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Approximation by Combinations of ReLU
and Squared ReLLU Ridge Functions
With ¢! and €Y Controls

Jason M. Klusowski

Abstract— We establish L> and L? error bounds for functions
of many variables that are approximated by linear combinations
of rectified linear unit (ReLU) and squared ReLU ridge functions
with ¢! and €% controls on their inner and outer parameters.
With the squared ReLU ridge function, we show that the
L? approximation error is inversely proportional to the inner
layer €0 sparsity and it need only be sublinear in the outer layer
Al sparsity. Our constructions are obtained using a variant of the
Maurey—Jones—Barron probabilistic method, which can be inter-
preted as either stratified sampling with proportionate allocation
or two-stage cluster sampling. We also provide companion error
lower bounds that reveal near optimality of our constructions.
Despite the sparsity assumptions, we showcase the richness and
flexibility of these ridge combinations by defining a large family
of functions, in terms of certain spectral conditions, that are
particularly well approximated by them.

Index Terms—Ridge combinations, rectified linear unit,
approximation error, spline, stratified sampling, sparse models.

I. INTRODUCTION

UNCTIONS of many variables are approximated using
linear combinations of ridge functions with one layer of
nonlinearities, viz.,

fu@) =D bedlar - x — 1), e))

k=1

where by € R are the outer layer parameters and a; € R?
are the vectors of inner parameters for the single-hidden
layer of functions ¢(ax - x — tx). The activation function
¢ is allowed to be quite general. For example, it can be
bounded and Lipschitz, polynomials with certain controls on
their degrees, or bounded with jump discontinuities. When
the ridge activation function is a sigmoid, (1) is single-hidden
layer artificial neural network.

One goal in a statistical setting is to estimate a regression
function, i.e., conditional mean response, f(x) = E[Y |
X = x] with domain D £ [—1, 1]¢ from noisy observations
{(Xi, Y}, where Y = f(X) +e. In classical literature [1],
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L%*(P) mean squared prediction error of order (d/n)'/?,
achieved by ¢! penalized least squares estimators' over the
class of models (1), are obtained by optimizing the tradeoff
between approximation error and descriptive complexity rel-
ative to sample size. Bounds on the approximation error are
obtained by first showing how models of the form (1) with
¢(z) = 1{z > 0} can be used to approximate f satisfying
fRd loll1|F(f)(w)|dw < +oo, provided f admits a Fourier
representation f(x) = [pa € F(f)(@)dw on [—1,1]9.
Because it is often difficult to work with discontinuous ¢
(i.e., vanishing or exploding gradient issues), these step func-
tions are replaced with smooth ¢ such that ¢(rz) A1 —
1{z > 0} as = — +o0. Thus, this setup allows one to work
with approximants of the form (1) with smooth ¢, but at the
expense of unbounded €' norm |a||;.

Like high-dimensional linear regression [2], many applica-
tions of statistical inference and estimation require a setting
where d > n. In contrast to the aforementioned mean square
prediction error of (d/n)'/?, it has been shown [3] how models
of the form (1) with Lipschitz> ¢ (reps. Lipschitz derivative ¢')
and bounded inner parameters ||ak|lo and |lax|l; can be used
to give desirable L?(D) mean squared prediction error of
order ((logd)/n)'/3 (resp. ((logd)/n)*3), also achieved by
penalized estimators.® In fact, [4] shows that these rates are
nearly optimal. A few natural questions arise from restricting
the £° and ¢! norms of the inner parameters in the model:

o To what degree do the sparsity assumptions limit the
flexibility of the model (1)?

o What condition can be imposed on f so that it can
be approximated by f;,, with Lipschitz ¢ (or Lipschitz
derivative ¢’) and bounded ||ax|lo and / or |lax||?

o« How well can f be approximated by f,,, given these
sparsity constraints?

According to classic approximation results [5], [6], if the
domain of f is contained in [—1, 114 and f admits a Fourier
representation f(x) = [pa e F(f)(w)dw, then the spectral
condition v < +o00, where v = fRd loll§1F(f)(@)ldo,
is enough to ensure that f — f(0) can be approximated

IThat is, the fit minimizes (1/n) >/ (fin(X;) — Yi)?> + 2 30, |by] for
some appropriately chosen 4 > 0.

2Henceforth, when we say a function is Lipschitz, we assume it has bounded
Lipschitz parameter.

3With additional €0 inner sparsity, we might also consider an estimator that

minimizes (1/n) 37_; (fn(Xi) — Y)> + Zow (XJ; bellakllo) for some
convex function y and appropriately chosen 4g > 0.
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in L°°(D) by equally weighted, ie, |bi| = -+ = |bpl,
linear combinations of functions of the form (1) with
¢(z) = 1{z > 0}. Typical L error rates ||f — fulloo Of
an m-term approximation (1) are at most covy, 1Wd m~1/?
where ¢ is a universal constant [5], [7], [8]. A rate of
c(p)vf,lm’l/z’l/(pd) was given in [9, Th. 3] for L?(D)
for nonnegative even integer p. Again, all these bounds are
valid when the step activation function is replaced by a
smooth approximant ¢ (in particular, any sigmoid satisfying
lim,_, 400 ¢ (z) = £1), but at the expense of unbounded ||ag||1.

Towards giving partial answers to the questions we posed,
in Section II, we show how functions of the form (1) with
ReLU (also known as a ramp or first order spline) ¢(z) =
(z)4 = 0V z (which is Lipchitz)* or squared ReLU ¢ (z) =
(z)ﬁ_ (which has Lipschitz derivative) activation function can
be used to give desirable L°°(D) approximation error bounds,
even when |aglli = 1,0 < < 1, and |by| = -+ = |bp]-
Because of the widespread popularity of the ReLU activation
function and its variants, these simpler forms may also be of
independent interest for computational and algorithmic reasons
as in [10]-[14], to name a few.

Unlike the case with step activation functions, our analysis
makes no use of the combinatorial properties of half-spaces
as in Vapnik-Chervonenkis theory [15], [16]. The L2(D) case
for ReLU ridge functions (also known as hinging hyper-
planes) with ¢£!-bounded inner parameters was considered
in [17, Th. 3] and our L°°(D) bounds improve upon that line
of work and, in addition, increase the exponent from 1/2 to
1/2+0(1/d). Our proof techniques are substantively different
than [17] and, importantly, are more amenable to empirical
process theory, which is the key to showing our error bounds.

These tighter rates of approximation, with ReLU and
squared ReLU activation functions, are possible under two
different conditions — finite vy or vy3, respectively. The
main idea we use originates from [9] and [18] and can be
seen as stratified sampling with proportionate allocation. This
technique is widely applied in survey sampling as a means of
variance reduction [19].

At the end of Section II, we will also discuss the degree to
which these bounds can be improved by providing companion
lower bounds on the minimax rates of approximation.

Section IIT will focus on how accurate estimation can be
achieved even when |lai|lo is also bounded. In particular,
we show how an m-term linear combination (1) with |lag|lo <
/m and |lag|l; = 1 can approximate f satisfying v 73 < +00
in L2(D) with error at most /20 z3m~1/2. In other words,
the L?(D) approximation error is inversely proportional to the
inner layer sparsity and it need only be sublinear in the
outer layer sparsity. The constructions that achieve these error
bounds are obtained using a variant of the Maurey-Jones-
Barron probabilistic method, which can be interpreted as
two-stage cluster sampling.

Throughout this paper, we will state explicitly how our
bounds depend on d so that the reader can fully appreci-
ate the complexity of approximation. If a is a vector in

e is perhaps more conventional to write (z)+ for 0 Vv z, however, to avoid
clutter in the exponent, we use the current notation.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 12, DECEMBER 2018

Euclidean space, we use the notation a(k) to denote its k-th
component.

II. L APPROXIMATION WITH BOUNDED ¢! NORM
A. Positive Results

In this section, we provide the statements and proofs of
the existence results for f,, with bounded ¢! norm of inner
parameters. We would like to point out that the results of
Theorem 1 hold when all occurrences of the ReLU or squared
ReLU activation functions are replaced by general ¢ which is
Lipschitz or has Lipschitz derivative ¢’, respectively.

Theorem 1: Suppose f admits an integral representation

fx) = v/ n(t,a)(a-x — t)i_ldP(t, a), (2)
[0,1]x{a:lall1=1}

forxin D =[-1, 119 and s € {2, 3}, where P is a probability
measure on [0, 1] x {a € R : ||a||; = 1} and 5(t, a) is either
—1 or +1. There exists a linear combination of ridge functions
of the form

Fn@) == byl x =10y, 3)

k=1
with by € [—1, 1], |laglli = 1, 0 <ty <1 such that

sup | £ (x) — fu(@)| < ey/d +logm m™127Vd 5 =2,
xeD

and

sup | £ (x) — fu ()| < evd m™127Vd g =3,
xeD

for some universal constant ¢ > 0. Furthermore, if the
by are restricted to {—1,1}, the upper bound is of
order

Vd+logm m~127ED) g =

and

Nd m™12VED) g =3,
Theorem 2: Let D = [—1, 114. Suppose f admits a Fourier
representation f(x) = fRd e °F(f)(w)dw and

vf2 = /R Nl IF () @)de < +oo.

There exists a linear combination of ReLU ridge functions of
the form

m
D
fm(x)=bo+ao-x + — Zbk(ak X — )4
=
with by € [=1,1], llaxlh = 1, 0 < % < 1, bo = [f(0),
ap = V f(0), and v <2vy > such that
sup | f(x) — fn ()] < cvpa/d +logm m= V214,

xeD

“)

for some universal constant ¢ > 0. Furthermore, if the by are
restricted to {—1, 1}, the upper bound is of order

vf2+/d +logm m~V/21/d+2)
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Theorem 3: Under the setup of Theorem 2, suppose

0= [ IOIIFD@Ido < +oc.

There exists a linear combination of squared ReLU ridge
functions of the form

m
D
fu@) =bo+aox+x"Agx + — D bp(ar-x — 15 (5)
2m P
with by € [=1,1], llaklh =1, 0 < & < 1, bp = f(0),
ap = V f(0), Ag = VVT f(0), and v < 2043 such that

sup | £ (x) = fn (0)| < copa/d m™1271e

xeD
for some universal constant ¢ > 0. Furthermore, if the by are
restricted to {—1, 1}, the upper bound is of order

vf,3«/3 o 1/2-1/d+2).

The key observation for proving Theorem 2 and Theorem 3
is that f modulo linear or quadratic terms with finite vy
can be written in the integral form (2). Unlike in [17, Th. 3]
where an interpolation argument is used, our technique of
writing f as the mean of a random variable allows for more
straightforward use of empirical process theory to bound the
expected sup-error of the empirical average of m independent
draws from its population mean. Our argument is also more
flexible than [17] and can be readily adapted to the case of
squared ReLU activation function. We should also point out
that our L°°(D) error bounds immediately imply L? (D) error
bounds for all p > 1. In fact, using nearly exactly the same
techniques, it can be shown that the results in Theorem 1,
Theorem 2, and Theorem 3 hold verbatim in L2(D), sans

e /d+1logm or «/d factors, corresponding to the ReLu
or squared ReLU cases, respectively.

Remark 1: In [18], it was shown that the standard order
m~Y2 L®(D) error bound alluded to earlier could be
improved. to be of order \J/logm m =21/ Q) ynder an alter-
nate condition of finite U},l £ Sup, csd-1 fooo r\F(f)(ru)|dr,
but with the requirement that |lay||1 be unbounded. In general,
our assumptions are neither stronger nor weaker than this
since the function f with Fourier transform F(f)(w) =
e llo=oll /iy — | for wo # 0 and d > 2 has infinite z)f1
but finite vy for s > 0, while the function f with Fourier
transform F(f) (@) = 1/(1 + |wl)?*? has finite vfl but
infinite v 7,5 for s > 2.

Proof of Theorem 1:

Case I: s = 2. Let By, ..., By be a partition of the space

Q= {(nta) :ne{-1,+1}, 0 <t <1, |al =1} such
that
~ inf su ||h(~»7»5)_h( ’t9a)|| <€,
G5y eB, k=1,... M(”’,’ageg 1 1 *
(6)
where h(7, 1,a)(x) = h(x) = n(a-x — )%~ It is not hard to

show that M < ¢

dP(t,a)

~d Fork=1,..., M define
=dP(t,a)l{(y(t,a),t,a)" € Bi}/Lx,

where Lj; is chosen to make Py a probability measure.
A very important property we will use is that Varp [h] < €,
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which follows from (6). Let m be a positive integer and
define a sequence of M independent random variables
{mi}1<k<m as follows: let my equal |mLi| and [mLg]
with probabilities chosen to make its mean equal to mLy.
Given, m = {my}i<k<m, take a random sample a =
{(tjksaj 1) <j<np, 1<k<m Of size nx = my + {my = 0}
from P,. Thus, we split the population Q into M “strata”
Bi, ..., By and allocate the number of within-stratum sam-
ples to be proportional to the “size” of the stratum my, ..., my
(i.e., proportionate allocation). The within-stratum variability
of h (i.e., Varp,[h]) is now smaller than the population level
variability (i.e., Var p[h]) by a factor of € as evidenced by (6).
Note that the n; sum to be at most m + M because

M M M
D= md{mg > 0} + > 1{my =0}
k=1 k=1 k=1

M M
> (mLi+ D1{my > 0} + > Hmy =0}
k=1 k=1
M
=m Yy Lil{m; > 0} + M
k=1
<m+M, (7)

IA

where the last inequality follows from Z,’:’I: Ly < 1. For
J = 1,...,my, let hj, = h(l(tj’k’aj°k)1’wtj°k’aj’k) and

%Z;kzlhj,k- Also, let f, = Z_k:l fr- A sim-
ple calculation shows that the mean of f, is f. Write

S @) — Efi@) = & (S 0ni = LimEph()) +

- (Z,iw:l Z;’kzl T (hjg(x) — Epkh(x))). By the triangle
inequality, we upper bound

E sup |, (x) = f(x)| = E sup |Z(fk(x) —Efi(x))|

xeD xeD
by
M
2 By sup | > (mic — Lim)Ep h(x)]
m xeD T

- EEmmsumZZ—k(h,k(x) Eph(x))]. (8)

veD 4S5 "

Now

Egjm sup | Z Z _k(hf ((x) = Eph(x))]

xeDk1 —1

<2IEalm SUP|ZZUJ k_[hj k(x)_,uj k)1, (9)

XEDkljl

where {o;} is a sequence of independent identically dis-
tributed Rademacher variables and {x + u;(x)} is any
sequence of functions defined on D [see for example Lemma
2.3. 6 in [20]]. For notational brevity, we define h;(x) =
mk hjk(x) — wjx(x)]. By Dudley’s entropy integral method
(see [21, Corollary 13.2])], the quantity in (9) can be bounded
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by
52

24 Vv N(u, D)du,
0

where N(u, D) is the u-metric entropy of D with respect to
the norm x (x, x’) (i.e., the logarithm of the smallest u-net that
covers D with respect to x) defined by

(10)

M ng
120, x) 2D a(x) — hja(x'))?
k=1 j=1

< (m+M)llx — x|, (11)

and &% = sup,cp >, > k()% If we set ujx to
equal ':,'—kkh(ﬂ(fka ax), tx, ai), where (ni, tx, ar)’ is any fixed
point in By, it follows from (6) and (7) that 6 < «/m + Me and
from (11) that N(u, D) < dlog(3+/m + M /u). By evaluating
the integral in (10), we can bound the second term in (8) by

240d m™"%e/—loge + 1\/1+M/m. (12)

For the first expectation in (8), we follow a similar approach.
As before,

M
Ep sup | D~ (mi — Lim)Ep,h(x))|
xeD k=1
M
< 2B, sup | D ok(mp — Lim)Eph(x)], (13)
xeD k=1

where {0} is a sequence of independent identically distrib-
uted Rademacher variables. For notational brevity, we write
Tk (x) = (mg—Lgm)Ep,h(x). We can also bound (13) by (10),
except this time N(u, D) is the u-metric entropy of D with
respect to the norm p(x, x") defined by

M
pP,x) £ D (e(x) = he(x))?
k=1

< Mllx — x|, (14)

where the last line follows from |m; — Lym| < 1 and
[Ep h(x)—Eph(x")] < |lx —x'||oc. The quantity ¢ is also less
than /M, since SUP,ep |hi(x)| < 1 and moreover N(u, D) <
dlog(3v/M /u). Evaluating the integral in (10) with these
specifications yields a bound on the first term in (8) of

48v/dvM

m

15)

Adding (15) and (12)
IESuprD Ifm(x) - f(x)| Of

together yields a bound on

48vdm™ V2 (/M/m + /1 + M/m/—loge + 1).  (16)
Choose
2(—1 1
M=mClogetD 17)
1 —€e2(—loge + 1)
Consequently, Esup,cp | f,,(x) — f(x)] is at most
V=1 1
960~/dm 112 —< oget (13)

JI=—e(=loge +1)
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We stated earlier that M =< e~ ¢. Thus (17) determines ¢
to be at most of order m~'/@*2)_ Since the inequality (17)
holds on average, there is a realization of 7,” for which
Sup,cp | fm(x) — f(x)| has the same bound. Note that f,,
has the desired equally weighted form.

For the second conclusion, we set mp; = mL; and
ny = [myg]. In this case, the first term in (8) is zero and
hence E sup,.p [ fm(x) — f(x)] is not greater than (12). The
conclusion follows with M = m and € of order m~1/<.

Case II: s = 3. The metric x(x, x") is in fact bounded by a
constant multiple of /m + Me||x —x'||so- To see this, we note
that the function £ (x) has the form

my
+—[(a-x— )7 — (@ -x — 1)),
ng
with |la — ag|l1 + |t — tx| < €. Thus, the gradient of ﬁj,k(x)
with respect to x has the form

~ 2
Vi a(x) = inik"[(a(a x = 1)+ —arag ¥~ 1)4].

Adding and subtracting %a(ak - x — )+ to the
above expression yields the bound of order € for
SUP,cp ||Vﬁj,k(x)||1. Taylor’s theorem yields the desired
bound on x(x,x’). Again using Dudley’s entropy integral,
we can bound Esup, ., |f,,(x) — f(x)| by a universal con-
stant multiple of either v/dm™'2(J/M/m + e/T+ M/m)
or v/dm~'2e JT+ M/m corresponding to the equally
weighted or non-equally weighted cases, respectively. The
corresponding results follow with M = me?/(1 — €?) and
€ of order m~Y@*2) or M = m and € of order m~'/4,
Note that here the additional smoothness afforded by the
stronger assumption vys3 < -+oo allows one to remove
the /—Toge + 1 factor that appeared in the final bound in
the proof of Theorem 2. This rate is the same as what was
achieved in Theorem 2, without a \/(logm)/d + 1 factor. [J
Proof of Theorem 2: 1f |z| < ¢, we note the identity

—/ (z—u)re™+(—z —u)pe ™ldu =€ —iz — 1. (19)
0

If c=llol, z=0 x,a=a(w) =o/llol, and u = |o|t,
0 <t <1, we find that

1 . .
_||a,||%/ (@ x — 1), el 4 (—a-x — 1), e-loht |y
0
=" —jw-x —1.
Multiplying the above by F(f)(w) = €*@ | F(f)(w)|, inte-
grating over RY, and applying Fubini’s theorem yields
1
10 =5 VIO =0 = [ [ st.ordrdo,
where
g(t,w) = —[(a-x — 1)y cos(|lwlli7 + b(w))
+(=a-x = 1)4 cos(lof1t—b@)]llFIF(f)(@)].
Consider the probability measure on {—1,1} x [0, 1] x R?
defined by
1
dP(z,1,0) = 5' cos(zllwllit + b))l F(f)(@)ldido,
(20)
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where

1
) :/Rd/o [ cos(loll 17 + b())]
+cos(loll1t — ble)ll?1F(f)(@)|dtdo < 2.

Define a function h(z, t, a)(x) that equals

(za-x —1)4 n(z, 1, 0),

where #5(z,t,w) = —sgncos(||w|1zt + b(w)). Note that
h(z,t,a)(x) has the form +(+a - x — t)4. Thus, we see that

fx) —x-Vf(0)— f(0)
:v/ h(z,t,a)(x)dP(z,t,w). (21)
{—1,1}x[0,1]x R4

The result follows from an application of Theorem 1. (]

Proof of Theorem 3: For the result in Theorem 3,
we will use exactly the same techniques. The function
F(x)=xTvVT £(0)x/2—x -V f(0) — £(0) can be written as
the real part of

/ @ 4 (- x)2)2 —iw-x — DF(f)@)do. (22)
R

As before, the integrand in (22) admits an integral represen-
tation given by

1
(i/2)||w||?/0 [(—a-x — ke ol —(q.x — )2 ellehiygy,

which can be used to show that f(x) —x?VV7T f(0)x/2 —x -
V £(0) — f(0) equals

1

_/ h(Z,f,a)(.x)dP(Z, t,CU),
{71,1}X[0,1]XRd

2 (23)

where
h(z,t,a) = sgnsin(zolhit + b(®)) za - x — 1)}
and

1
dP(z,1,0) = N sin(zwlh? + b)) @l}1F(f)(@)|didw,

1
b= /]R ,, /O [sin(lollit + b(@))]
+Isin(lolit — b))} 1 F(f)(@)|dtdo < 2053

The result follows from an application of Theorem 1. U

Remark 2: By slightly modifying the definition of h from the
proofs of Theorem 2 and Theorem 3 (in particular, multiplying
it by a sinusoidal function of w and t), it suffices to sample

instead from the density dP(t,®) = Wmda} on
[0, 1] x R,

Remark 3: For unit bounded x, the expression e —iw-
x — 1 is bounded in magnitude by ||a)||%, so one only needs
Fourier representation of f(x)—x-V f(0)— f(0) when using
the integrability with the ||w||% factor. Similarly, ¢!~ + (o -
x)?/2 —iw-x — 1 is bounded in magnitude by |||, so one
only needs Fourier representation of f(x) —xTVVT f(0)x —
x-V £(0)—1 when using the integrability with the ||a)||?factor.

iw-x
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Remark 4: Note that in Theorem 2 and Theorem 3, we work
with integrals with respect to the absolutely continuous mea-
sure dF(f)(w). In general, a (complex) Fourier measure
dF(f)(w) does not need to be absolutely continuous. For
instance, it can be discrete on a lattice of values of w,
associated with a multivariate Fourier series representation
for bounded domains x (and periodic extensions thereof).
Indeed, for bounded domains, one might have access to both
Fourier series and Fourier transforms of extensions of f to RE.
The best extension is one that gives the smallest Fourier norm
f]Rd loll§1dF (f)(w)|. For further discussion along these lines,
see [6].

Next, we investigate the optimality of the rates from
Section II.

B. Lower Bounds

Let Hy = fx — nla-x —0%" ¢ Jalli < 1, 0 <
t <1, n € {—1,41}} and for p € [2,+40o0] let .7-';,
denote the closure of the convex hull of H; with respect
to the || - |, norm on LP(D,P) for p finite, where P
is the uniform probability measure on D, and || - [|s (the
supremum norm over D) for p = 4-00. We let C;, denote the
collection of all convex combinations of m terms from H,.
By Theorem 2 and Theorem 3, after possibly subtracting a
linear or quadratic term, f/(2v72) and f/v 3 belongs to .7-'12,
and .7-'3, respectively. For p € [2, +oc] and € > 0, we define
the e-covering number N, (€) by

min{n : 3 F C F5, |Fl=n, st inf_sup | f — f'll, <e}.
I'eF peFs

and the e-packing number M, (€) by

max{n : 3 F CFS, |F|l=n, st in — £, > €).
{ |F] f’f,efllf fllp > €}
Theorem 1 implies that infy ccs supsezs If — fmlloo
achieves the bounds as stated therein.
Theorem 4: For p € [2,400] and s € {2, 3},

inf sup [|f — full, = (Amd>*log(md))~1/275/4,
In€Cy feFs

for some universal positive constant A.

Ignoring the dependence on d and logarithmic factors
in m, this result coupled with Theorem 1 implies that
inf f,ec2 Supserz If = fmllp is between m~1/2=2/d and
m~V2=1d, for large d, the rates are essentially the same.
Compare this with [9, Th. 4] or [5, Th. 3], where a lower
bound of ¢ (9, d) m~V2=l/d=o 5+ arbitrary, was obtained
for approximants of the form (1) with Lipschitz ¢, but with
inner parameter vectors of unbounded ¢! norm.

We only give the proof of Theorem 4 for s = 2, since the
other case s = 3 is handled similarly. First, we provide a few
ancillary results that will be used later on. The next result is
contained in [22, Lemma 4.2] and is useful for giving a lower
bound on M, (¢).

Lemma 1: Let H be a Hilbert space equipped with a norm
|- and containing a finite set H with the following properties.

@ IHl =3,
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(i) Zh,h’eH, h#h [(h, h')| < 9?

(iii) 0% < mingepq [1h]|?

Then there exists a collection Q < {0, YH! with car-
dinality at least 29=HW/NHI=L \ohere H(1/4) is the
entropy of a Bernoulli random variable with success prob-
ability 1/4, such that each pair of elements in the set

F = {ﬁ D hern @nh i (op h e H) e Q} is separated by at

least %,/ 7@“’167'{7&?”2752 in | -
Lemma 2: If 6 belongs to [R1Y ={1,2,..., R}, R e Z7,
then the collection of functions

H = {x > sin(z6 - x)/@x|0]?) : 6 € [R1Y}

satisfies the assumption of Lemma 1 with H = L*(D, P),
where P is the uniform probability measure on D. More-
over, |[H| = R%, 6 = 0, mingen |h] = 1/(4~27d*R?),
and F C .7:; for all p € [2,400]. Consequently,
if € = 1/(8v2wd*R*+4/2), then

2d

log M, () > (log2)(1 — H(1/4)) (Sfﬁndz)im _1
= (cedz)im,

for some universal constant ¢ > 0.
Proof: We first observe the identity

sin(z@ - x)/ @Gz [10]17)
=0-x/@x )0}

1
+5 / [(—a-x —1)s — (a-x — 4] sin(x |01 1)dr,
0

(24)

where a = a(@) = 6/||0];. Note that above integral can also
be written as an expectation of

—z sgn(sin(z [|0]112)) (za - x — 1)+ € Ha

with respect to the density

T
oz, 1) = L Isin(z 01101,

on {—1,1} x [0, 1]. The fact that py integrates to one is a
consequence of the identity

1
/ |sin(z |0]1¢)|dt = 2/x.
0

Since fDlsin(m9 - x)|?dP(x) = 1/2, each member of H
has norm equal to 1/ 427 ||<9||%) and each pair of elements
is orthogonal so that 6 = 0. Integrations over D involving
sin(z @ - x) are easiest to see using an instance of Euler’s for-
mula, viz., sin(a - x) = %(szl elo(x(k) _ szl e~ tetx(k)y
O
Proof of Theorem 4: Let A > 0 be arbitrary. Suppose
contrary to the hypothesis,

inf  sup ”f_fm”p

(Amd’ log(md))~"/>=%/¢
fmeC fe]:g

A

(1>

€/3.

Note that each element of C,zn has the form Zlel Achg,
where Z;:'Zl Ax = 1 and hy € H,. Next, consider the subcol-

lection 531 with elements of the form z;;;liikiik, where Ik

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 12, DECEMBER 2018

belongs to an €p/3-net P of the m — 1 dimensional probability
simplex P,, and h; belongs to an €o/3-net H of H,. By a
stars and bars argument, there are at most Iﬁl(mHHl_l) such
functions. Furthermore, since sup, <y [h]lc < 1, we have

inf sup || f — full2 < inf  sup | f — full2
fmec;zn prp fm ECm prp
+ inf sup [[h — )2
heH heH,
+ inf sup |4 =7
AeP 1ePy,

< €/3+¢€/3+¢€0/3 = €.
Since |H| < ;7" and |P| = ;™" it follows that

log |C2|

—d—1
—1
colog |:60—m—1(m+6'160 )]
m

cadm log(1/¢€p)
czdmlog(Adm),

log N, p (€0)

IA

IA

=
=

(25)

for some positive universal constants co > 0, ¢; > 0, ¢2 > 0,
and c¢3 > 0.

On the other hand, using (24) from Lemma 2 coupled with
the fact that N,(eo) > M, (2¢0), we have

log N, (€0) > log M, (2€0)
_2d_

(2C60d2) i

csAdm log(dm),

v

\%

(26)

for some universal constant ¢4 > 0. Combining (25) and (26),
we find that

csAdm log(dm) < czdmlog(Adm).

If A is large enough (independent of m or d), we reach a
contradiction. This proves the lower bound. 0

I11. L? APPROXIMATION WITH
BOUNDED ¢9 AND ¢! NORM

In Section II, we explored conditions for which good
approximation in L> (D) could be achieved even with ¢! con-
trols on the inner parameter vectors. In this section, we show
how similar statements can be made in L2(D), but with
control on the £° norm as well. Note that unlike Theorem 1,
we see in Theorem 5 how the smoothness of the activation
function directly affects the rate of approximation. The proof
is obtained by applying the Maurey-Jones-Barron probabilistic
method in two stages (similar to two-stage cluster sampling),
first on the outer layer coefficients, and then on the inner layer
coefficients.

Theorem 5: Suppose f admits an integral representation

f(x) =v/ n(t,a) (a'x—t)f[ldP(t,a),
[0,1]1x{a:llalli=1}

forxin D =[—1, 119 and s € {2, 3}, where P is a probability
measure on [0, 1] x {a € R? : |la|l = 1} and n(t,a) is either
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—1 or +1. There exists a linear combination of ridge functions
of the form

m
) _
Fmg @) = — 3 b (ar - x = 1)
k=1
where ||ar|lo < mo, |larll1 = 1, and by € {—1, +1} such that

”f - fm,m0||2 <v

Furthermore, the same rates for s =2 or s = 3 are achieved
for general f adjusted by a linear or quadratic term with
v =257 <400 0rv =053 < 400, respectively.

Remark 5: In particular;, taking mg = /m, it follows that
there exists an m-term linear combination of squared ReLU
ridge functions, with \/m-sparse inner parameter vectors,
that approximates f with L*(D) error at most ~/2om=1/2.
In other words, the L*(D) approximation error is inversely
proportional to the inner layer sparsity and it need only be
sublinear in the outer layer sparsity.

Proof: Take a random sample a = {(t,ax)'}1<k<m
from P. Given a, take a random sample a =
{Gr ik} 1<t<mp, 1<k<m, Where Plag ; = sgn(ar(j))e;]1 = lax(j)|
for j=1,...,d, ax = (ak(1), ..., ar(d)), and e; is the j-th
standard basis vector for R?. Note that

Egjalae k1 = ax 27)

and

d
Vargalag i - x1 < Egalacs - x1* = la()IIx()I?

j=1
< llaglhllx]% < 1. (28)
Define
v & 1 & o
Fonmg @) = — >, ) . Sk x—u (29)
k=1 =1 +

By the bias-variance decomposition,
Elf ~Fonmo 3 = ElFmmo = EFmumo 13 + 1f = Ef o 13-
Note that El[ £, o — E fmo 3 <

f(x) - E7m,m0 ()C)
0 m
= — Eg[’?(tk, ar)

2

. Next, observe that

s—1

X Egja | (ak - x —tx)3

| mo s—1
m—zﬁf,k'x—tk }

0 =1 +
which, by an application of the triangle inequality, implies that
F ) = Ef g (0

s—1

m mo
) 1
J— S71 J— ~ —_— > . —
< P kél Eq [(ar-x—t)% Eja o ZEI agk-x — Ik
= = +
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Next, we use the following two properties of (z)f[l: for all
zand 7/ in R,

A

(30)
€19

@)+ — @+l < 1z =71,
12 — ()2 =2 =)l < lz =7

If s = 2, we have by (30), (27), and (28) that

1 &
Eql(ax - x — 1)y — Egul — arp-x — 1
g(k )+ ala mofz_; Lk k

+
1 &
< EQEEQ ak-x——Z@,k-x
mo L5
mo 2
< By |Ega|a-x — — D Gri-x
N S

Va@g[?ig,k - x| _ 1
mo - M

This shows that || f — ETmeOH% < ;:l—z If s = 3, we have
from (31), (27), and (28) that

1 & ’
2 ~
Eq [(ar - x — )5 — Egja m—Zag,k X — Iy
0
(=1 +
1 & ?
< EQEEQ ag - X — — Zﬁg,k - X
mo
(=1
Varg.lae i - x] 1
=E,|——| < —
N mo mo

. — 2.
This shows that || f — Efm,mg”% < r’;—é. Since these bounds
hold on average, there exists a realization of (29) for which
the bounds are also valid. Note that the vector mio D0 dpk

has ¢° norm at most mo and unit ¢! norm.

The fact that the bounds also hold for f adjusted by a linear
or quadratic term (under an assumption of finite v 7> or v ;3)
follows from (21) and (23).
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