias
into the first layer by the usual technique to incorporate one fixed input
component xg = 1.

3. The cited papers use ReLLU activations, which do not satisfy the third
derivative smoothness requirements .

Anyways, with these modified assumptions, it is easy to derive coercivity from
the NTK’s RKHS in [9], 22] [11].

Lemma 3.2. Let O(x,y) be the neural tangent kernel for a fully connected
neural network with bias on the sphere S 1 with ReLU activation. Then for
any a € R

(f,Lof) gai-1y 2 I f | Ha-arzga-1y:
where Lg is the integral operator with kernel O(x,vy).

The proof is given at the end of Section Note that this implies 8 = d/2
and thus Theorem [2.J] cannot be expected to be dimension independent. In
fact, due to smoother activations, the kernel I'(z,y) is expected to be more
smoothing than ©(z,y) resulting in a faster decay of the eigenvalues and larger
B. This leads to Sobolev coercivity (Lemmas and as long as the decay
is polynomial, which we only verify numerically in this paper, as shown in Figure
[[] for n = 100 uniform samples on the d = 2 dimensional sphere and L — 1 =1
hidden layers of width m = 1000. The plot uses log-log axes so that straight
lines represent polynomial decay. As expected, ReLU and ELU activations show
polynomials decay with higher order for the latter, which are smoother. For
comparison the C*° activation GELU seems to show super polynomial decay.
However, the results are preliminary and have to be considered carefully:

1. The oscillations at the end, are for eigenvalues of size ~ 10~7, which is
machine accuracy for floating point numbers.

2. Most eigenvalues are smaller than the difference between the empirical
NTK and the actual NTK. For comparison, the difference between two
randomly sampled empirical NTKs (in matrix norm) is: ReLU: 0.280,
ELU: 0.524, GELU: 0.262 .

3. According to [9], for shallow networks without bias, every other eigenvalue
of the NTK should be zero. This is not clear from the experiments (which
do not use bias, but have one more layer), likely because of the large errors
in the previous item.

4. The errors should be better for wider hidden layers, but since the networks
involve dense matrices, their size quickly becomes substantial.

In conclusion, the experiments show the expected polynomial decay of NTK
eigenvalues and activations with singularities in higher derivatives, but the re-
sults have to be regraded with care.

10
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Figure 1: Eigenvalues of the NTK I'(x,y) for different activation functions.

4 Proof Overview

4.1 Preliminaries
4.1.1 Neural Tangent Kernel

In this section, we recall the definition of the neural tangent kernel (NTK) and
setup notations for its empirical variants. Our definition differs slightly from
the literature because we only use the last hidden layer (weights WE~1) to
reduce the loss, whereas all other layers are trained but only estimated by a
perturbation analysis. Throughout the paper, we only need the definitions as
stated, not that they are the infinite width limit of the network derivatives as
stated in , although we sometimes refer to this for motivation.
As usual, we start with the recursive definition of the covariances

£ '3
B 9) = Buamo 000 0, A= [0 S0 20a) =T,

which define a Gaussian process that is the infinite width limit of the forward
evaluation of the hidden layer f*(z), see [32]. Likewise, we define

J ¢ Xr, T ¢ X
5 0,9) = Buamon 0.0 0], A= S8 Sy

with activation function of the last layer is exchanged with its derivative. Then
the neural tangent kernel (NTK) is defined by

T(z,y) = X" (2,2 (2, y). (11)

The paper [32] shows that all three definitions above are infinite width limits of
the corresponding empirical processes (denoted with an extra hat *)

S (2, y) = — Z o (fL(y) = —; (@) o ('),
(12)

(2, y) = Z o (1) = - (@) o (W)

11



and

= Y ST @ W)

[A=L-1

Note that unlike the usual definition of the NTK, we only include weights from
the second but last layer. Formally, we do not show that X, 3¢ and T arise as

infinite width limits of the empirical versions P , ¢ and f’, but rather concen-
tration inequalities between them.
The next lemma shows that the empirical kernels satisfy the same identity

as their limits.

Lemma 4.1. Assume that W} € {~1,+1}. Then
D(z,y) = 2" (2,9)S" (2,y).

Proof. By definitions of f* and fX~!, we have

WL o f L+1 ZWL —1/2 W.@*la(er)
ZWL PR )8W.L.—1er

=SSk () o (147

=W%nL” L () o (7).

It follows that
nr—1

[(x,y) = Z W.gfler*l(x)aW;ﬂff“(y)
L
nr,

3 .

L nr—1
=1

= 2'3L(JC,y)iL’l(fmy),

- (WE & (E@) 6 (FFw) o (F£7 @) o (F77 ()

Jj=1

where in the last step we have used that ’Wﬂg = 1 by assumption and the

definitions of i]L and L1
O

The NTK and empirical NTK induce integral operators, which we denote
by

Hf = /D T'( ) f(y) dy, Hof == /D £ 9) f(y) dy

The last definition makes the dependence on the weights explicit, which is hidden
in T

12



4.1.2 Norms

We use several norms for our analysis.

1.

Uy and matriz norms: || - || denotes the ¢5 norm when applied to a vector
and the matrix norm when applied to a matrix.

. Hélder norms || - ||coe(p;vy for functions f: D € R — V into some

normed vector space V', with Holder continuity measured in the V' norm

f() = f@)lv
| fllco(p;vy == sup || f(z)|[v + sup M
eeb ezzep |z — 2§
We drop V in || - ||Co-,u(D) when V = ¢y and D in || - ||co:a when it is un-

derstood from context. We also use alternate definitions as the supremum
over the finite difference operator

Ajf(x) = f(2), Wf (@) =[Ihlg"[f (@ +h) = f(2)], a>0,
See Section for the full definitions and basic properties.

Mized Holder norms || - ||coe.s(p.vy for functions f: D x D C R* =V of
two variables. They measure the supremum of all mixed finite difference
operators Aj ;- A;hy for any s € {0, a} and ¢ € {0, 8}, similar to Sobolev
spaces with mixed smoothness. As for Holder norms for one variable, we
use two different definitions, which are provided in Section

Sobolev Norms on the Sphere denoted by || - || e (ga-1y. Definitions and
properties are provided in Section[6.4.1] The bulk of the analysis is carried
out in Holder norms, which control Sobolev norms by

H ' ||H‘1(Sd—1) ,S || . ||Co;a+s(gd—1).
for € > 0, see Lemma [6.15

Generic Smoothness norms || - |la, @ € R for associated Hilbert spaces
H<. These are used in abstract convergence results and later replaced by
Sobolev norms.

Orlicz norms || - ||y, for i = 1,2 measure sub-gaussian and sub-exponential
concentration. Some required results are summarized in Section |6.2

Gaussian weighted Lo norms defined by

IfI% = (£, H)n s {f:9) =/Rf(x)2d/\f(0,1)(x)

13



4.1.3 Neural Networks

Many results use a generic activation function denoted by o with derivative
&, which is allowed to change in each layer, although we always use the same
symbol for notational simplicity. They satisfy the linear growth condition

lo(2) | < |, (13)
are Lipschitz
o (2) =0 (2)| S |z — 7 (14)
and have uniformly bounded derivatives
lo(x)[ S 1. (15)

4.2 Abstract Convergence result

We first show convergence in a slightly generalized setting. To this end, we
consider neural networks as maps from the parameter space to the square inte-
grable functions f.: © C l3(R™) — Lo(D) defined by 8 — fy(-). More generally,
for the time being, we replace Lo(D) by an arbitrary Hilbert space H and the
network by an arbitrary Fréchet differentiable function

f:0=06LRR") = H, 0 — fq.

For a target function f € H, we define the loss

1
L(0) = 511 fo = £1
and the corresponding gradient flow for 6(t)

d
Z0(t) = —VL(0), (16)

initialized with random 6(0). The convergence analysis relies on a regime where
the evolution of the gradient flow is governed by its linearization

Hg := D fo(Dfg)",

where * denotes the adjoint and Hy is the empirical NTK if fp is a neural
network. To describe the smoothness of the target and spectral properties of
Hy, we use a series of Hilbert spaces H for some smoothness index o € R so that
HO? = H. As stated in the lemma below, they satisfy interpolation inequalities
and coercivity conditions. In this abstract framework, we show convergence as
follows.

Lemma 4.2. Let 0(t) be defined by the gradient flow , k= fg— [ be
the residual and m be a mumber that satisfies all assumptions below, which is
typically related to the degrees of freedom. For constants coo,co, 3,7 > 0 and
0<ac< g, functions po(m), peo(T), pr(m, h) and weight norm |-||, assume
that:

14



~

With probability at least 1 — po(m), the distance of the weights from their
initial value is controlled by

16@) = 0O)[. <1 = [16(t) =0(0)[. < \/Z/O l&(7)llo dr. (17)

The norms and scalar product satisfy interpolation and continuity
- llo S I a1 fle™,
forall —a—p<a<b<c<a.

oo S ll=sall - flas  (18)

Let H: H* — H™% be an operator that satisfies the concentration inequal-
ity

d CooT
Pr [|H = Hogo)lac—a > ﬁ n ,/;;L] <pulr)  (19)

for all T with \/“== < 1. (In our application H is the NTK and Hpy)
the empirical NTK.)

Holder continuity with high probability:

Pr[36 € © with ||§ —6(0)||, < h and |Hs — Ho(o)llac—a > coh”]

<pr(m,h) (20)
forall0 < h <1.

H is coercive for S € {—a, a}

lvll3_p S (v, Ho)g

veHIFP (21)
6. For T specified below, m is sufficiently large so that
1 1 1 cd T
0)]|2 0)jam™2 <1, — <1, — <1
1£(0) |2 [l£(0)[am™2 S s — <

Then with probability at least 1 — po(m) — poo(T) — pr.(m, h) we have

2a
£ 2 Ly =L
o170 S (B )1+ ) e |
512 S I5(0)

for some h with

B—a
1 19301 —a
[EOIENROIE .. d 2
h < max Jm , e\l — T=h"Tm
m

m

and generic constants ¢ > 0 dependent of o and independent of k and m.
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We defer the proof to Section and only consider a sketch here. As for
standard NTK arguments, the proof is based on the following observation

3 dt || — <H Hoy H> — (K, H k) (22)
which can be shown by a short computation. The last step relies on the ob-
servation that empirical NTK stays close to its initial Hg;) ~ Hp(o) and that
the initial is close to the infinite width limit Hyy) ~ H. However, since we are
not in an over-parametrized regime, the NTK’s eigenvalues can be arbitrarily
close to zero and we only have coercivity in the weaker norm (x, H k) 2 ||k||—q;
which is not sufficient to show convergence by e.g. Gronwall’s inequality. To
avoid this problem, we derive a closely related system of coupled ODEs

1d —2 L

2dtn Bl o S =l 2+ ne 2,
258 22a=

I 1 A P o

The first one is used to bound the error in the H~ norm and the second ensures
that the smoothness of the residual x(t) is uniformly bounded during gradient
flow. Together with the interpolation inequality , this shows convergence in
the H = H" norm.

It remains to verify all assumption of Lemma [4.2] which we do in the fol-
lowing subsections. Details are provided in Sectlon

4.3 Assumption (20): Holder continuity

We use a bar - to denote perturbation, in particular W is a perturbed weight,

and T is the corresponding empirical neural tangent kernel. In order to obtain
continuity results, we require that the weight matrices and domain are bounded

(W[ n,? < 1, W n, % <1, |z|| < 1Vz € D. (23)

For the initial weights W, this holds with high probability because its entries are
i.i.d. standard Gaussian. For perturbed weights we only need continuity bounds
under the condition that ||6 — 9” < 1 or equivalently that ||[WW*¢— I/Ve||n_1/2 <1

so that the weight bound of the perturbation W* follow from the bounds for
W*. With this setup, we show the following lemma.

Lemma 4.3. Assume that o and & satisfy the growth and Lipschitz conditions
, and may be different in each layer. Assume the weights, perturbed
weights and domain are bounded and ny, ~ np_1 ~ --- ~ ng. Then for

16



O<a<l

’f <1
C0e,x
’f <1
CO;a,a
L—1 l—a
R &) = -1/2
P e S507 L;)HW’“—W’“H% :

The proof is at the end of Section [5.2 The lemma shows that the kernels
Hf\e _ 1

OO,

xz and y). This directly implies that the induced integral operators ||Hg —

Hj|la+—o are bounded in operator norms induced by Sobolev norms (up to e
less smoothness), which implies Assumption , see Section for details.

are Holder continuous (w.r.t. weights) in a Holder norm (w.r.t.

4.4 Assumption ((19): Concentration

For concentration, we need to show that the empirical NTK is close to the
NTK, i.e. that ||[H — Hy(g)||a+—q is small in the operator norm. To this end, it

suffices to bound the corresponding integral kernels || — I'||co:ate,ate in Holder
norms with slightly higher smoothness, see Lemma Concentration is then
provided by the following Lemma. See the end of Section for a proof and
Section for its application in the proof of the main result.

Lemma 4.4. Leta=03=1/2 and k=0,...,L —1.
1. Assume that WE € {—1,+1} with probability 1/2 each.
2. Assume that all WF are are i.i.d. standard normal.

8. Assume that o and & satisfy the growth condition , have uniformly

bounded derivatives , derivatives o, i =0,...,3 are continuous and
have at most polynomial growth for x — £oo and the scaled activations
satisfy

0°(ca)||y S1, [10°(6a)|ly S1, ac{SF(z,2):xeD}, i=1,...,3,

with o4(x) := o(ax). The activation functions may be different in each
layer.

4. For all x € D assume
Ek(x,x) >cx > 0.

5. The widths satisfy ng 2 ng for all £ =0, ..., L.

Then, with probability at least
L—1
1—c¢c Z ek 4 e Uk (24)
k=1

17



we have

L—1
’f‘—l“‘ <Z@ \/g+\/uk+d+uk <ECZ
COsa,8 ™ o Nk /N Nk -2

for alluy, ..., ur—1 > 0 sufficiently small so that the rightmost inequality holds.

4.5 Assumption (17)): Weights stay Close to Initial

Assumption follows from the following lemma, which shows that the weights
stay close to their random initialization. Again, the estimates are proven in
Holder norms, which control the relevant Sobolev norms, see Section for
details.

Lemma 4.5. Assume that o satisfies the growth and derivative bounds ,
and may be different in each layer. Assume the weights are defined by the
gradient flow @ and satisfy

W) |In, '? <1, (=1.... I,
- T Tl_ ~ S7'<t
[W(0) = W (r)n; * S 1 0
Then

~

1/2 t
—1/2 n,
W0 =W )| ng 7 < " [ ooy dodr,

where C°(D)' is the dual space of C°(D).

5 Proof of the Main Result
5.1 Proof of Lemma 4.2} Generalized Convergence

NTK Evolution In this section, we prove the convergence result in Lemma
M2 Let us first recall the evolution of the loss in NTK theory. The Fréchet
derivative of the loss is

DL(0)v = (k, (Dfg)v) = ((Dfg)"k,v), for allv € ©
and the gradient of the loss is the Riesz lift of the derivative
VL) = (Dfy)*k. (25)
Using the chain rule, we obtain the evolution of the residual
dr de
o = (Dfy)5, = ~(Df)VLO) = ~(Dfo)(Dfo) s = Hox  (26)
and the loss in any H*° norm
1d, dk
—— = — ) == Dfg)(Dfg)* =—(k,H 2
sl = (5.5 ) == (DENDHY R == Homg. (20

with
Hg := (Dfp)(Dfo)".

18



Proof of Lemma [4.2]

Proof of Lemma[f.3 For the time being, we assume that the weights remain
within a finite distance

h := max {fgg 16(t) — 6(0)|l, ,c\/g} <1 (28)

to their initial up to a time T to be determined below, but sufficiently small
so that the last inequality holds. With this condition, we can bound the time
derivatives of the loss ||k||—q and the smoothness ||k||o. For S € {—a,a} and
respective S € {—3a, a}, we have already calculated the exact evolution in ,
which we estimate by

1d
5@”““% == <"5>H9(t)“>s
== <Ha H’%>S + <’{7 (H - HQ(O))KJ>S + <’{7 (HG(O) - HO(t))K>S .

We estimate the last two summands as

(k[ m) s < NlsIE - Dslls < Mlslislll- - Tllae—allsll-a

where S = a for S = a and S = —3a for S = —a by Assumption [2l Then, we
obtain

1d

5 7 1lI% < = (s Hi)g + | H = Hoo)lae—allslls 15l -a + [1How) = Hoe lac—allx] sl -a

[ d /
e\ — + COOT—&—colﬂ
m m

< —cllslls—g + 17 |sllsll ] o

< —(r, Hr)g + 5l 5l1%]—a

with probability at least 1 — poo(7) — pr(m, h), where the second but last in-
equality follows from assumptions , and in the last inequality we have
used the coercivity, and chosen 7 = h*¥m so that /=T < h7. The left
hand side contains one negative term —||s||g_4, which decreases the residual

4 k||%, and one positive term which enlarges it. In the following, we ensure
that these terms are properly balanced.

We eliminate all norms that are not ||x||—o or ||k||o so that we obtain a
closed system of ODEs in these two variables. We begin with ||x||g, which is
already of the right type if S = a but ||x||_34 for S = —a. Since 0 < a < g,
we have —a — f < —3a < « so that we can invoke the interpolation inequality

from Assumption 2]
—2«

i o
—3a > —a— —«
[vll—3a < [Vl Z4_gllvll

19



Together with Young’s inequality, this implies

—2

20
Wl 5l —a < BRIl
ol 1% peal .. se1ss
sﬁ[cnnuaﬁ] - [ Wl 7 }
o B8 B B
R a2+ T 2,

B

for any generic constant ¢ > 0. Choosing this constant sufficiently small and
plugging into the evolution equation for ||| -, we obtain

B
S S el ass + A7 2,

with a different generic constant c¢. Hence, together with the choice S = a, we
arrive at the system of ODEs

1d
th” B2 S —ellolZ oy +H7E ]2,
2RI S —elslz s+ B sl

Next, we eliminate the [|x[|>,,_5 and ||%|Z_4 norms. Since 0 < a < ﬁ implies
—a—f < a—f < —a < « the interpolation inequalities in Assumptlonl yield

2a _B ﬁ
[EPES IIRIIiZ*%IIHII"’“*B = (T P o P

B2a

- -8
Ill-a < l15]1. " ollslla” = Ilas > sl %Il .

so that we obtain the differential inequalities

1d By

Sl S —ellnl 23 Islla®% + n e )2,
1 d 98 9208

oA L s e P 1 Y P

Bounds for the solutions are provided by Lemma.vvlth r=|k|%,, ¥ = x|
and p = ﬁ >1 > : Given that

Ikl20 2 B275 [1R(0)]12, (29)

i.e. the error ||k||_, is still larger than the right hand side, which will be our
final error bound, we have

2a
B~y N

£ 58 pB-a B
16112 < [BP=5 K 0) & + | 5(0)]| 0" " 2t (30)

I5l15 < lI%(0)II5 (31)

20



The second condition B(t) > 0 in Lemma is equlvalent to axf > byl (no-
tation of the lemma), which in our case is 1dentlcal to at t = 0. Notice
that the right hand side of corresponds to the first summand in the ||x|%,
bound so that the second summand must dominate and we obtain the simpler
expression

By
5126 S 1502 e """

51l < I5(O)]13-

Finally, we compute h, first for the case h = sup, [|0(t) — 0(0)|,. For T
we use the smallest time for which (| . fails and temporarily also & < 1. Then
by Assumption (17), 1nterp01at10n 1nequahty 18) and the ||x||%,, ||%[|2 bounds,
with probability at least 1 — py(m), we have

h=sup [0() —00)]. <1/ > / o dr
t<T
<= / I lIs(r))E dr

l

/1 ROTENEOIH

=~ cC - B~ ’
m hg,a

for some generic constant ¢ > 0. Solving for h, we obtain

’ (32)

1 1

B—a
1 1 1 BaFy—a
e 1 O T 1 el | T OV EN TPk R

Notice that by assumption m is sufficiently large so that the right hand side
1s strictly smaller than one and thus T is only constrained by (29). In case
= ¢y/d/m there is nothing to show and we obtain

1 1 _aEde=e d
h S max ¢ [[15(0)]12 oI w(0) | 3m ™2 ] XN

m

Finally, we extend the result beyond the largest time 7" for which is satisfied
and hence holds with equality. Since ||x||3 is defined by a gradient flow, it
is monotonically decreasing and thus for any time ¢ > T', we have

o B 8 X
612 o < IK(T)I12, = ch®7==|1k(0)]1% = ¢ [hﬂa ||’<3(0)||“Q]

2a
By B8 R
S {’“”a 1K)l + (15 (0)]| =g =" “t]
so that the error bound (30) holds for all times up to an adjustment of the

constants. This implies the statement of the lemma with our choice of h and 7.
O
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Technical Supplements

Lemma 5.1. Assume a,b,c,d >0, p > % and that x, y satisfy the differential
inequality

z(t) > (i) i Y0, (35)
with
A=y B(t) = [1 - 2 (f;?)_ ] oot
we have
w(t) < A(1=B(t) ", y(t) < vo.

If B(t) > 0, this can be further estimated by

z(t) < (A+afe )", y(t) < yo.

Proof. First, we show that y(t) < yo for all ¢ € T. To this end, note that
condition states that we are above a critical point for the second ODE
. Indeed, setting y'(t) = 0 and thus y(t) = yo and solving the second ODE
(with = instead of <) for z(t), we have

(1) = (d) o

To show that y(t) > yo, let € > 0 and define

(t) > (f)zﬁlyou +e>},

Te =inf {t < Te|y(t) > yo(1+€)},

Tesup{th

where the definition of T, resembles the definition of T up to a safety factor of
1+ € and 7. is the smallest time when our hypothesis y(t) < yo fails up to a
small margin. Assume that 7. < T,. Since 2p — 1 > 0, for all ¢t < 7, we have

(¥ = (i>2 o1+ > (d)2y<t)20—1,

C
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which upon rearrangement is equivalent to
—cxPyl =P +d\/zy <0,

so that the differential equation yields /() < 0 and hence y(t) < yq for
all t < 7.. On the other hand, for all ¢ > 7. we have y(t) > yo(1 + €), which
contradicts the continuity of y. It follows that 7. > T, and with lim. T, =T,
we obtain

y(t) < yo, t<T.

Next, we show the bounds for z(¢). For any fixed function y, the function z is
bounded by the solution z of the equality case

2 = —az'TPyTP 4 bz, 2(0) = o
of the first equation . This is a Bernoulli differential equation, with solution

_1
P

z(t) < 2(t) = {6_”’” (ap /Ot e"Ty(r) TP dr + xo”ﬂ

Since y(t) < yo, in the relevant time interval this simplifies to

-1

t
2(t)P < et (ap/ Py P dr + argp)
0
a B -1
— ebrt (g (ebpt _ 1) o’ + g p)

= (%ya” - (%yap - x6p> e‘b”t)_l
-1

b b —
Zye |- (1 2 (xo) ) et |
a a \ Yo

=:A

=:B(t)
which shows the first bound for x(¢). We can estimate this further by

, A Al-B@®)]  AB(t) A
R T Ty R T 1 R B s R T T R

In case B(t) > 0, the function A/(1 — B(t)) is monotonically decreasing and
thus with A/(1 — B(0)) = zf, we have

A

B(t) = A+ 2{B(t) < A+ afje "

which shows the second bound for z(t) in the lemma.
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5.2 Proof of Lemma 4.3y NTK Holder continuity

The proof is technical but elementary. We start with upper bounds and Holder
continuity for simple objects, like hidden layers, and then compose these for
derived objects with results for the NTK at the end of the section.

Throughout this section, we use a bar - to denote a perturbation. In partic-
ular W¥ is a perturbed weight,

Frl (@) = Whn o (Fi(2), flx) = WV

is the neural network with perturbed weights and f], %, T and I are the kernels of
the perturbed network. The bounds in this section depend on the operator norm
of the weight matrices. At initialization, they are bounded HW"H nzl/ 2 <1,
with high probability. All perturbations of the weights that we need are close
HWf - WZH ne_l/2 < 1 so that we may assume

IW*[ng 2 <1 (36)
W n, ' <51 (37)
In addition, we consider bounded domains

|| £1 forall ze D. (38)

Lemma 5.2. Assume that ||z| < 1.

1. Assume that o satisfies the growth condition and may be different in
36)

each layer. Assume the weights are bounded (36)). Then
-1
7@l < mg” TT AW 2.
k=0

2. Assume that o satisfies the growth and Lipschitz conditions and
and may be different in each layer. Assume the weights and perturbed

weights are bounded , . Then

-1 /-1
14 @) = F@)]| S ng/> S [WE = W[ /2 T max { W7, |||} n; /2.
k=0 j=0
J#k

3. Assume that o has bounded derivative (15|) and may be different in each
layer. Assume the weights are bounded (36[). Then

-1
|£5(x) = (@) S ng’ [H [w*|| nkl/ﬂ |z — |-
k=0
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Proof. 1. For £ = 0, we have
17 @) = [WOVal| < ng [WO]|ng 2,

where in the last step we have used that V has orthonormal columns and
|z|]| < 1. For £ > 0, we have

Hf;H_lH _ Hwe ~1/2 fz H < ‘WZH n, —-1/2 Ho’ fZ)H HWZH —-1/2 HfEH

inductio

< wln 1/QHIIW’“W :né/QHIIWW!n;”Q,

~

where in the first step we have used the definition of f¢*!, in the third the
growth condition and in the fourth the induction hypothesis.

2. For ¢ = 0 we have
£ =7 = 0 = WOVl = ng™ WO — WO ng /2,

where in the last step we have used that V has orthonormal columns and
||| < 1. For £ > 0, we have

||f“1 _ ]FZJrlH _ szn—1/2g (ff) _ I/T/Zn[l/Qa (]EZ)H
< [IW* =W g2 o (£
+[[W g 2 o (£) = o (7))
= IT+1I

For the first term, the growth condition implies ||O' (fé) || < HfZH and
thus the first part of the Lemma yields

15 |[Wh =W n, 0 1/21_[||W’“||n‘”2

For the second term, we have by Lipschitz continuity and induction

11 = [W|n, " o (£) o (71| < ||W‘||n‘”2 lr = 7|
{—1
Sng* Y Wt - W’“Hn‘meaX{HW’H W[} 52

k=0
J#k

By I and II we obtain

4 4
I£94  FH S g 5 = o T ) 7,
k=0 §j=0
J#k

which shows the lemma.
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3. Follows from the mean value theorem because by Lemma below the
first derivatives are uniformly bounded.
O

Lemma 5.3. Assume that o has bounded derivative and may be different
in each layer. Assume the weights are bounded . Then

IDf @) < " H e[y

Proof. For £ =0, we have
IDf* @) = [[WOV Dz < ng” |[WO[ng ",

where in the last step we have used that V has orthonormal columns and || Dz|| =
II]| = 1. For £ > 0, we have

|Dse| = |[wns 2o (1)
= [ w2 |pe (7)) < W ns 2 e (%) © DF|

. _ duction _ _
S Wl st T g 1/21_[|1W’“| v

~

—né”H W g,

where in the first step we have used the definition of f¢*!, in the fourth the
boundedness of ¢ and in the fifth the induction hypothesis.
O

Remark 5.4. An argument analogous to Lemma does not show that the
derivative is Lipschitz or similarly second derivatives H@a:i@xj féH are bounded.
Indeed, the argument uses that

10z (£ = llo (F) @ D £ < Nl (£ [l 19 £

where we bound the first factor by the upper bound of ¢ and the second by
induction. However, higher derivatives produce products

00,00, (P = [|& (£) © 02,02 £ 4+ 02 (1) © 00, 4" 0 00,
< 6 ()1 1020, £+ | (£4)]| 10, £ @ 0, ]
With bounded weights (36]) the hidden layers are of size H@ f[H < n1/2 but a

naive estimate of their product by Cauchy Schwarz and embedding Ha fe ® 0y f[H <
10, f llea 10, £ lles < 10, FE IOz, f]l < mo is much larger.
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Given the difficulties in the last remark, we can still show that f¢ is Holder
continuous with respect to the weights in a Holder norm with respect to x.

Lemma 5.5. Assume that o satisfies the growth and Lipschitz conditions ,
and may be different in each layer. Assume the weights, perturbed weights

and domain are bounded , , . Then for 0 < a < 1
o (7l < 6"

lo (7 o S 0™

l-«

{—1
o (£) = & (F) o < 0™ | DW= W2

k=0

Proof. By the growth condition and the Lipschitz continuity of the
activation function, we have

lo (P o S 15 o lo (£ lgo S MMl o -

Thus the interpolation inequality in Lemma [6.3] implies

o (FW o S o (o™ o () gon < 15 ™ 17 NG S o™,

where in the last step we have used the bounds form Lemma [5.2] together with
HWZH nz_l/2 < 1 and HWZH ne_l/2 < 1 from Assumptions (B6)), (37). Likewise,
by the interpolation inequality in Lemma we have
= K j e = a
lo (£ =& (F)lcoe S Nl (F) = o (F)llco Ml (£7) =& (F) [l o
= l-« o = a
S o (1) = o (7)™ max { [l () [ 1o (7) [ -
SN = e mase {1 £ o 171G } -
—1 11—«
S [ w |
k=0

where in the third step we have used that o is Lipschitz and in the last step
the bounds from Lemma together with the bounds HWZH ne_l/2 < 1 and
HWZH nz_l/z <1 from Assumptions , .

O

Lemma 5.6. Assume that o satisfies the growth and Lipschitz conditions ,
and may be different in each layer. Assume the weights, perturbed weights
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and domain are bounded , , 138). Then for0 < a,B <1

o

o P
coa.8 ™y,
2 s S 22

COse, B Ny

_ o -1 s 1-a
A 4 0 kE_ 1ik —
-2 .. 8 . LZ=0HW W ny, ] .

Proof. Throughout the proof, we abbreviate

1= 1), Jo=F), F= 1), o= 1),

for two independent variables x and y. Then by definition of 3¢
1 T = =
=l )" (7)) (7))

C05e, B ny
where in the second step we have used the product identity Item [3]in Lemma[6.3]
and in the last step Lemma The bound for

Likewise for a = 3

1
< = llo (F) oo

Coa,p ny

n
< 0
~ 9

CoiB Ny

-

)30 H bt follows analogously.
C0sax,

=% = e ) e () = () o (7)o
=~ ()= 0 (7)o (1) o () = o (7)]] .

< —|le () = (791" o (7)]
==l )=o) e (7))

where in the last step we have used symmetry in x and y. Thus, by the product
identity Item [3]in Lemma [6.3] we obtain
0 _ (Tt it
e S o () =0 (Pl || (7)]

-1 l-a
< @ Wk _ Wk -1/2
sl |

o * |70V [ (7) = (7))

7

OO0

CO;a,a

2

S5t

C0;ex

where in the last step we have used Lemma
O

Lemma 5.7 (Lemma[4.3|restated form overview). Assume that o and & satisfy
the growth and Lipschitz conditions , and may be different in each
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layer. Assume the weights, perturbed weights and domain are bounded and

ngp ~np_1~---~ng. Then for0 <a<1

=

<1
COiaa ™

<1

~

5

|

>
5

k=0

Proof. By Lemma [5.6] and n; ~ ng, we have

! <
COsa, e ~

=

S L

2&%@)

b

CD;a,a CO;a,a

Since ¢ satisfies the same assumptions as o, the

<

~

OO

S

b

<1, Hzé Y

C0a,a

Furthermore, by Lemma we have

no
T

no
e

L—1 l—o
n - _
oo < i [Z [Wh — | nk1/2] )

re—1 )
DI L U
Lk=0

same lemma provides

[¢—1 B
S I Wy
Lk=0

Pz, y) = SE (2, y) S (x, y).

Thus, since Hélder spaces are closed under products, Lemma Item [4 it

follows that

r— f( — S @) S () — B, ) S e y)
CO;a,a OO0,
<[ - | 2w
CD;(Y,Q
+ iL(x,y) [f]Lil(SC,y) - iLil(I,y)}
Cosea
< [$2 @y - SE (@) S (o))
C(J;oc,a Co;a,a
+ |25 (2, y) SE N y) - iL_l(xvy)‘ 0
Coiaa OO0,
—1 11—«
no . T —1/2
<o S|
k=0

where in the last step we have used Lemma [5.6|and ny, ~ ny_1.
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5.3 Proof of Lemma [4.4: Concentration

Concentration for the NTK
I(z,y) = %" (2, 9)S" (2, 9)

is derived from concentration for the forward kernels % and £F~1. They are
shown inductively by splitting off the expectation E; [-] with respect to the last
layer W* in

Hieﬂ -~ 2“1‘

< [[£r - B [501]]

+ HEZ |:§A:€+1i| _ Zf-ﬁ-l‘

COsa,B COser, 8 CO,B

Concentration for the first term is shown in Section[5.3.1] by a chaining argument
and bounds for the second term in Section [5.3.2] with an argument similar to
[18]. The results are combined into concentration for the NTK in Section m

5.3.1 Concentration of the Last Layer

We define R
Ar(z,y) =0 (fi(@)) o (i)
as the random variables that constitute the kernel

Ty g

£ y) = - > Mlwg) = oo Yo (1) 0 (£(w)).

r=1

For fixed weights W0, ..., W*=2 and random W%, all A%, r € [ny] are random
variables dependent only on the random vector W*~! and thus independent.
Hence, we can show concentration uniform in z and y by chaining. For Dudley’s
inequality, one would bound the increments

|Ate) ~ M@ )| <l =21+ -3l
2

where the right hand side is a metric for « < 1. However, this is not sufficient
in our case. First, due to the product in the definition of Af,, we can only
bound the ¥; norm and second this leads to a concentration of the supremum
norm ||A%||co, whereas we need a Holder norm. Therefore, we bound the finite
difference operators

yshy " T

|ass, A0, Altwy) - A2, A0; KiE9)|

S lle =21 4 [[he = hall® + [ly = gll” + 1y, — Ry|l7,

which can be conveniently expressed by the Orlicz space valued Holder norm

T ’

|asagA;

<
C%B(ADXAD;p;) ™

with the following notations:
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1. Finite difference operators A*: (z,h) — h=*[f(x+ h) — f(x)], depending
both on = and h, with partial application two variables z and y denoted
by A and AY, respectively. See Section

2. Domain AD consisting of all pairs (z, h) for which z,2 4+ h € D, see (48]).
Likewise the domain AD x AD consists of all feasible =, hy, y and h,.

3. Following the definitions in Section we use the Holder space C%*#(AD x AD; Ly,),
1 = 1,2 with values in the Orlicz spaces L, of random variables for
which the || - ||, norms are finite. For convenience, we abbreviate this by
CY%B(AD x AD;;).

Given the above inequalities, we derive concentration by chaining for for mixed
tail random variables in [16] summarized in Corollary

Lemma 5.8. Assume for k=0,...,¢—2 the weights Wy, are fized and bounded
Wk, Sz S 1. Assume that W£ ! is i.i.d. sub-gaussian with HWE Ylys <
Letr € [ng]

1. Assume that o satisfies the growth condition and may be different in

each layer. Then
no \ 1 /2
o (Gl = ()

Te—1

2. Assume that o has bounded derivative and may be different in each
layer. Then

1/2
¢ —o (fiz 1o T —x.
o (@) = G, 5 () e -l

Proof. 1. Since for frozen WO, ... W2

ne—1

Wi tn, Mo (F51) = Z Sl o (1)

is a sum of independent random variables W 1n, /%o (ff‘l), s € [ne—1],
by Hoeffding’s inequality (general version for sub-gaussian norms, see e.g.
[67, Proposition 2.6.1]) we have
[witn o ()| = n e e )I-
b2
Thus

lo ()1, % 1720, = Wt {2 ()|

P2

1/2
<P lle G e s ()
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where in the first step we have used the growth condition and Lemma [6.7]
in the fourth step the growth condition and in the last step the upper
bounds from Lemma

2. Using Hoeffding’s inequality analogous to the previous item, we have

[wimt P o (77 @) - o (@)
S o (@) - o (0]
and
lo (£@) = o (Fr@) |, S1F7@) = @,
=Wt o (5 @) — o (1 @)
e {lo (£ @) o (17 @)
w2 @)~ £ @)

ne \ 12

0 _

5( ) e — 2,
N1

where in the first step we have used the Lipschitz condition and Lemma
in the fourth step the Lipschitz condition and in the last step the
Lipschitz bounds from Lemma

2

S
S

O

Lemma 5.9. LetU and V' be two normed spaces and D C U. For all0 < a <
we have

N

1A% Flleoeiany < 41 lcose
with AD defined in .
Proof. Throughout the proof, let C%?* = C%?*(D; V) and |-| = || ly or | - | =

II-|[v depending on context. Unraveling the definitions, for every (x, k), (Z,h) €
AD, we have to show
A7 f(z) = AR f(@)] < 4]l fllooze max{|z — 2|, |h — R[}*.

We consider two cases. First, assume that |h| < max{|z — Z|,|h — h|} and h is
arbitrary. Then |h| < |h — h| + |h| < 2max{|x — Z|,|h — h|} and thus

AR F(r) — ALF()| < IAG T (@) + |55 7 (@) ]
< ||l Bl + | Flleos [BI® < 3] fllonan ma{le — 21, |h - A},

32



In the second case, assume that max{|z — Z|,|h — h|} < |h| and without loss of
generality that |h| < |h|. Then
AR f(x) = AR f(@)] < [[f(z +h) = f@)]|hl = [f(z + h) — f(@)]|h]°]
<|f@x+h) = f(2) = f@+h) + f(@)] ]~
+ 1@+ h) = F@]|IR]7 = |R]7*]
=IT+1I1I.

For the first term, we have

[<|f(w+h)— f(z) = f(@+R)+ F@)] B~
< [ fllcoae [ja+h—& — R** + o — 2] |1~
< 3| fllcoae max {l — &, [l — B[} 3]
< 3| fllcoe macx { | — &, [ — B}

For the second term, since o < 1, we have

IT < ||fllosal B> [[B]~ — |1]7%|
< | fllcoe [RI% A1 [[R]7* = [A]=*
< I fllosza |[R]* = |h]*|
< [[fllcoza b — h]™.

Combining all inequalities shows the result.
O

Lemma 5.10. Assume fork =0,...,{—2 the weights Wy, are fized and bounded
||V[/'k||n_1/2 S 1. Assume that W£ Vs d.id. sub -gaussian with HW[ 1”1/12 S
Assume that o satisfies the growth condition , has bounded derzvatwe
and may be different in each layer. Let r € [ng] Then for o, 8 < 1/2

< o

0o 8(ADXADn) ~ mg_1’

HA"A

with AD defined in .
Proof. Throughout the proof, we abbreviate

fE= 1), CO () = CO(AD, 1), i=1,2,
=), CO*P () = C%P(AD x AD, ;).

Since by Lemma 6.8 we have [| XY ||y, < [[ X, [|Y ||y, by the product inequality
Lemma [6.3] Item [3] for Holder norms we obtain

— |ase (1) age (7F)

S 11820 (F)llcoe i)

Y

jooads

COeB(yr) COeB(yhy)

207 (7)

COB (gha)
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Next, we use Lemma to eliminate the finite difference in favour of a higher

Holder norm
< () emeon o ()

aABAL
ATAPA; CoB (1)
. o y 1/2 —1/2 oo
Finally, Lemma implies that Ha (fr)Hco;M(D-wQ) < ny'"n,_;” and likewise
for f¢ and thus

€026 (33)

< Mo

CoaB(ypr) ™ Mp_q

HA@MA‘Z

O

Lemma 5.11. Assume fork =0,...,{—2 the weights Wy, are fixed and bounded
||Wk||n,;1/2 < 1. Assume that W= is i.i.d. sub-gaussian with HWigj Ylys S
Assume that the domain D is bounded, that o satisfies the growth condztzon
, has bounded derivative (15)) and may be different in each layer. Then for
a=8=1/2

po|[s-B[s]| ., mole VIRV diull o
C0e.8(D) ny_1 \/m Ny—1

Proof. Since AgAg Af for r € [ny] only depends on the random vector W*~1, all

stochastic processes (Aa AP AL x, ) are independent
P 2 By, Ar () (2,hayhy) EADXAD P
and satisfy

< Mo

C%eB(ADXADp1) ~ My_1q

oagi

by Lemma Thus, we can estimate the processes’ supremum by the chaining

Corollary

Nne—1
Pr sup AZ‘Aﬁ[\f —E [AgAﬁAﬂ >C1| <e ™,
(2,ha)EAD || -1 ;1 Y Y
(y,hy)EAD
with
no d \'? d u 2 u
T = + + + .
Ty—1 <n£1> Ty—1 (Wl) T—1
Noting that
sup  [AZAY - | = | - [lgoses(p)
(x,hy)EAD
(y’hy)EAD
and 1 Ng—1 1 Neg—1
AAPAL = ASAD—— N7 AL = AZADYY
Ny_1 7«21 Yne_q Z =y

completes the proof.
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5.3.2 Perturbation of Covariances

This section contains the tools to estimate

H]EZ {2”1} _ Eeﬂ‘

C0;a,B ’
with an argument analogous to [I8], except that we measure differences in Holder
norms. As we will see in the next section, both E, [2“‘1} and 21 are of the
form

E(u,0)~A(0,4) [o(w)a (V)]

with two different matrices 4 and A and thus it suffices to show that the above
expectation is Hélder continuous in A. By a variable transform

A air aiz| a? pab
~ lagi az|  |pab b

and rescaling, we reduce the problem to matrices of the form

o[

For these matrices, by Mehler’s theorem we decompose the expectation as

0 k

p
Ewvymno.a) lo(@a)] = ) {0, Hi)y (o0 Hie) y 7
k=0 :

where Hy, are Hermite polynomials. The rescaling introduces rescaled activation
functions, which we denote by

oa(z) = o(ax). (39)

Finally, we show Holder continuity by bounding derivatives. To this end, we
use the multi-index v to denote derivatives 87 = 978]"0,” with respect to the
transformed variables. Details are as follows.

Lemma 5.12. Let

e B[l

o0
E(u,0)~N(0,4) [0 Z Oay Hi) n (0, Hi) i
k=0

Then
k

H.

Proof. By rescaling, or more generally, linear transformation of Gaussian ran-
dom variables, we have

Etwaoon o] = [atwatian (0. ] 1o %) o

:/a(au)a(bv)dN (o, B) ﬂ) ().
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Thus, by Mehler’s theorem (Theorem in the appendix) we conclude that

0o pk
Efuato.n [0o(0)] = [ [ olaw)otoo) S Hil) (o) (0, 1) 40, 1))
k=0
= <aa’Hk>N <Ub7Hk>N E
k=0

O

a®>  pab

Lemma 5.13. Assume A = { ] 18 positive semi-definite and all deriva-

pab  b?

tives up to oVat0) and Ul(;Yb-PYP) are continuous and have at most polynomial

growth for x — d+oo. Then
OB n)mn0,.4) [r(@)a (0)] < [|0747 ()| [|07F7 () -

Proof. By Lemma [5.12] we have

oo k
OE (0N (0,4) [0(@)a ()] = 0D (00, H) y (00, Hi)y %
k=0 ’

e

- P
= Za"’a <0a7Hk>N o <Jb>Hk>N 8’Y"H.
k=0

We first estimate the p derivative. Since 0 < A and a,b > 0, we must have

0= Ll) ﬂ and thus det E‘ ﬂ = 1—p* > 0. Tt follows that |p| < 1. Therefore

k

. P
o < (41)

1 k! . 1
— | —Yp
N ‘ N7

Hli— Tk

We eliminate the denominator (k — 7,)! by introducing extra derivatives into
07 (04, Hy) ;. To this end, by Lemma we decrease the degree of the
Hermite polynomial for a higher derivative on oy:

" (0a, Hi) y = (07(0a), Hi) y = (87777 (00), Hi—v, ) -
By Lemma |l - || normalized Hermite polynomials are given by

_ 1
Hp:=—H

07" (04, Hy) y = <8V“+79(0a),ﬁk_%>N /(B =)l

and thus
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Plugging the last equation and into , we obtain

O E(u,0)~N(0,4) [0(u)o (v)]

< D0 (00), Hid) | [(07770 (00), i)y |
k=0

. 1/2 0 1/2
< (Z <a’ya+% (0a), Hkﬁ\[) <Z <8%+7p(0b),ﬁk>i]> ,

k=0 k=0
= |7 (@)l 07 (@)l

where in the second step we have used Cauchy-Schwarz and in the last that Hy
are an orthonormal basis.

O

Lemma 5.14. Let f(a11,a22,a12) be implicitly defined by solving the identity

a1 ai2| _ | a pab
a1 ag2 - pab b
or a, b and p. Let Dy be a domain with a11,a22 > ¢ > 0 and |a12] < 1. Then
p f ~Y

1" lerpyy S 1.

Proof. Comparing coefficients, f is explicitly given by

T
f(a117a22,a12) = [all a22 alallazm}

Since the denominator is bounded away from zero, all third partial derivatives
exist and are bounded.

O
Lemma 5.15. For D C R? and x,y € D, let
S it o | R ot e
with
a1 (z,y) > ¢ >0, age(x,y) > c> 0, laro(z, )| S 1,
bi1(z,y) > ¢ >0, baa(z,y) > ¢ >0, |b12(z,y)] < 1.
Assume the derivatives o, i = 0,...,3 are continuous and have at most

polynomial growth for x — +oo and for all a € {a(z,y) : z,y € D,a €
{a11,a22,b11,b22}} the scaled activation satisfies

10" (ca)|| y S 1, i=1,...,3,
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with o, defined in . Then, for a, 8 <1 the functions

T = Eu,0)~N(0,A(z,)) [o(w)a (V)]
T = E(u,0)~(0,B(z,y)) [0(w)o (v)]

satisfy
B (w004 [0(w)a ()] = Eguoymn0,5) [0(@)a ()] || coas )
S Al coes (p)lIBllcose.s () [ A = Bllcose.s (-
Proof. Define

- a ab
Fab.0) = Buonon ool A= |4 Y

and f(a11, a9, a12) by solving the identity
aiy a2l | a pab
a1 ag2 - pab b
for a, b and p. Then
FofoA=uay— Ewu~n(0A@y) [0(w)o(v)],
Fo f oB = T,y — E(u,v)wN(O,B(w,y)) [O'(U,)O'(U)]
and

B w0)~n0,4) [0(w)a (0)] = Equoymn0,5) [0(@)o ()] || coas )
= ||Fof cA—Fofo B”co;a,B(D) .

By Lemmas (for A* and A®) and (for A“AB), we have

[FFofoA—FofoB|couesnp)

SIIFo f||03(Df)||A - B||c°zo~/3(D)
max{1l, [|Al|go:.s(py} max{l, || B||co.6(p)}

with Dy = A(D) U B(D), so that it suffices to bound ||F o f[|¢s(p,) < 1. This
follows directly from the assumptions, chain rule, product rule and Lemmas
and .14 Finally, we simplify
1
max{1, [|A[[coesp)} < EHAHCO;a’ﬂ(D)

because ) L
“lAllcoaspy 2 Zan() 21

and likewise for B.
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5.3.3 Concentration of the NTK

We combine the results from the last two sections to show concentration in-
equalities, first for the forward kernels ©¢ and ¥¢ and then for the NTK T.

Lemma 5.16. Leta=8=1/2 and k=0,...,¢.
1. Assume that all WF are are i.i.d. standard normal.

2. Assume that o satisfies the growth condition , has uniformly bounded
derivative , derivatives o'V, i = 0,...,3 are continuous and have at
most polynomial growth for x — +o0o and the scaled activations satisfy

||8i(aa)HN§1, a € {¥*(z,z): x € D}, 1=1,...,3,

with o, defined in . The activation function may be different in each
layer.

8. For all x € D assume
Zk(:c,a:) >cx > 0.

4. The widths satisfy ng 2 ng for all £ =0,..., L.

Then, with probability at least

-1
1-c¢c E e "k e Uk
k=1

we have
12 cores <1
o I
Ccoia, B ™
Hi(g_ze) <€_1@ \/Cj+\/uk+d+Uk <1,
coa.B ™ o k /NEk Nk -2 =

for all uy, ..., up—1 > 0 sufficiently small so that the last inequality holds.

Proof. We prove the statement by induction. Let us first consider £ > 1. We
split off the expectation over the last layer

H22+1 - Eul‘ 4 HE[ [EHI] _ Eeﬂ‘
0,3

o

< HEHI _E, [EEJAH

=TI +1I,

C0;a,B C0;e, B

where E; [] denotes the expectation with respect to W*. We Estimate I, given
that the lower layers satisfy

W |ln, 2 < 1, k=0,...,0—1, (42)
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which is true with probability at least 1 — 2e"*, see e.g. [67, Theorem 4.4.5].
Then, by Lemma for up >0

Pr [“2€+1_E{26+1}’ > oMo ﬂ+@+d+uz <o (43)
CO52.8(D) ng N ng

Next we estimate IL. To this end, recall that ¢ (z, y) is defined by

Ne41
- 1
@) = = > o (@) o (7 W)
r=1
For fixed lower layers WO, ..., W1 the inner arguments
@) = Wing o (@) @) = Wing o (11(y)

are Gaussian random variables in W with covariance
B [Whng o (@) Wi, Vo (£) ]

-1 sz (fh@) ny %o (fiy) = S y).  (44)

nl

It follows that
Be (5 00)] = Euyonion o). A= 3

This matches the definition

Y,z “(z
S (2,y) = Eupano [0 (W), 0 (v)] A= E%ym; gfgy,zg]

of the process 21 up to the covariance matrix A versus A. Thus, we can
estimate the difference HIE@ {2£+1($,y)} - Z”l‘ oo by Lemma [5.15| if the
entries of A and A satisfy the required bounds. To this end, we first bound the

diagonal entries away from zero. For A, thls 1s true by assumption. For A, by
induction, with probability at least 1 — cZk 17" 4+ e we have

-1

<Xﬂ
Ccoie.p ™ Nk

=0

\[4’\/7 d+uk

n

(45)

N |
(5
™

5 25’

In the event that this is true, we have

A 1
Ee(x,x) > 502 > 0.
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Next, we bound the off diagonal terms. Since the weights are bounded ,
Lemma, [5.6| implies

5 <0 < ¢
z coa8 oy ™ 1, HZ HCO;aB S L
where the last inequality follows from . In particular,
2 (a,y) S 1, 2 (w,y) S 1
for all x,y € D. Hence, we can apply Lemma and obtain
VAR AN | < ||t Y VAR
H]Ee {E } > ‘Co?ﬂﬁ ~ HE HCO;“’B > 'co;aﬁ HE > ’co;aﬁ

<§@ \/&+\/uk+d+uk
cos N ey, N ng

where the last line follows by induction. Together with , and a union
bound, this shows the result for ¢ > 1.

Finally, we consider the induction start for £ = 0. The proof is the same,
except that in the covariance simplifies to

<[5 =1

)

E [f (@) f ()] = B [(WeVa)(Wly)] = (Va)' (Vy) = 2Ty = 2%, y).

Hence, for ¢ = 1 the two covariances A and A are identical and therefore
IEo [S4(@,1)] = S llcowes = 0.
O

Lemma 5.17 (Lemma restated from the overview). Let a = 8 =1/2 and
k=0,...L—1.

1. Assume that WE € {—1,+1} with probability 1/2 each.
2. Assume that all W* are are i.i.d. standard normal.

3. Assume that o and & satisfy the growth condition , have uniformly
bounded derivatives , derivatives o, i =0,...,3 are continuous and
have at most polynomial growth for x — +oo and the scaled activations
satisfy

H@i(aa)HN <1, H@i(da)HN <1, ac{2¥(z,z):zeD}, i=1,...,3,

with o4(x) := o(ax). The activation functions may be different in each
layer.

4. For all x € D assume
YR (z,2) > e > 0.

5. The widths satisfy ng 2 ng for all £ =0, ..., L.
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Then, with probability at least

L—1
l—cz:e_""‘—l—e_“’c (46)
k=1
we have
R —ny [ Vd+ LAt 1
orl. s 8 [ o] <
Cose,8 ™ o ng 27>

for alluy, ... ,ur_1 > 0 sufficiently small so that the rightmost inequality holds.
Proof. By definition of I" and Lemma for I', we have

D(z,y) = $E (@, )2 a,y),  Tla,y) = 2,95 ()

and therefore

R
CO;a,B CO;D(,B
-2 [ -]
C0;a, B8 C0ie,B
_ s e L—1 L 1 L1
o iR N ol TS 1 N e il T

where in the last step we have used Lemma [6.3] Item [dl Thus, the result follows
from

L T i PPELHE L PR PR
and
e {8 o [
Z \er\ﬁ d+ uy <1
P Ve ng 2

with probability (46) by Lemma For X, we do not require the lower
bound ¥ (z,x) > ex > 0 because in the recursive definition ¢ is only used in
the last layer and therefore not necessary in the induction step in the proof of
Lemma [5.16]

O

5.4 Proof of Lemma [4.5; Weights stay Close to Initial

The derivative Oy f(x) € R™~1%(M+1X7%) ig 3 tensor with three axes for which
we define the norm

[0w fE(@)]], == > uwrviw; Oy i (z)

llell, IIUH le\élrw
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and the corresponding maximum norm || - [|co(p,s) for functions mapping x to a
tensor measured in the || - ||, norm. We use this norm for an inductive argument
in a proof, but later only apply it for the last layer £ = L 4+ 1. In this case
nr+1 = 1 and the norm reduces to a regular matrix norm.

Lemma 5.18. Assume that o satisfies the growth and derivative bounds ,
and may be different in each layer. Assume the weights are bounded

||Wk||n,;1/2§1,kal,...,ﬁ—l. Then for 0 < a <1

, _ (o 1/2
H(?ka HCO(D;*)N T :

n

Proof. First note that for any tensor T’

Zur’l)i'ijrij < CllulllJv]l||w]]

71,7 co

implies that ||T||co(p;«) < C, which we use throughout the proof. We proceed

by induction over £. For k > ¢, the pre-activation f¢ does not depend on W*
and thus Oy« f(x) = 0. For k = ¢ — 1, we have

s [ (@) = Oy Whn o (£5(2)) = Sipmyy 2o (£ ()
and therefore for any vectors u, v, w
S wvwidhys fE@)| = o 2@l o) (o (£4)))
7,%,] co

1/2
- n
< g Plallllellliw] [lo (F) )l oo S lullliollflw] (m) ,

where in the last step we have used Lemma [5.5] Thus, we conclude that

1/2
Jows 4 o < (22)

N

For k < £ — 1, we have
O (@) = O W 2o (171 = WP o (1) © Oy 1
and therefore

-1 —1/2 . _ —
S wrviwgon £F| < W P el lwl o (£71) © s £

7,4, co

3 T N L o T Y

1o\ /2
Slallollol (22)

43

CO(Dj;x*)

CO(D;x)



where in the second step we have used that |[W¢=1{n,

step we have used that Hd (fzfl)
hypothesis. It follows that

oo\ 12
H@kaz(m)HCO(D;*) S <0> .

n

11/2 < 1 and in the last

He < 1 because |6(+)] < 1 and the induction

O

Lemma 5.19 (Lemma[4.5 restated from the overview). Assume that o satisfies
the growth and derivative bounds , and may be different in each layer.
Assume the weights are defined by the gradient flow @ and satisfy

W) |In, '? <1, (=1L
£ it -1/2
W) = We(r)|n, ' /? S 1, 0<T<t.

Then
—1/2 né/Q !
70 = W) < 2 [ oy dod
where CO(D) is the dual space of CO(D).
Proof. By assumption, we have
W) n, " ? < 1, 0<7<t, (=1,...,L.

With loss £ and residual k = fyp — f, because

e ~Vyel = / #(x) Dy, fEH (2) da
dT D

we have

W) — W (o) = ‘ /Ot LW (r) dr
‘ /0 t /D #(x) Dy, X () da dr
< [ [ @ . @)| dodr

no 1/2 t
< | — rdxd
(=) [ klovoy e

where in the last step we have used Lemma Multiplying with ne_l/ ? shows
the result.

O
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5.5 Proof of Theorem 2.1 Main Result

Proof of Theorem[2.1 The result follows directly from Lemma [£.2] with the
smoothness spaces HY = H*(S?"1). While the lemma bounds the residual
% in the H~ and H® norms, we aim for an H® = Ly(S?~!) bound. This follows

directly from the interpolation inequality

1/2
D Ny = - Nogsi—sy < I+ 132 @aoy - 42 gtosy

It remains to verify all assumptions. To this end, first note that the initial
weights satisfy

W (0)f|Ing * S 1, (=0,... L (47)

with probability at least 1 — 2e~“™ since ny ~ m by assumption, see e.g. [67]
Theorem 4.4.5]. Then, the assumptions are shown as follows.

1. The weights stay close to the initial : We use the scaled matrix norm

161l = max IW|n,
6

to measure the weight distance. Then, by with po(m) := 2Le™™
given that ||6(7) — 0(0)||, <1, Lemmaimplies that

e Y4 —-1/2
16~ 6(0)]], = gel?giHW ) - W] n,
/2 ¢
<0 ||/1||CO(SL¢71)/ drdr, < m_l/z/ | 5[] o ga-1y dz dr,

ne Jo 0
where the last step follows from the assumption ng ~ --- ~ np_1 =:m
and the embedding || : ||C0(Sd—1)/ ,S || : ||HO(Sd—1)/ = || : ||HO(Sd 1) which
follows directly from the inverted embedding || - || go(ga-1) S| - [lco(sa—1y-

2. Norms and Scalar Product : Both are well known for Sobolev spaces,
and follow directly from norm definition with Cauchy-Schwarz.

3. Concentration of the Initial NTK : Since by the first four deriva-
tives of the activation function have at most polynomial growth, we have

10 (0.)]| - / ) (az)al dN/(0, 1))(z) < 1

for all a € {Z*(x,x) : * € D} contained in the set {cx,Cx} for some
Cy, > 0, by assumption. Together with a+e < 1/2 for sufficiently small e,
hidden dimensions d < ng ~ ...,~ ny =: m and the concentration result
Lemma [£.4] we obtain, with probability at least

1 —=po(m,7):=1—cL(e™™ +e77)
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the bound
|r-r

<L
COate,ate ™

/d \/7 T
m m  m

for the neural tangent kernel for all 0 < 7 =wuy = --- =ur_1 < 1. By
Lemma the kernel bound directly implies the operator norm bound

/d \/7 T
m mo m

for the corresponding integral operators H and Hp(g), with kernels I' and

|H — Hoy||_, . SL

—a,a0 Y

f, respectively. If 7/m < 1, we can drop the last term and thus satisfy
assumption .
4. Hélder continuity of the NTK : By with probability at least
1—pr(m):=1—Le™ ™

we have [|6(0)]|, < 1 and thus for all perturbations 6 with ||§ — 6(0)||, <
h <1 by Lemma [4.3] that

Y < Lpl-oe

~

COiate,ate

for any sufficiently small ¢ > 0. By Lemma the kernel bound implies
the operator norm bound

1How) = Hal| oo S LW
for any v < 1 — a and integral operators Hy )y and Hy corresponding to
kernels Tg(0) and I'j, respectively.

5. Coercivity .' Is given by assumption.

Thus, all assumptions of Lemma [4.2] are satisfied, which directly implies the
theorem as argued above.
O

6 Technical Supplements

6.1 Holder Spaces

Definition 6.1. Let U and V' be two normed spaces.

1. For 0 < a < 1, we define the Hélder spaces on the domain D C U as all
functions f: D — V' for which the norm

£l cose(psvy 2= max{]| fllco(psvy, [ flooe(pyvy } < o0

is finite, with

flx)— f(x
Flooomy = sup [F@)llvs | flovey = sup L& ZI@llv.
zED r£TED ||35 - =73||U
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2. For 0 < «a,8 < 1, we define the mized Hélder spaces on the domain
D x D cCUxU as all functions g: D x D — V' for which the norm

IFllcoes oy : max} |flcosaspvy < o0,

ac{0,a
be{0,8}

with

|flcoo.opyvy i= sup [|f(z,y)llv,

z,yeD
f z,Y _f jay \4
P 00 B Y111
T#Z,yeD Hx—xHU
‘f|CO‘Ov/3(D;V) = — B 5
z,y#gED ly — 9l
ffE,y _fi.uy _fxug +fi'7g \4
Hovsioy = sp @D =I@0) =0+ 1@y
TET,YAYED |z =zl [ly — 3llyy

3. We use the following abbreviations:

(a) If D is understood from context and V = R", both equipped with the
Fuclidean norm, we write

O = CU(D) = C"*(D; &2(R™)).
(b) If V.= Ly,, i = 1,2 is an Orlicz space, we write
OO (Diy) = C%°(D; Ly,).
We use analogous abbreviations for all other spaces.

It is convenient to express Holder spaces in terms of finite difference opera-
tors,

Ay f(@) = f(), Wf (@) =[Ihlg*[f (@ +h) = f2)],  a>0,

which satisfy product and chain rules similar to derivatives. We may also con-
sider these as functions in both z and h

A%f:(x,h) € AD =V, A%f(x,h) = Ay f(z)
on the domain
AD :={(z,h): z€D,z+he D} CcUxU. (48)
Then, the Holder norms can be equivalently expressed as

[flcoepsvy = sup  [[ARSIly = 1A% fllcoap,v) -
r#x+h€ED
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If f = f(x,y) depends on multiple variables, we denote the partial finite differ-
ence operators by A7, ~and AP, defined by

Ag,hzf(xﬂ y) = f(x, y)v Ag,hzf(mvy) = ||hz||5a[f(f€ + hzay) - f(xvy)}v
AY F@y) = Fay), AL, F@,y) = hyllg"f @,y + hy) = f(2,9)),
for a > 0, and likewise
Agf(xay7 ha:) = Ag,hzf(xay)a A;f(.’l],y, hy) = A;,hyf(‘r7y)'

Then, the mixed Hélder norms is

_ a _ a A B
|[flcosespyvy = m;ﬁxsfliep HAm h f(z,y H ||A A f”co (ADXAD;V)
y#y+hy €D

for all a;, 8 > 0 and likewise for all other Holder semi-norms.
In the following lemma, we summarize several useful properties of finite
differences.

Lemma 6.2. Let U,V and W be three normed spaces, D C U and 0 < «, < 1.

1. Product rule: Let f,g: D — R. Then
AG[fgl(x) = [ALf (@)l g(x) + f(z + h) [ARg(x)].

2. Chain rule: Let f: D —V and g: f(D) — W. Define

An(f.9) /f (tg(x + h) + (1 — t)g(x)) dt.

Then -
AR (fog)(x) = An(f, 9)(x)ARg(z).

Proof. 1. Plugging in the definitions, we have

Aylfal(@) = Ihllg® [f(z + R)g(z + h) = f(z)g(2)]
= [[pllg® [[f (= + h) = f(@)lg(z) + f(z + h)[g(z + h) — g(z)]
= [ARf(@)]g(x) + f(z + h) [Ayg(x)] .

2. Follows directly from the integral form of the Taylor remainder:
A5 (f og)(@) = [[hlly" [f(g(z + h)) — flg(x))]
= [[Rllg* /01 f'tg(x + h) + (1 —t)g(x)) dt[g(z + h) — g(@)]
= An(f,9)(@) AR g(x).
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In the following lemma, we summarize several useful properties of Holder
spaces.

Lemma 6.3. Let U and V be two normed spaces, D C U and 0 < a, f < 1.

1. Interpolation Inequality: For any f € CY(D;V), we have
I fllmaorvy < 20715 |71 80s oy

2. Assume o satisfies the growth and Lipschitz conditions ||o (z) ||v < |lzllv
and ||o (x) — o (Z) |lv S|l — Z||v. Then

lloo f||c°#a(D;V) N ||f||00;a(D;V)~

8. Let Vi and Va be two normed spaces and f,g: D — V1. Let-: Vi xV3 — Vs
be a distributive product that satisfies ||u - v|v, < ||ullvy|lvllvy- Then

£ - gllcosespivay S I1f llcoe(Divi)llgllcos s
4. Let V=R and f,g: D x D — R. Then
1 £9llcoes(py S I fllcosespyllgll cores (-

Proof. 1. The inequality follows directly from

1f(z) — f(@)l
oo = s S =g
. () = F@)]
= z;sélripD ||f( ) (x)HV z#TED ||1' - x”g

< 2Hf||co D;V) ||f||CO=1(D;V)'

2. Follows from

lo(f(2)) = a(f(@)llv

|U © f|00;a(D;v) = sup

z,Z€D ||x_j||%
f
< sup [ f(z) — 7(a)||v = fllco(pv)-
szD H H

and likewise for the | - [co(p;y) norm.

3. Follows from

B 1f(x)-g9(y) — f(2) - 9(y) — f(z) - 9(@) + [(Z) - 9(@)lly,
|f - gloows (D) = Sup - B
©,%,y,§€D Hx*xH%HyfyHU
_ 1lf (@) = f(2)] - [9(y) — 9(@)]lly,
= 7SUP — B
©,T,y,5€D |z —2|Ely — 9l
< ap W@ I@Inlot) -~ sy
@.2.y,5€D |z —zl|§lly — gl

|f|cO=a(D;V1) \9|CO=13(D;V1)
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and analogous identities for the remaining semi norms |fg|coo.0(p;vs),
|fglcoao(Divays | fglco0.s(pyvs)-

4. We only show the bound for |- |cow.s(p). The other semi-norms follow
analogously. Applying the product rule (Lemma

A, (@ y)g(@, )] = [AL 4, f@,9)] 9(z9)+ fla+ha,y) [T, fz.y)]

and then analogously for Ag hy

Ay, AL [ y)g(e, y)]
fAf’h {[A%,, f@.9)] 9@, y) + flo+hey) [AT,, f(2,9)]}
= [0, A%, f(@,y)] 9@,y) + [A2, f ey +hy)] [AD, 9@.)]
+ A0, F@ o+ ha )] (A2, F@ )] + F@+ hasy + 1) [A], A2, flay)] -

Taking the supremum directly shows the result.
O

The following two lemmas contain chain rules for Holder and mixed Holder
spaces.

Lemma 6.4. Let D C U and Dy C 'V be domains in normed spaces U, V' and
W. Let g: D = Dy and f: Dy = W. Let 0 <, 8 < 1. Then

||Aa(fog)||CU(AD;W) < HfII|CU‘=0(Df;L(V,W))”g”CO?“(D;V)

and

[A%(fog) —A%(fo §)||CO(AD;W)
< f ooy seevwyllg = dllcoovyllgllcoa sy
+ 1 Nleoopsevwyllg = gllcoe vy,
< 2/lf'lcosr (pysnevwy lg = Gllcose(pyvy max{1, ||l coe (psv) }

where L(V,W) is the space of all linear maps V. — W with induced operator
norm.

Proof. Note that

An(f.9) /f (tg(a + h) + (1 — t)g(a)) dt

takes values in the linear maps L(V, W) and thus [| Ay (f, 9)(z)v|lw < [[AR(f, 9) @)l Lev,un llv]lv,
for all v € V. Using the chain rule Lemma it follows that

1AR(f o 9)(@)lly = [|An(f, 9)(x)A%g(@)|
< An(f: 9 @) vy 185 9(@)Ily
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and
1A (fog)(@) = AR (f o) (@)l = [|An(f, 9)(@)ARg(x) — An(f,9)(@) AR g(2)]],
< [[An(f.9)(@) = An(£, 9) @) vy A7 9@y
B9 @)|| vy 18R 9(@) = ARg(@)ly -
Hence, the result follows from
| An(f, §)(JU)||L(V,W) < f'lleop;sev,wy) (49)

and

||Ah(f, g)(x) — An(f, .‘j)(x)”L(uW)

1
< levsco ey [ Itla = g)(a+ h)+ (1 = 1)(g ~ g)(a)]| de
0
<N f' oo, :Levwyllg = dllcopivy,  (50)

where we have used that unlike A%, the integral A}, does not have an inverse
||| factor.
O

Lemma 6.5. Let D C U and Dy C 'V be domains in normed spaces U, V' and
W. Let g: D = Dy and f: Dy = W. Let 0 <, 8 < 1. Then

HAO‘Aﬁ [fog—fo g]HCO(ADxAD;W)

<\ flles;,w)llg = gllcoes(pyvy
max{1, [|gl|cowe.s(p;v) } max{1, [|gllco:e.s (pv) }-

Proof. In the following, we fix x and y, but only include it in the formulas if
necessary, e.g. f = f(z,y). By the chain rule Lemma we have

A 1fog—Ffogl=RAyn,(f.900, g—8yn,(f,9)A
= [Ayahy (fv g) - Ay,hy (f, {7)] Aﬁ
+ Ay,hy (fa g) |:A§,hyg - Ag,hyg}
= I+1I.

Applying the product rule Lemma [6.2] to the first term yields

a8, Ty = [|[A2,, [Ay,hy(f, 9 = A2, By, (f, 9] AL, (@ + heyy)

+ [Ayn, (F.9) = By, (£.9)] A
< 1A% 0 By, (9] = AL By, (f ]I\WW) HAM 9@+ hay)|
(B (:9) = By, (5,3 JHL(VW) |azi.ag
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Likewise, applying the product Lemma rule to the second term yields

85,10y = 820 B0 (£:9) (85,9 = 850,3],

+ HAy,hy fvg)(x+hway) |:Aa:h Ayh g — A Ayh g:| HW

||A y hu HL (V,W) HAZ‘! hy 9- Aﬁvhyg

¥
+ ’|Ay,hy(fvg)(x+hw’y HL(V,W HA h 9-As, Ay,hyg

w

All terms involving only g and g can easily be upper bounded by [|g||co:a.5(p;vy»
9]l coses (pivy or |9 — Gllcoie.s(p.vy- The terms
| Ayn, (f.9) (@ + hmy)HL(Vw) <N f' Nleooysnevwy)

H [Ayn, (f;9) = Dy, (f,9)] HL(V,W) < | f'llcor(psnevwnllg = glleopv)

are bounded by and in the proof of Lemma For the remaining
terms, define

and likewise G. Then
HG”CO?“(D,V) S ||9||c°zo<ﬁ(D,V)7 G — é”cm pv) S llg = dllcose. B(D,V)-

Thus, by Lemmal[6.4] we have

1
1A% h, By, S vy = H /0 A%, ([ oG)dt

<N lcoo o v,Lov,wllgllcoes oy

L(V,W)

and

A, (f, 9) = By, (D

[f'oG—f' oG] at

L(V,W)

< 2||f lcot(pssnv,Lv,wyn lg = Gllcoses (p,vy max{l, [|g]lcoe.s(pyvy}-

Combining all inequalities yields the proof.

6.2 Concentration

In this section, we recall the definition of Orlicz norms, some basic properties
and the chaining concentration inequalities we use to show that the empirical
NTK is close to the NTK.
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Definition 6.6. For random variable X, we define the sub-gaussian and sub-
exponential norms by

| X |, = inf {t >0:E [exp(XQ/tQ)] < },
[X|ly, =inf{t > 0: E[exp(|X|/t)] < 2}.

Lemma 6.7. Assume that o satisfies the growth and Lipschitz conditions
lo(z)| < Gl o(z) —o(y)| < Llz -y
forall x,y € R and let X, Y be two sub-gaussian random variables. Then

o (X) [lyo S Gl XMy lo(X) = (V) llps S LIX = Yl

Proof. For two random variables X and Y with X? < Y? almost surely, we have
| Xy, = inf {t > 0: E [exp(X?/t?)] < 2}
<inf{t>0: E [exp(Y?/t*)] <2} = ||V |y,
Thus, the result follows directly form
o(X)? < G2X?, [o(2) = o(y)]* < L2 — y]*.

Lemma 6.8. Let X and Y be two sub-gaussian random variables. Then

XY Y < 1 o Y [ -

1/2
_ (||X|w2> ?y
1Y [lp,
Ignoring a simple € perturbation, we assume that the infima in the definition of
the || X ||y, and ||Y||y, norms are attained. Then

(R X2> <||X|w2 Y2>
exp — | <2, exp — | <2
<||X|w2 t2 1Y 1l 22
Thus, Young’s inequality implies

XYI) (1 Yl X2 L[ X |y, Y2)
exp| —— | <exp| = — + = —
( t 2[[ Xy, 2 2[Y ]y, 2

1/2

[V, X2 11Xy, Y2)

< exp —+ — <V2v2<2.
<||X||w2 2 Yy, 2

Proof. Let

Y
||X||1/2||Y||1/2 H || ||¢z

1/2
IXHW ‘

P2

Hence
[ XY Nl <t < NX g [[Y ][5 -

]



Theorem 6.9 ([16, Theorem 3.5]). Let X be a normed linear space. Assume
the X valued separable random process (Xi)ier, has a mized tail, with respect
to some semi-metrics di and dy on T, i.e.

Pr[[| X, — X,|| > Vuda(t, s) + udi (t,s)] <2e™

foralls,t €T and u > 0. Set

Yo (T, d;) = mfsupz 2 ed(t, T,), a€{0,1},
T teT £

Ad(T) = sup dlont),
s,teT

where the infimum is taken over all admissible sequences T,, C T with |Tp| =1
and |T,| < 2%". Then for anyto € T

Pr Su? HXt - Xto” >C [72(Ta d2) + ’71(T7 dl) + \/EAdQ (T) + U’Adl (T)] <e "
te

Remark 6.10. [16, Theorem 3.5] assumes that T is finite. Using separability
and monotone convergence, this can be extended to infinite 7" by standard
arguments.

Lemma 6.11. Let 0 < a < 1 and D C R? be as set of Euclidean norm | - |-
diameter smaller than R > 1. Then

3a+ 1 3o\ /2
w0 £ B R s (L) e

Proof. Let N(D,|-|%, u) be the covering number of D, i.e. the smallest number
of u-balls in the metric | - |* necessary to cover D. It is well known (e.g. [I6]
(2.3)]) that

%) ‘ R ‘
(D, ] %) < / log N(D, |- |, u)]"/" du < / log N(D, |- |*,u)]"/" du,
0 0

where in the last step we have used that N(D,|-|*,u) = 1 for v > R* and thus
its logarithm is zero. Since every u-cover in the |- | norm is a u® cover in the
| - |* metric, the covering numbers can be estimated by

N, = N iy < () (@AY

u

see e.g. [67]. Hence

d/a d R™
Y1 (D, |- [%) < ) = a/ alog(3R) — logudu
0
d 1+« « « « d 1+«
< o [3aR'™™ — R*log R* + R*] < a(3a+ R

o4



and using logz <z —1<x

ot ()" [ 2 e
s(gaiRa)l/2/O Hmdu €

The following is a rewrite of the chaining inequality [16, Theorem 3.5] or
Theorem [6.9] that is compatible with the terminology used in the NTK concen-
tration proof.

1/2
] du

3%
2= /2
1o ) RY/=.

O

Corollary 6.12. Forj € [N], let (X +)iep be real valued independent stochastic
processes on some domain D with radius S 1. Assume that the map t — X,
with values in the Orlicz space Ly, is Holder continuous

X5, [lcose (D) < L.
Then
2y 172 g
Pr fgg NZXJt [Xj4]|| = CL <N) +N+(ﬁ) vl e

Proof. We show the result with Theorem for the process

ZXN Jt]

We first show that it has mixed tail. For all s,t € D, we have

1 X56 = Xjslly, < Lfs — %

Hence, Bernstein’s inequality implies

N
1
PrilYy =Yyl = 7] = Pr ||+ Z_:[Xj,t = Xjs) —E[Xj — Xjsl| > 7

T2 T
<2 —cN mi :
<z (e min{ o )

An elementary computation shows that
Numin{ . = r=Llt-s =
u = CciV min s T = — s|“ max —_—,—
L2|t —s|?’ L|t — | ¢N’ ¢N
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and thus

[u u
Pr||Y; —Ys| > L|t — s|amax{ N C]V}:| < 2exp(—u). (51)

I.e. the centered process Y; has mixed tail with
di(t,s) :== (eN)"VL|t — 5|,

for ¢ = 1,2, which are metrics because @ < 1. Moreover the ~;-functional are
linear in scaling '
’yi(Dvdi) = (CN)_l/ZL’yi(Dv ‘ : |a)

and thus by Lemma (6.11)
d d\ 12
< L— L) < —

Thus, by chaining Theorem [6.9] we have

d\'"* d u\/2 w
(N) +y+(x) +w
which directly yields the corollary with sup,cp || Yz|| < supyep ||V — Yio || + | Y2, |

and .

Pr |sup||Y: = Y;, || > CL
teT

O

6.3 Hermite Polynomials

Hermite polynomials are defined by

2,0 AV 2
Hn(sc)::(—l)"em/de—ne /2

and orthogonal with respect to the Gaussian weighted scalar product

1 2
, =FE, u)g(u)] = — w)g(u)e™* /2 du.
(80 = Buvion [ 0)g0)] = —= [ rlgta)
Lemma 6.13. 1. Normalization:
(Hp, Hp) y = 1! 5.
2. Derivatives: Let f : R — R be k times continuously differentiable so that

all derivatives smaller or equal to k have at most polynomial growth for
x — too. Then

(fHa) = (F®, o)
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Proof. The normalization is well known, we only show the formula for the

derivative. By the growth condition, we have |f®*)(z )ddn kk 116_7”2/2 — 0 for

x — Foo. Thus, in the integration by parts formula below all boundary terms
vanish and we have

(f Hy) = \/%/f(u)Hn(u)e_mz/gdu.
n x/ d" 7:1:2/ 6712/ u
\/ﬂ/f [ 2d;cn 2} 2
= —(=1)" U 7”671,2/2 u.
==V [ Fgge
1

_ (—1)* f(k) d"_k =2 qu.
\/7 d n—k

n—k .
N /f(k) [ ) k :vz/2 dd kexz/ﬂ 6712/2 du.
T "

= <f( )7 Hn7k>
N
O
Theorem 6.14 (Mehler’s theorem). Let
_|L»r
e[
Then the multi- and uni-variate normal density functions satisfy
o
pdfnro,4) = ZHk W Pdi(o 1)( )Pdf/\/(o,l)(v)-
Proof. See [71] for Mehler’s theorem in the form stated here. 0

6.4 Sobolev Spaces on the Sphere
6.4.1 Definition and Properties

We use two alternative characterizations of Sobolev spaces on the sphere. The

first is based on spherical harmonics, which are also eigenfunctions of the NTK

and thus establishes connections to the available NTK literature. Second,

we consider Sobolev Slobodeckij type norms, which are structurally similar to

Holder norms and allow connections to the perturbation analysis in this paper.
The spherical harmonics

Y/, (=0,1,2,..., 1<j<v)

of degree ¢ and order j are an orthonormal basis on the sphere Ly(S?~!), com-
parable to Fourier bases for periodic functions. For any f € Lo(S%1), we

o7



denote by fgj = < 1Y, > the corresponding basis coefficient. The Sobolev space

H(S%1) consists of all function for which the norm

oo v(f)

||f||?{0<(§d 1) ZZ (1+g1/2 g-i—d 2)1/2) 200

=0 j=1

o

is finite. We write H® = H*(S?!) if the domain is understood from context.
Since the constants in this paper are dimension dependent, we simplify this to
the equivalent norm

oo v(¢)

2«
111 (a1y = Z (1+90)

f@j’ . (52)

Another equivalent norm, similar to Sobolev-Slobodeckij norms, is given in [7]
Proposition 1.4] and defined as follows for the case 0 < a < 2. For the spherical
cap centered at z € SY~1 and angle t € (0,7) given by

Clz,t):={y € Sl zy > cost}

With

the Sobolev norm on the sphere is equivalent to

1|z ga=1y ~ 190 ()l Lyga-1y - (53)

Using the definition for a < b < ¢, the interpolation inequality

b S0 Mt Wiy ) S U lsall - las  (59)

|- [l e se-

follows directly from Cauchy-Schwarz. Moreover, we have the following embed-
ding.

Lemma 6.15. Let 0 < a < 1. Then for any € > 0 with a + € < 1, we have

I aze a1y S N - lleoeree-y.-

Proof. The proof is standard and similar to Lemma [6.16 O
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6.4.2 Kernel Bounds

In this section, we provide bounds for the kernel integral

(. 9) = / /D  H@k(.p)a() dedy

on the sphere D = S%~! in Sobolev norms on the sphere. Clearly, for 0 < a, 3 <
2, we have

ool < 1 fll-e

[ kegas| < Ul 6 sl
D He
where the norm of k is the induced operator norm. While the norms for f and
g are the ones used in the convergence analysis, concentration and perturbation
results for k are computed in mixed Holder norms. We show in this section,
that these bound the operator norm.

Indeed, (f,g), is a bilinear form on f and g and thus is bounded by the
tensor product norms

(f:9r < f @ 9llaegnoylklmeens < | flla—ellglla-olklmegme,

where -/ denotes the dual norm. The H*® H? norm contains mixed smoothness
and with Sobolev-Slobodeckij type definition is easily bounded by corre-
sponding mixed Holder regularity. In order to avoid rigorous characterization
of tensor product norms on the sphere, the following lemma shows the required
bounds directly.

Lemma 6.16. Let 0 < o, < 1. Then for any ¢ > 0 with a + ¢ < 1 and
B +e <1, we have

/ /D T@h(e () dody < 7] lalla-ses llgoesessei,
X

Proof. Since for any u, v

/u(x)v(x) dx = /u(ac)

()

| e

< sup /U(SU)UdeHUHHQ < lull ool e,
lwllzre <1

v
dx ||v|| ge
v

with D = S~ ! we have

(g = / /D H@k () drdy < |-

/ ’“"”9@’“}”

so that it remains to estimate the last term. Plugging in definition of the
Sobolev norm, we obtain

‘/Dk(ny)g(y) ; :/D/OW

2
t=22 "L dt dx,

w0 ([ kgt ) @)
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where A7 is the average in applied to the x variable only and I the identity.
Swapping the inner integral with the one inside the definition of AY, we estimate

‘/Dk(',y)g(y) ; /D/(;r

S/D/O ”(Affj)(k(,y))(x)ﬂig ||g||%17ﬁt72a71 dt da,

- / / / / |(AY — 1)(AF — (k) () 20 5728 dst day | |5
DxD 0

Plugging in the definition of the averages AY and A¥, the integrand is estimated
by the mixed Hoélder norm

/D (A — D(k(9)) (@) g() dy| 20" dt da,

(A — T)(AY — T)(k)(z,9)| = ][C » ]é K 0) — k(w,0) k() + bz )] dro

§][ ][ |z — 7>y — O’|ﬁ+6||k||00;a+e,ﬁ+e dro.
C(y,s)J C(a,t)

The difference |z — 7|, and likewise |y — o], is bounded by the angle of the cap
C(z,t). Indeed

| — 7'|2 = \x|2 + \7’|2 —2(x,7) =2(1 — (,7)) <2(1 —cost) < 2

for t < T for some T > 0. Since for all other ¢ the difference |z — 7| < 2 is
bounded, we obtain

|.’17—T| Smln{t7T}7 |y_0" Smin{s,T}.
It follows that
|(A:g - I) (A;E - I)(k) (33, y)| S min{ta T}a+€ min{s, T}ﬁ+€||k”CO;a+e,ﬁ+e .

Putting all estimates together, we find that
(£:9)e S NF == llgllz-s I Fllcoose s+

. [// // [min{t, T}* min{s,T}/B“]Q75_20‘_13_25_1 dstdxy| .
pxD JJo

Since the integral is bounded, we conclude that

(f; 96 SNl

-

gHH*‘a Hk||009<~+eﬂ+e.

60



6.4.3 NTK on the Sphere

This section fills in the proofs for Section [3] Recall that we denote the normal
NTK used in [9] 22} [T1] by

O(z,y) lim Za fL+1 fL+1(y)a

w1dth~>oo

whereas the NTK T'(z,y) used in this paper confines the sum to [A| = L — 1,
i.e. the second but last layer, see Section [3]| We first show that the reproducing
kernel Hilbert space (RKHS) of the NTK is a Sobolev space.

Lemma 6.17. Let ©(xz,y) be the neural tangent kernel for a fully connected
neural network on the sphere ST~ with bias and ReLU activation. Then the
corresponding RKHS Heg is the Sobolev space HY?(S*1) with equivalent norms

|- e ~ I - [l ase-

Proof. By [11], Theorem 1] the RKHS Hpg is the same as the RKHS Hj,, of the
Laplacian kernel
k(z,y) = e Izl

An inspection of their proof reveals that these spaces have equivalent norms.
By [22], Theorem 2], the Laplace kernel has the same eigenfunctions as the NTK
(both are spherical harmonics) and eigenvalues

<N S, (> ty, j=1,...,v(0),

for some ¢y > 0, whereas the remaining eigenvalues are strictly positive. By
rearranging the constants, this implies

C+1)" <N, S+, >0, j=1,...,v(0),

for all eigenvalues. With Mercer’s theorem and the definition of Sobolev
norms, we conclude that

co v(£) oo v(£)
£ Wt ~ 1 Fap = D D N1 e ~ DD 4+ 1) fey* = 1 1 rarzgasy-
=0 j=1 =0 j=1

O

Lemma 6.18. Let ©(x,y) be the neural tangent kernel for a fully connected
neural network on the sphere ST1 with bias and ReLU activation. It’s eigen-
functions are spherical harmonics with eigenvalues

(C+1)" S Ay S+, >0, j=1,...,v(0),
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Proof. This follows directly form the norm equivalence || - ||ge ~ || - || gasz in
Lemma and in Mercer’s theorem representation of the RKHS

[ee] l’(e) fe’s) l/(e)
SO N eil? = 1 ~ 1 argay- = D Y+ D fuyl,
=0 j=1 £=0 j=1
choosing f = le as a spherical harmonic. O

With the knowledge of the full spectrum of the NTK, it is now straight
forward to show coercivity.

Lemma 6.19 (Lemma [3.2] restated). Let O(z,y) be the neural tangent kernel
for a fully connected neural network with bias on the sphere S*! with ReLU
activation. Then for any o € R

<f7 L®f>1-]a (Sd-1) ~ ”fHHa a/2(Sd—1Y)»
where Lg is the integral operator with kernel ©(z,y).

Proof. Plugglng in f=5%,° OZ,,@ ngY] in elgenbasm and using the estimate
Aej ~ (£ +1)~% of the eigenvalues in Lemma we have

o v(f)
(fiLef) gagay = Y D L+ 1)* fi;Lofy;
£=0 j=1
oo v(0) .
=D (1) Mg fos
=0 j=1

= ||f||?{a—d/2 Sd—1)-
( )
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