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Preface

Why study learning theory? Data have become ubiquitous in science, engineering,
industry, and personal life, leading to the need for automated processing. Machine learn-
ing is concerned with making predictions from training examples and is used in all of
these areas, in small and large problems, with a variety of learning models, from simple
linear models to deep neural networks. It has now become an important part of the
algorithmic toolbox.

How can we make sense of these practical successes? Can we extract a few principles
to understand current learning methods and guide the design of new techniques for new
applications or to adapt to new computational environments? This is precisely the goal of
learning theory. Beyond being already mathematically rich and interesting (as it imports
from many mathematical fields), most behaviors seen in practice can, in principle, be un-
derstood with sufficient effort and idealizations. In return, once understood, appropriate
modifications can be made to obtain even stronger success.

Why read this book? The goal of this textbook is to present old and recent results
in learning theory for the most widely used learning architectures. Doing so, a few
principles are laid out to understand the overfitting and underfitting phenomena, as well
as a systematic exposition of the three types of components in their analysis, estimation,
approximation and optimization errors. Moreover, the goal is not only to show that
learning methods can learn given sufficient amounts of data but to understand how fast
(or slow) they learn, with a particular eye towards adaptivity to specific structures that
make learning faster (such as smoothness of the prediction functions, or dependence on
low-dimensional subspace).

This book is geared towards theory-oriented students as well as students who want
to acquire a basic mathematical understanding of algorithms used throughout machine
learning and associated fields that are significant users of learning methods such as com-
puter vision or natural language processing. Moreover, it is well suited to students and
researchers coming from other areas of applied mathematics or computer science who
want to learn about the theory behind machine learning. Finally, since many simple
proofs have been put together, it can serve as a reference for researchers in theoretical
machine learning.

ix
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A particular effort will be made to prove many results from first principles while
keeping the exposition as simple as possible. This will naturally lead to a choice of
key results showcasing the essential concepts in learning theory in simple but relevant
instances. A few general results will also be presented without proof. Of course, the
concept of first principles is subjective, and I will assume a good knowledge of linear
algebra, probability theory, and differential calculus.

Moreover, I will focus on the part of learning theory that deals with algorithms that
can be run in practice, and thus, all algorithmic frameworks described in this book are
routinely used. Since many modern learning methods are based on optimization, a chapter
is dedicated to them. For most learning methods, some simple illustrative experiments
are presented, with accompanying code (Matlab for the moment, Python underway, Julia
in the future) so that students can see for themselves that the algorithms are simple and
effective in synthetic experiments. Exercises currently come with no solutions.

Finally, the third part of the book provides an in-depth discussion of moderne spe-
cial topics such as online learning, ensemble learning, structured prediction, and over-
parameterized models.

Note that this is not an introductory textbook on machine learning. There are al-
ready several good ones in several languages (see, e.g., Alpaydin, 2020; Lindholm et al.,
2022; Azencott, 2019; Alpaydin, 2022). This textbook focuses on learning theory, that is,
deriving mathematical guarantees for the most widely used learning algorithms, and char-
acterizing what makes a particular algorithmic framework successful. In particular, given
that many modern methods are based on optimization algorithms, we put a significant
emphasis on gradient-based methods.

A key goal of the book is to look at the simplest results to make them most accessible
to understand, rather than focusing on material that is more advanced but potentially
too hard at first and that provides marginally better understanding. Throughout the
book, we propose references to more modern work that goes deeper.

Book organization. The book comprises three main parts: introduction, core part,
and special topics. Readers are encouraged to read the first two parts to understand the
main concepts fully and can pick from the special topic chapters in a second reading or
if used in a two-semester class.

All chapters start with a summary of the main concepts and results that will be cov-
ered. All simulations experiments are available at https://www.di.ens.fr/~fbach/1tfp/
as Matlab code. Python code is currently being finalized.

Sections or more advanced exercises are denoted by ¢, ¢4, or ¢44. Comments or
suggestions are most welcome and should be sent to francis.bach@inria.fr.

Many topics are not covered, and many more are not covered in depth. There are many
good textbooks on learning theory that go deeper or wider (Christmann and Steinwart,
2008; Koltchinskii, 2011; Mohri et al., 2018; Shalev-Shwartz and Ben-David, 2014). See


https://www.di.ens.fr/~fbach/ltfp/
francis.bach@inria.fr
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1

also the nice notes from Alexander Rakhlin and Karthik Sridharan,” as well as from

Michael Wolf.2

In particular, the book focuses primarily on real-valued prediction functions, as it has
become the de-facto standard for modern machine learning techniques, even when pre-
dicting discrete-valued outputs. Thus, although its historical importance and influence
are crucial, I choose not to present the Vapnik-Chervonenkis dimension (see, e.g., Vapnik
and Chervonenkis, 2015), and instead based our generic bounds on Rademacher com-
plexities. This focus on real-valued prediction functions makes least-squares regression a
central part of the theory, which is well appreciated by students. Moreover, this allows
drawing links with the related statistical literature.

Some areas, such as online learning or probabilistic methods, are described in a single
chapter to draw links with the classical theory and encourage readers to learn more about
them through dedicated books. I have also included a chapter on over-parameterized
models, which presents modern topics in machine learning. More generally, the goal in
the third part of the book (special topics) was to cover most parts, which are a “few
steps” away from the core material.

A book is always a work in progress. In particular, there are still typos and almost
surely places where more details are needed; readers are most welcome to report them to
me (and then get credit for it). I am convinced that more straightforward mathematical
arguments are possible in many places in the book. Please let me know if you know of
elegant and simple ideas I have overlooked.

Mathematical notations. Throughout the textbook, I will try to provide unified
notations:

e Random variables: given a set X, we will use the lower-case notation for a random
variable with values in X, as well as for its observations. Probability distributions
will be denoted 1 or p and expectations as E[f(2)] = [, f(x)dp(z). This is slightly
ambiguous but will not cause major problems (and is standard in research papers).
In this book, following most of the learning theory literature, we will gloss over mea-
surability issues to avoid over-formalizations. For a detailed treatment, see Devroye
et al. (1996); Christmann and Steinwart (2008).

e Norms on R?: we will consider the usual ,-norms on R?, defined through ||z||5 =
d .
> izt |zi|? for p € [1,00), with [|z]ec = maxie(s, .y |2il.
e For a symmetric matrix A € R"*" A = 0 means that A is positive semi-definite

(that is, all of its eigenvalues are non-negative), and for two symmetric matrices A
and B, A »= B means that A — B = 0.

e For a differentiable function f : R? — R, its gradient at z is denoted f'(z) € R,
and if it is twice differentiable, its Hessian is denoted f”(z) € R¥*9,

Ihttp://www.mit.edu/~rakhlin/courses/stat928/stat928_notes.pdf
%https://mediatum.ub.tum.de/doc/1723378/1723378. pdf
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How to use this book? The first 9 chapters (in sequence, without the diamond parts)
are adapted for a one-semester upper-undergraduate or graduate class, if possible, after
an introductory course on machine learning. The following 6 chapters can be read mostly
in any order and are here to deepen the understanding of some special topics; they can
be read as homework assignments (using the exercises) or taught within a longer (e.g.,
2-semester) class. The book is intended to be adapted to self-study, with the first 9
chapters being read in a sequence and the last 6 in a random order. In all situations,
the first chapter on mathematical preliminaries can be read quickly and studied more in
detail when relevant notions are needed in subsequent chapters.

Acknowledgements. This textbook is extracted from lecture notes from a class that I
have taught (unfortunately online, but this gave me an opportunity to write more detailed
notes) during the Fall 2020 semester, with an extra pass during the class I taught in the
Spring 2021, Fall 2021, Fall 2022, and Fall 2023 semester.

These class notes have been adapted from the notes of many colleagues I had the
pleasure to work with, in particular Lénaic Chizat, Pierre Gaillard, Alessandro Rudi,
and Simon Lacoste-Julien. Special thanks to Lénaic Chizat for his help for the chapter
on neural networks and for proof-reading many of the chapters, to Jaouad Mourtada
for his help on lower bounds and random design analysis for least-squares regression,
to Alex Nowak-Vila for his help on calibration functions, to Vivien Cabannes for the
help on consistency proofs for local averaging techniques, to Alessandro Rudi for his help
on kernel methods, to Adrien Taylor for his help on the optimization chapter, to Marc
Lelarge for his help on over-parameterized models, and Olivier Cappé for his help on
multi-arm bandits. The notes from Philippe Rigollet have also been a very precious help
for the model selection chapter. The careful readings by Bertille Follain and Gabriel
Stoltz have also been very helpful.

Typos have been found by Ritobrata Ghosh, Thanh Nguyen-Tang, Ishaan Gulra-
jani, Johannes Oswald, Seijin Kobayashi, Mathieu Dagreou, Dimitri Meunier, Antoine
Moulin, Laurent Condat, Quentin Duchemin, Quentin Berthet, Mathieu Bloch, Fabien
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Chapter 1

Mathematical preliminaries

Chapter summary

— Linear algebra: a bag of tricks to avoid lengthy and faulty computations.

— Concentration inequalities: for n independent random variables, the deviation be-
tween the empirical average and the expectation is of order O(1/4/n). What is in
the big O, and how does it depend explicitly on problem parameters?

The mathematical analysis and design of machine learning algorithms require spe-
cialized tools beyond classic linear algebra, differential calculus, and probability. In this
chapter, I will review these non-elementary mathematical tools used throughout the book:
first, linear algebra tricks, then concentration inequalities. The chapter can be safely
skipped since relevant results will be referenced when needed.

1.1 Linear algebra and differentiable calculus

This section reviews basic linear algebra and differential calculus results that will be used
throughout the book. Using these may usually greatly simplify computations. Matrix
notations will be used as much as possible.

1.1.1 Minimization of quadratic forms

Given a positive definite (and hence invertible) symmetric matrix A € R™*™ and a vector
b € R™, the minimization of quadratic forms with linear terms can be done in closed form
as:

1 1
inf —2'Az—b'z=—-2b" A",
zeR” 2 2

3
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with minimizer ., = A~1b obtained by zeroing the gradient f’(x) = Az—b of the function
f(z) = 32T Az — b" 2. Moreover, we have:

1 1 1
51:TA:17 —b'x= 5(17 —z,) Az —x,) — §bTA_1b.

If A was not invertible (simply positive semi-definite) and b was not in the column space
of A, then the infimum would be —oo.

Note that this result is often used in various forms, such as
T 1 T -1 1 T . . . .
bz < Eb AT b+ 5% Ax with equality if and only if b = Ax.

This form is exactly the Fenchel-Young inequality® for quadratic forms (see Chapter 5),
and is often used in one dimension in the form ab < % + g, for any n > 0 (and equality
if and only if n = a/b).

1.1.2 Inverting a 2 x 2 matrix

Solving small systems happens frequently, as well as inverting small matrices. This can

be easily done in two dimensions. Let M = (‘Z Z) be a 2 x 2 matrix. If ad — bc # 0, then

1 d —b
Mt = .
ad—bc(—c a )

This can be checked by multiplying the two matrices or using Cramer’s rule,? and can be
generalized to matrices defined by blocks, as we present next.

we may invert it as follows

1.1.3 Inverting matrices defined by blocks, matrix inversion lemma

The example above may be generalized to matrices of the form M = (é g), with blocks

of consistent sizes (note that A and D have to be square matrices). The inverse of M
may be obtained by applying directly Gaussian elimination® done in block form. Given

the two matrices M = (é g) and N = (é (IJ), we may linearly combine lines (with the

same coefficients for the two matrices). Once M has been transformed into the identity
matrix, N has been transformed to the inverse of M.

We make the simplifying assumption that A is invertible; we use the notation (M /A)
D — CA7!B for the Schur complement of the block A and also assume that (M/A) is

1See https://en.wikipedia.org/wiki/Convex_conjugate.
2See https://en.wikipedia.org/wiki/Cramer’s_rule.
3See https://en.wikipedia.org/wiki/Gaussian_elimination.
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invertible. We thus get by Gaussian elimination, referring to L;, i = 1, 2, as the two lines

of blocks, so that for the first matrix M = (é;)

- . A B 10
Original matrices: <C D> (0 I)

Lo+ Loy — CA_lLl :

(
L2<—(M/A)71L25 <61 f;) (_(M/A)I—lCA—l (M/(z)‘l)—l)
Ly + Ly —BLy: ( O) (I tg\gjﬂﬁ)[clgﬁil _(B]\(jﬂ;ﬁll>
peane(19)(Fmares )

This shows that
y_(AB T (AN ATIB(M/A)TICATY — AT B(M/A)
C D —(M/A)"tCA! (M/A)~1
Moreover, by doing the same operations but by putting to zero first the upper-right block,
and assuming D and (M/D) = A — BD~'C are invertible, we obtain:

—1 A B -t (M/D)_l —(M/D)_lBD_l
" _< > _<—D‘1C(M/D)‘1 D_1+D_1C(M/D)—1BD—1)- (1.2)

(1.1)

By identifying the upper-left and lower-right blocks in Eq. (1.1) and Eq. (1.2), we ob-
tain the identities (sometimes referred to as Woodbury matrix identities, or the matriz
inversion lemma):

(A-BD'0)™' = A'+AT'B(D-CAT'B)lCAT
(D-cA'B)”" = D'+ D'C(A-BD'C)"'BD
Another classical formulation is:
(A-=BD'C)"'B = A'B(D-CA'B)"'D.

These are particularly interesting when the blocks A and D have very different sizes, as
the inverse of a large matrix may be obtained from the inverse of a small matrix.

The lemma is often applied when C = BT, A =1 and D = —I, which leads to
(I+BB"Y'=1-B(I+B'B)"'BT,

and, once right-multiplied by B, this leads to the compact formula (which is easier to
rederive and remember):

(I+BB") 'B=B(I+B'B)™%

These equalities are commonly used both for theoretical and algorithmic purposes.
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Exercise 1.1 (¢) Show that we can “diagonalize” by blocks the matrices M and M~!

r=(£8) - (oh (¢ uh) 327
w=(en) = 0 )00 ) (e )

Conditional covariance matrices for Gaussian vectors (¢). The identities above
can be used to compute conditional mean vectors and covariance matrices for Gaussian
vectors (in this book, we will use the denominations “normal” and “Gaussian” inter-

changeably). If we have a Gaussian vector (Z) with x € R™ and y € R", with mean

vector defined by block as y = (‘:ﬂ ), and covariance matrix ¥ = (gm gzy) %= 0 (defined

yxr yy

with blocks of appropriate sizes), then the joint density p(z,y) of (x,y) is proportional

tO

By writing it as the product of a function of z and of a function of (z,y), we can get that x
is Gaussian with mean u, and covariance matrix ¥, and that given x, y is Gaussian with
mean fly|; = fy + Syz X, (¥ — pie) and covariance matrix Xy, = By, — By X 5,

Exercise 1.2 (4) Prove the identities ju,|, = fiy+3yaYgs (T— ) and covariance matriz
Lyla = By — Ewa;aclzwy'

1.1.4 Eigenvalue and singular value decomposition

In this book, we will often use eigenvalue decompositions of symmetric matrices. If A €
R™*™ is a symmetric matrix, there exists an orthogonal matrix U € R™*" (that is, such
that UTU = UU T = I), and a vector A\ € R™ of eigenvalues, such that A = U Diag(A\)U .
If u; € R™ denotes the i-th column of U, then we have A = E?:l )\iuiu?, and Au; = \u;.
A symmetric matrix is said to be positive semi-definite if and only if all its eigenvalues
are non-negative.

Given a rectangular matrix X € R”*¢, such that n > d, there exists an orthogonal
matrix V' € R%*? (that is, such that V'V = VVT = I), a matrix U € R"*¢ with or-
thonormal columns (that is, such that UTU = I), a vector s € Ri of singular values,
such that X = U Diag(s)V T; this is often called the “economy-size” singular value de-
composition (SVD) of the matrix X. If u; € R” and v; € R? denote the i-th columns

d
of U and V, then we have X = Zi:l siuiv;r, and Xv; = sjui, X Tu; = s;v;.

There are several ways of relating eigenvalues and singular values. For example, if s;
is a singular value of X, then s? is an eigenvalue of XX T and XTX. Moreover, the

eigenvalues of the matrix ( o are zero, the singular values of X, and their opposites.

XT)(f)
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For further properties of eigenvalues and singular values, see Golub and Loan (1996),
Stewart and Sun (1990) and Bhatia (2013).

Exercise 1.3 Ezpress the eigenvectors of XX T and X "X wusing the singular vectors
of X.

o X) using the singular vectors of X.

Exercise 1.4 Ezxpress the eigenvectors of (XT o

1.1.5 Differential calculus

Throughout the book, we will compute gradients and Hessians of functions in almost all
cases in matrix notations. Here are some classic examples:

e Quadratic forms: assuming A = AT, with F(0) = 267 A0 —b'0, F'(0) = A9 — b,
F”(0) = A. If A is not symmetric, then we have F’(#) = (A + AT)6 and F”(6) =
1A+ AT
2(A+AT).

e Least-squares with X € R"*? and y € R™: F(6) = 5-|ly — X0||3. Then F'(9) =
LXT(X60—y) and F"(§) = 21X TX.

Exercise 1.5 Show that for the logistic regression objective function defined as F(0) =
LS log(1 + exp(—yi(X6);) with X € R"*? and y € {—1,1}", then F'(6) = 1 X Tg,
where g € R" is defined as g;i = —y;io(—yi(X0);), with o(u) = (1 + e *)"1 is the
sigmoid function. Show that the Hessian is X' Diag(h)X, with h € R" defined as
hi = o(yi(X0)i)o(—yi(X0):).

1.2 Concentration inequalities

All results presented in this textbook rely on the simple probabilistic assumption that
data are independently and identically distributed (i.i.d.). The primary tool is then to
relate empirical averages to expectations.

The key (very classical) insight behind probabilistic inequalities used in machine learn-
ing is that when you have n independent zero-mean random variables, the natural “magni-
tude” of their average is 1/4/n times smaller than their average magnitude. The simplest
instance of this phenomenon is that if Z;,...,7, € R are independent and identically
distributed with variance 02 = E(Z — E[Z])?, then the variance of the sum is the sum of
variances, and

2

var (% Z Zi) = % ;Var(Zi) = %.
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Be careful with error measures or magnitudes: some are squared, some are
A not. Therefore, the 1//n becomes 1/n after taking the square (this is trivial
but typically leads to confusion).

The equality above can be interpreted as

2

E[(%izi—E[Z])z} - % (1.3)

which provides the simplest proof of the law of large numbers when variances exist and
also highlights the convergence in squared mean of the random variable % i, Z; to the
constant E[Z].

From moments to deviation bounds. Given an (in)equality on the moments of a
random variable, deviation bounds can be derived. Markov’s inequality (see proof in
Exercise 1.6 below) states that

E[Y], (1.4)

for all non-negative random variable Y with finite expectation and any scalar ¢ > 0.
Chebyshev’s inequality is obtained by applying Markov’s inequality to the random vari-
able Y = (X — E[X])? for a random variable X with finite mean E[X] and variance
var[X], leading to

1 var[X].

P(X — E[X]| > ¢) = B(X ~ E[X] > %) < 5

Thus, from the mean E[Z] and variance ‘7—n2 of the random variable = 37 | Z;, computed
in Eq. (1.3), we obtain the deviation bounds

(L3 -sim] o) < S

which implies convergence in probability.*

S|

To characterize the deviations more finely, there are two classical tools: the central
limit theorem, which states that = > | Z; is approximately Gaussian with mean E[Z]
and variance o?/n. This is an asymptotic statement: formally v/n(: > " | Z; — E[Z])
converges in distribution to a Gaussian distribution with mean zero and variance o2.

Although it gives the correct scaling in n, in this textbook, we will look primarily at

4See https://en.wikipedia.org/wiki/Convergence_of_random_variables for convergences of ran-
dom variables.
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non-asymptotic results that quantify the deviation for any n.

In what follows, we will always provide versions of inequalities for averages of
random variables (some authors equivalently consider sums).

Before describing various concentration inequalities, let us recall the classical union
bound: given events indexed by f € F (which can have a countably infinite number of

elements), we have:
P( U A,») <> P(4y).

fesx fesx

It has (among many other uses in machine learning) a direct application in upper-
bounding the tail probability of the supremum of random variables:

P(sup Z; > t) :P( Uiz > t}) <> P(Zs > ).

fes feF feF

We will only cover the most useful inequalities for machine learning. For more ad-
vanced inequalities, see, e.g., Boucheron et al. (2013); Vershynin (2018).

Homogeneity. /\ Random variables or vectors typically have a unit, and it is always
helpful to perform some basic dimensional analysis® to spot mistakes. For example, when
performing linear predictions of the form y = x "6, the unit of y is the one of x times
that of . Typically, these units are encapsulated in the constants describing the problem
(such as the noise standard deviation for y or bounds for z and 6).

Exercise 1.6 LetY be a non-negative random variable with finite expectation, and e > 0.
Show that ely>. <Y almost surely and proof Markov’s inequality in Eq. (1.4).

Exercise 1.7 Let Y be a non-negative random variable with finite expectation. Show

that E[Y] = [[CP(Y > t)dt.

1.2.1 Hoeffding’s inequality

The simplest concentration inequality considers bounded real-valued random variables.

Proposition 1.1 (Hoeffding’s inequality) If Zi,..., Z, are independent random vari-
ables such that Z; € [0,1] almost surely, then, for anyt > 0,

1 & 1 &
P(ﬁ ;Zi T ;E[Zi] > t) < exp(—2nt?). (1.5)

Proof The usual proof uses standard convexity arguments and is divided into two parts.

Shttps://en.wikipedia.org/wiki/Dimensional_analysis
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(1) Lemma: If Z € [0,1] almost surely, then E[exp(s(Z — E[Z]))] < exp(s?/8) for any
s > 0.

Proof: we can compute the first two derivatives of ¢ : s — log(E[ exp(s(Z—E|[Z]))]),
which is a “log-sum-exp” function, often referred to as the “cumulant generating
function”, so that the second derivative is related to a certain variance. We can
compute the derivatives of ¢ as:

E[(Z - E[Z])es(Z-ElZD]

o) = E[e*(Z-E(2])]
" E[(Z — E[Z])2es(Z2—El2)] E[(Z — E[Z])es(Z—ElZ])]
) = E [es(Z-E[2])] B E[es(ZE2])]

We thus get ¢(0) = ¢’(0) = 0, and ¢”(s) is the variance of some random variable
Z € [0,1], with distribution with density z — e**~ElZD) with respect to p, where u
is the distribution of Z. We recall that the variance of Z is the minimum squared
deviation to a constant and can thus bound this variance as

1

var(Z) = inf EI(Z - v)’) <BI(Z - 1/27) = JE[2Z ~1)] < 1,

v€l0,1] 4
since 27 — 1 € [—1,1] almost surely. Thus, for all s > 0, ¢”(s) < 1/4, and by
Taylor’s formula, ¢(s) < %

(2) We recall Markov’s inequality for any non-negative random variable X and a > 0,
which states P(X > a) < 1E[X]. For any ¢ > 0, and denoting Z = 1 Y% | Z:

P(Z —E[Z] > t)

= P(exp(s(Z — E[Z])) > exp(st))) by monotonicity of the exponential,
< exp(—st)E]exp(s(Z — [ Z]))] using Markov’s inequality,
< exp(—st) HE[exp ( (Z; —E[Z; ]))} by independence,
s s*
< exp(—st) 11;[1 exp (W) = exp ( —st+ %), using the lemma above,

which is minimized for s = 4nt. We then get the result.
|

Note the difference with the central limit theorem, which states that when n goes to
infinity, the probability in Eq. (1.5) is asymptotically equivalent to

t2
dz which can be shown to be less than exp ( ; 5 ),
o

W/ o (- 52)

where 02 = lim,,_, o % S var(Z;). The central limit theorem is more precise (as it
involves the variance of Z;’s and not an almost sure bound) but is asymptotic. Bernstein



1.2. CONCENTRATION INEQUALITIES 11

inequalities (see Section 1.2.3) will be in between as they use both the variance and an
almost sure bound.

Extensions. We get the following corollary by just applying the inequality to Z;’s and
1 — Z;’s and using the union bound.

Corollary 1.1 (Two-sided Hoeffding’s inequality) If Zi,..., Z, are independent ran-
dom variables such that Z; € [0,1] almost surely, then, for any t > 0,

1 & 1 &
P(i 2 e

We can make the following observations:

> t) < 2exp(—2nt?). (1.6)

e Hoeflding’s inequality can be extended to the assumption that Z; € [a,b] almost
surely, leading to

> t) < 2exp(—2nt?/(a — b)?).

e Such an inequality is often used “in the other direction”, starting from the proba-
bility and deriving ¢ from it as follows. For any ¢ € (0, 1), with probability greater

than 1 — ¢, we have:
la —b] 2
1 —.
<o V Og(s)

’%ZZ - % Z]E[ZZ]
i=1 -1

Note the dependence in n as 1/4/n and the logarithmic dependence in § (corre-
sponding to the exponential tail bound in t).

Exercise 1.8 Show the one-sided inequality: with probability greater than 1 — 6,

1 & 1 & la —b| | 1

e When Z; € [a;, b;] almost surely, with potentially different a;’s and b;’s, the probabil-
ity upper-bound can be replaced by 2 exp(—2nt?/c?), where ¢ = L 3" | (b; — a;)?.

e The result extends to martingales with essentially the same proof, leading to Azuma’s
inequality (see the exercise below).

Exercise 1.9 (Azuma’s inequality (#)) Assume that the sequence of random
variables (Z;)i>o, satisfies BE(Z;|F;—1) = 0 for an increasing sequence of increasing
“o-fields” (F;)i>0.%, and |Zi| < ¢; almost surely, for i > 1. Then

P(l zn:Z > t) < (—_n2t2 )
_ = X X .
n & YT a)

6See more details in https://en.wikipedia.org/wiki/Azuma’s_inequality.
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e Hoeffding’s inequality is often applied to so-called “sub-Gaussian” random variables,
that is, random variables X for which there exists 7 € Ry such that the following
bound on the Laplace transform of X holds:

7_282

)

Vs € R, E[exp(s[X — E[X])] < exp(

which is exactly what we used in the proof. In other words, a random variable
with values in [a, b] is sub-Gaussian with constant 72 = (b — a)?/4. For these sub-
Gaussian variables, we have similar concentration inequalities (see next exercise).
Moreover, for such sub-Gaussian random variables, we have the usual two versions
of the tail bound:

2

Vt >0, P(|Z —E[Z]| > t) < 2exp (— (1.7)

27

/ 2
& Ve (0,1], |Z—-E[Z]| < 7y/2log (5) with probability 1 — 4.  (1.8)

2

Exercise 1.10 Show that a Gaussian random variable with variance o* is sub-

Gaussian with constant o2.

Exercise 1.11 If Z4,..., Z, are independent random variables which are sub-Gaus-
2
sian with constant 72, then, P(|2 31 Z; — L3 | E[Z]| > t) < 2exp(—2L) for
any t > 0.
e Sub-Gaussian random variables can be defined in several other ways, equivalent to
constants with the bound on the Laplace transform. See the exercises below.

Exercise 1.12 (¢) Let Z be a random variable which is sub-Gaussian with con-
stant 7. Then, by using the tail bound P(|Z—E[Z]| > t) < 2exp(—2tq_—22) in Bq. (1.7),
show that for any positive integer q, E[(Z — E[Z])?9] < (2¢)q!(272)4.

Exercise 1.13 (#4) Let Z be a random wvariable such that for any positive inte-
ger q, E[(Z — E[Z))*] < (29)¢!(27%)?. Then show that Z is sub-Gaussian with
parameter 24712,

Exercise 1.14 Assume the random variable Z has almost surely non-negative values and
2
finite second-order moment. Show that for any s > 0, log (E[e=*?]) < —sE[Z]+ S E[Z?].

1.2.2 McDiarmid’s inequality

Given n independent random variables, it may be useful to concentrate other quantities
than their average. What is needed is that the function of these random variables has
“bounded variation”.

Proposition 1.2 (McDiarmid’s inequality) Let Z1,...,Z, be independent random
variables (in any measurable space Z), and f : Z" — R a function of “bounded variation”,
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that is, such that for alli € {1,...,n}, and all z1,. .., zn, 7} € Z, we have
|f(zla'"7Zi7172i72i+1a"'7zn)_f(zla'"7Zi71727/;52i+15"'7zn)| gc-

Then
P(|f(Z1,...,Zn) —E[f(Z1,..., Zn)]| > t) < 2exp(—2t7/(nc?)).

Proof (#) The proof generalizes the formulation of Hoeffding’s inequality in Eq. (1.6),
which corresponds to f(z) = 3" |z — 23" | E[Z;] and ¢ = 1. We will only consider
the one-sided inequality

P(f(Z1,...,2Z0) = E[f(Z1,..., Zy)] >1) <exp(—2t°/(nc?)),

which is sufficient to get the two-sided inequality using the union bound.

We introduce the random variables, for i € {1,...,n}:
Vi = E[f(Z1, .. Zo)| Z1s e Zi — Bl (Z1, . Z0)| 2,y Zi],

with Vl = E[f(Zl, ceey Zn)|Z1] — E[f(Zl, ey Zn)] We have E[V”Zl, ey Zi—l] = 0.
Moreover, given Z1, ..., Z,, the maximal value of V; minus the minimal value of V; is
almost surely less than ¢ as a consequence of the bounded variation assumption since it
is the difference of two terms that are conditional expectations of values of f taken at
arguments that only differ in the i-th variable. Moreover, through a telescoping sum, we
have f(Z1,...,2Z,)—E[f(Z1,...,Z,)] = >, Vi. Using the same argument as in part (1)
of the proof of Hoeffding’s inequality, we get for any s > 0, E(eSVi |Z1,...,Zi—1) < 65202/8,
and we can obtain a proof with the same steps as part (2) of Hoeffding’s inequality by
being careful with conditioning, for any s > 0:

IP’( Z Vi> t) < exp(—s {exp ( Z V)} using Markov’s inequality,
i=1
= exp(—s {exp( ZV) exp(sVn)‘Zl,...,Zn,l]},
since Vi,...,V,,_1 are in the o-algebra generated by Z1,..., 2,1,
< exp(—st + s2c%/8) - {exp( ZV)}
using the bound above on E(eSV |Z1,...,Zn—1). Applying the same reasoning n times,
we get a probability less than exp(—st + ns?c?/8) and the desired result by minimizing
with respect to s (leading to s = 4t/(nc?)). ]

This inequality will be used to provide high-probability bounds on the estimation
error in empirical risk minimization in Section 4.4.1.



14 CHAPTER 1. MATHEMATICAL PRELIMINARIES

Exercise 1.15 () Use McDiarmid’s inequality to prove a Hoeffding-type bound for vec-
tors, that is, if Z1,...,Z, € R? are independent centered vectors such that | Z;||2 < ¢
almost surely, then with probability greater than 1 — &, we have

352, < o yfome)

1.2.3 Bernstein’s inequality (#)

As mentioned earlier, Hoeffding’s inequality only uses an almost sure bound, but not
explicitly the variance, as the central limit theorem is using (but only with an asymptotic
result). Bernstein’s inequality allows the use of variance to get a finer non-asymptotic
result.

Proposition 1.3 (Bernstein’s inequality) Let Z1,...,Z, be n independent random
variables such that | Z;| < ¢ almost surely and E[Z;] = 0. Then, fort >0,

nt?
>t) <200 ( - m)’ (1.9)

(15

=1

where 02 = %Z?:l var(Z;). Moreover, for § € (0,1), with probability greater than 1 — ¢,

we have:
2
< /20 108(2/8) | 2clog(2/5) (1.10)
n 3n

Proof The proof is also divided into two parts, with first a lemma on the Laplace
transform.
(a) Lemma: if |Z| < ¢ almost surely, E[Z] = 0, and E[Z?] = 02, then for any s > 0, we
have E[e*?] < exp (‘Z—j(esc —1—s0)).

1 n
2z

Proof: using the power series expansion of the exponential, we get:

E[e*?] = 1+E[sZ]+ Z k' E[Z*] =1+ Z X E[Z*] because Z has zero mean,
k=2 k=2

00 k [e'e] k
S — S — sc
< 1+ :—k!]E[|Z|k 2P <1+ —k!ck 2(;2:1+—c2 (e —1—sc).
— k=2

Using the bound 1 + o < e® valid for all o € R leads to the desired result.
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(b) With o? = var(Z;), we have the one-sided inequality:

P(%éZiEt) = (exp( ZlZ) > exp nst))

by monotonicity of the exponential,

n

{exp (s Z Zl)} ~"st using Markov’s inequality,

N

2

—nst g3 sc —nst no sc
I I € — —1-— ) = € (— —1-— ) s
e 2 Xp (02 (6 SC) e Xp 02 (6 SC)

using the lemma above. We now need to find an upper-bound on the minimal
2 2

value (with respect to s) of —nst + 2% (e*°—1—sc) = 25 (e*“—1—sc — asc), with

o = ct/o?. We first bound for u = sc, e* —1—u =13, (k]r;)‘ >oreo %, since

(k+2)!=2-3---(k+2)>2-3% Thus, for u € (0,3), we get

N

2 2 1

U u
u 1 _ < R 3 k = — .
¢ AP 21— u/3
k=0
Using the candidate u = 1+ TFay3: We get 1 —u/3 = +3, and thus:
u? 1 a? a+3 a? a?

e—1—-u—ou< —

21—w/3 T 21 +a/3)? 3  1+a/3 20+a/3)
This exactly leads to the one-sided version of Eq. (1.9).

To get Eq. (1.10) from the two sided-version of Eq. (1.9), we solve in ¢ the equation
2exp(ﬁ2’i/3) =/ < 10g% = #ﬁct/{i
leads to (using (a + b)'/? < a'/? +b'/?):

Solving the quadratic equation in ¢

=g (e ) o) ) < e 5 ()
which leads to Eq. (1.10).
|

Note here that we get the same dependence as for the central limit theorem for small
deviations ¢ (and a strict improvement on Hoeffding because the variance is essentially
bounded by the squared diameter of the support). In contrast, for large ¢, the dependence
in ¢ is worse than Hoeffding’s inequality.

Beyond zero mean random variables. Bernstein’s inequality can also be applied
when the random variables Z; do not have zero means. Then Eq. (1.9) is replaced by

1 — 1 — nt
]P’(‘— Z,— —~S"ElZ >t)<2 (—
w2 B LA e

2
202 +2ct/3)'
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Exercise 1.16 (¢) Prove the inequality above.

1.2.4 Expectation of the maximum

Concentration inequalities bound the deviation from the expectation. Often, computing
the expectation is tricky, particularly for maxima of random variables. In a nutshell,
taking the maximum of n bounded random variables leads to an extra factor of y/logn.
Note here that we do not impose independence. We will consider other tools such as
Rademacher complexities in Section 4.5. See Figure 1.1 for an illustration.

/\ This logarithmic factor appears many times in this textbook and can often be traced
back to the expectation of a maximum and to the Gaussian decay of tail bounds.

/\ The variables do not need to be independent.

Proposition 1.4 (Expectation of the maximum) If Z;,...,Z, are (potentially de-
pendent) zero-mean real random variables which are sub-Gaussian with constant T2, then

Emax{Zi,...,Z,}] < v/2712logn.
Proof We have:

1 :
Elmax{Z1,...,Z,}] < 7 log E[ef max{Z1:-Zn}] by Jensen’s inequality,

1
= = log E[max{e'?!,... e'%n}]
1
< 7 logE[e!?1 4 - .- + ¢'?"] bounding the max by the sum,
1 7229, logn ot . 1
< —log(ne )=——+471°==+/272logn with t=7""4/2logn,

t t 2

using the definition of sub-Gaussianity in Section 1.2.1 (and the fact that the variables
have zero means). [ ]

While we consider a direct proof using Laplace transforms above, we can prove a
similar result using Gaussian tail bounds together with the union bound

P(max{Uy,...,Un} > t) SP(UL > t) + -+ P(Uy > 1),

for well-chosen random variables Uy,...,U,. In other words, the dependence in the
probability ¢ as y/log(2) in Eq. (1.8) is directly related to the term y/Iogn above (see

exercise below). We will see a different dependence in n in Section 8.1.2 for the maximum
of squared norms of Gaussians.

Exercise 1.17 Assume Z1, ..., Zy, are random variables that are sub-Gaussian with con-
stant 72 and have zero means. Show that Elmax{|Z1|,...,|Z,|}] < v/272log(2n). Prove
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Figure 1.1: Expectation of the maximum of n independent standard Gaussian randoms
variables. Left: illustration of the cumulative maximum max{Z,...,Z,}. Middle: 10

samples of the cumulative maximum as a function of \/logn. Right: mean and standard
deviations from 1000 replications. Notice the linear growth in y/logn compatible with
our bounds.

t) < 2exp(— 1)
t)dt for any ran-

the same result up to a universal constant using the tail bounds P(|Z;]

together with the union bound, and the property E[|Y]] = +°O P(|Y]
dom variable Y such that E[|Y]] exists.

2
=

Exercise 1.18 (4#¢) Assume Z1,...,Z, are independent Gaussian random wvariables
with mean zero and variance o*. Provide a lower bound for Elmax{Z1,...,Z,}] of the

form c/logn for ¢ > 0.

Exercise 1.19 (44) We consider a convex function f : R? — R such that f(0) =0 and
f is L-smooth with respect to the norm (), that is, f is continuously differentiable and
forall0,m e R, £(0) < f(n)+ f'(n)T(0—n)+ £Q0—n)?. Let Z; € R? be independent
zero-mean random vectors with E[2(Z;)?] < o2, fori=1,...,n. Show by induction in n
that E[f(Z1 + - + Zy)] < nL%.

Exercise 1.20 Assume Z1,...,Z, are sub-Gaussian random variables with common sub-
Gaussianity parameter T, and potentially different means p1, ..., . For a fized set of
non-negative weights 1, . .., 7, that sum to one, and § € (0, 1), show that with probability

greater than 1 — ¢, for all e {l,....n}, |z — wi| < 7v2log(1/m;) + 74/210g(2/6). If

i € argminge(1,.. n) {zZ + 74/2log 1/7@ } show that with probability greater than 1 — ¢,

p; < mingegr,ny {pi +7v/2log(1/m;) } + 274/210g(2/9).

1.2.5 Estimation of expectations through quadrature (4)

In machine learning, the generalization error is an expectation of a function (the loss as-
sociated with a specific prediction function) of a random variable (the pair input/output).
This generalization error is naturally approximated by an empirical average given some
independent and identically distributed (i.i.d.) samples, with a convergence rate of
O(1/+/n) from n samples (as shown, for example, from Hoeffding’s inequality).
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In this section, we briefly present quadrature methods whose aim is to estimate the
same expectation but with potentially non-random observations. For simplicity, we con-
sider a random variable X uniformly distributed in [0, 1] and the task of computing the
expectation of a function f : [0,1] — R, that is, I = fo x)dzx, noting that
there are many variants of such methods (see, e.g., Dav1s and Rablnovvltz, 1984; Brass
and Petras, 2011), and that these techniques extend to higher dimensions (Holtz, 2010).
Moreover, while we focus on equally spaced data in the interval, “quasi-random” methods
lead to better convergence rates (Niederreiter, 1992).

We consider uniformly spaced grid points on [0, 1], as it can serve as an idealization
of random sampling when studying regression models, in particular in Chapter 6 and
Chapter 7. That is, we consider x; = = for i € {0,...,n} (with n + 1 points). The
classical trapezoidal rule considers the approximation

n—1
o 171 1
I= ~ bf(:vo) + Zf(l’i) + §f(:cn)]
i=1

The error |I — I | then depends on the regularity of f. We have a decomposition of the
error as the integral between f and its piecewise affine interpolant:

-1 = z": ( @i f(a)da — % (@) + f(wi_l)])
=1 Ti—1
— :1 ( :il f(z)dx — /ﬂ:ll {730;61_;;6_1 flxiz) + %f(xz)}dx)

If f is twice differentiable and has a second-derivative bounded by L uniformly in absolute
value, then we have the bound (which can be obtained by Taylor’s formula):

R " L 3 L
[I—1] < Z / i —x)(x —xi_1) 21215 —Zi1) dx:12n2.

We thus have an error bound in O(1/n?) if we assume two bounded derivatives. We
typically get an error of O(1/n®) for such numerical integration methods if we assume s
bounded derivatives (with the appropriate rule, such as Simpson’s rule, which makes a
piecewise quadratic interpolation). See the exercises below.

Exercise 1.21 Show that the trapezoidal rule leads to an error in O(1/n) if we only
assume one bounded derivative.

Exercise 1.22 (¢) Show that for 1-periodic functions, the trapezoidal rule leads to an
error in O(1/n®) if we assume s bounded derivatives.

1.2.6 Concentration inequalities for matrices (¢4)

It turns out the concentration inequalities that have been presented in this chapter apply
equally well to matrices with the positive semi-definite order. The following bounds are
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adapted from Tropp (2012) and presented without proofs, with the following notations:
Amax (M) denote the largest eigenvalue of the symmetric matrix M. In contrast, || M ||op
denotes the largest singular value of a potentially rectangular matrix M, and A < B if
and only if B — A is positive semi-definite.

Proposition 1.5 (Matrix Hoeffding bound) (Tropp, 2012, Theorem 1.3) Given
n independent symmetric matrices M; € R¥? such that for alli € {1,....,n}, E[M;] =0,
M? < C? almost surely. Then for all t > 0,

P (1§n M) > t) <d-exp ( "tz)
max \ —_ 1) = X s eX - o 9 )
n = P 802

for 02 = /\max(% Py CZQ)

Proposition 1.6 (Matrix Bernstein bound) (Tropp, 2012, Theorem 1.4) Given
n independent symmetric matrices M; € R¥*? such that for alli € {1,...,n}, E[M;] =0,
Amax(M;) < ¢ almost surely. Then for all t > 0,

o (E$500) 20) <o 2L27)

for 02 = Apax (2 00 E[M?]).
We can make the following observations:

e Note the similarity with the corresponding bounds for scalar random variables when
d = 1. McDiarmid’s inequality can also be extended (Tropp, 2012, Corollary 7.5).

e These bounds apply as well to rectangular matrices M; € R%*% by considering

0 M,
M 0
are plus and minus the singular values of M;; see Section 1.1.4 and Stewart and
Sun (1990, Theorem 4.2).

the symmetric matrices ]\A/[/Z = S R(d1+d2)x(d1+d2), whose eigenvalues

Exercise 1.23 Assume the matrices M; € R4*% gre independent, have zero mean, and
such that || M;|lop < ¢ almost surely for alli € {1,...,n}. Show that

1 n
P(l 2
Moreover, with 0? = max {)\max(% oy M;Mi),)\max(% oy MiMiT) }, show that
1 n
{(EM

Infinite-dimensional covariance operators (¢4). As used within Chapter 7, we
will need to extend the results above, which depend on the underlying dimension, to the
notion of “intrinsic dimension”, which can still be finite if the underlying dimension is
infinite. That is, we have this bound from Minsker (2017, Eq. (3.9)):

t2
Zt) <(d1+d2)'eXP(—%)-

op

nt? /2 )
o2 +ct/3/°

OPZt) §(d1+d2)'eXP(—
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Proposition 1.7 (Matrix Bernstein bound - intrinsic dimension) Given n inde-
pendent random bounded self-adjoint operators M; on a Hilbert space, such that for all
i€ {1,...,n}, E[M;] = 0, Amax(M;) < ¢ almost surely, and L 37" | E[M?] < V. Then
for allt >0,

P (535 30) 1) < (14 e+ a9 oo (- 70

.
Il
-

for 02 > Mpax(V) and d = =52, When t > >+ %, then we get the upper-bound




Chapter 2

Introduction to supervised
learning

Chapter summary

— Decision theory (loss, risk, optimal predictors): what is the optimal prediction and
performance given infinite data and infinite computational resources?

— Statistical learning theory: when is an algorithm “consistent”?

— No free lunch theorems: learning is impossible without making assumptions.

X input space

Y output space

P joint distribution on X x Y

(T1,Y1, -+, Tn, Yn) training data

f: X—=Y prediction function

Ly, z) loss function between output y and prediction z
R(f) =E[l(y, f(2))] expected risk of prediction function f

R(f) = LSy, f(24)) empirical risk of prediction function f

f*(2') = argmin,ecy E[¢(y, z)|z = 2'] Bayes prediction at =’

R* = Eyprnpinf,ey E[l(y, 2)|z = 2] Bayes risk

Table 2.1: Summary of notions and notations presented in this chapter and used through-
out the book.

21
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2.1 From training data to predictions

Main goal. Given some observations (z;,y;) € X x Y, i = 1,...,n, of inputs/outputs,
features/labels, covariates/responses (which are referred to as the training data), the
main goal of supervised learning is to predict a new y € Y given a new previously unseen
x € X. The unobserved data are usually referred to as the testing data.

/\ There are few fundamental differences between machine learning and the branch of
statistics dealing with regression and its various extensions, particularly when providing
theoretical guarantees. The focus on algorithms and computational scalability is arguably
stronger within machine learning (but also present in statistics). At the same time, the
emphasis on models and their interpretability beyond their predictive performance is
more prominent within statistics (but also present in machine learning).

Examples. Supervised learning is used in many areas of science, engineering, and in-
dustry. There are thus many examples where X and Y can be very diverse:

e Inputs z € X: they can be images, sounds, videos, text, proteins, sequences of DNA
bases, web pages, social network activities, sensors from industry, financial time
series, etc. The set X may thus have a variety of structures that can be leveraged.
All learning methods that we present in this textbook will use at one point a vector
space representation of inputs, either by building an explicit mapping from X to a
vector space (such as R%) or implicitly by using a notion of pairwise dissimilarity
or similarity between pairs of inputs. The choice of these representations is highly
domain-dependent. However, we note that (a) common topologies are encountered
in many diverse areas (such as sequences, two-dimensional or three-dimensional
objects), and thus common tools are used, and (b) learning these representations is
an active area of research (see discussions in Chapter 7 and Chapter 9).

In this textbook, we will primarily consider that inputs are d-dimensional vectors,
with d potentially large (up to 10° or 109).

e Outputs y € Y: the most classical examples are binary labels Y = {0,1} or
Y = {—1, 1}, multicategory classification problems with Y = {1, ..., k}, and classical
regression with real responses/outputs Y = R. These will be the main examples we
treat in most of the book. Note, however, that most of the concepts extend to the
more general structured prediction set-up, where more general structured outputs
(e.g., graph prediction, visual scene analysis, source separation) can be considered
(see Chapter 13).

Why is it difficult? Supervised learning is difficult (and thus interesting) for a variety
of reasons:

e The label y may not be a deterministic function of x: given x € X, the outputs are
noisy, that is, y is not a deterministic function of x. When y € R, we will often make
the simplifying “additive noise” assumption that y = f(z)+ ¢ with some zero-mean
noise €, but in general, we only assume that there is a conditional distribution of y
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given x. This stochasticity is typically due to diverging views between labelers or
dependence on random external unobserved quantities (that is, y = f(z, z), with z
random and not observed).

The prediction function f may be quite complex, highly non-linear when X is a
vector space, and even hard to define when X is not a vector space.

Only a few x’s are observed: we thus need interpolation and potentially extrap-
olation (see below for an illustration for X = Y = R), and therefore overfitting
(predicting well on the training data but not as well on the testing data) is always
a possibility.

AE/ x training data
e testing data

interpolation

>
>

X

o «—— extrapolation

Moreover, the training observations may not be uniformly distributed in X. In
this book, they will be assumed to be random, but some analyses will rely on
deterministically located inputs to simplify some theoretical arguments.

The input space X may be very large, that is, with high dimension when this is a
vector space. This leads to both computational issues (scalability) and statistical
issues (generalization to unseen data). One usually refers to this problem as the
curse of dimensionality.

There may be a weak link between training and testing distributions. In other
words, the data at training time can have different characteristics than the data at
testing time.

e The criterion for performance is not always well defined.

Main formalization. Most modern theoretical analyses of supervised learning rely on
a probabilistic formulation, that is, we see (z;,y;) as a realization of random variables.
The criterion is to maximize the expectation of some “performance” measure with re-
spect to the distribution of the test data (in this book, maximizing the performance will
be obtained by minimizing a loss function). The main assumption is that the random
variables (z;, y;) are independent and identically distributed (i.i.d.) with the same distri-
bution as the testing distribution. In this course, we will ignore the potential mismatch
between train and test distributions (although this is an important research topic, as in
most applications, training data are not i.i.d. from the same distribution as the test data).
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A machine learning algorithm A is a function that goes from a dataset, i.e., an element
of (X x Y)™, to a function from X to Y. In other words, the output of a machine learning
algorithm is itself an algorithm!

Practical performance evaluation. In practice, we do not have access to the test
distribution but samples from it. In most cases, the data given to the machine learning
user are split into three parts:

e the training set, on which learning models will be estimated,

e the wvalidation set, to estimate hyperparameters (all learning techniques have some)
to optimize the performance measure,

e the testing set, to evaluate the performance of the final chosen model.

training validation testing

[ L]

f——— available data ———

nately only sometimes the case. If the test data are seen multiple times, the

j In theory, the test set can only be used once! In practice, this is unfortu-
estimation of the performance on unseen data is overestimated.

Cross-validation is often preferred to use a maximal amount of training data and
reduce the variability of the validation procedure: the available data are divided in k
folds (typically & = 5 or 10), and all models are estimated k times, each time choosing
a different fold as validation data (pink data below), and averaging the k obtained error
measures. Cross-validation can be applied to any learning method, and its detailed
theoretical analysis is an active area of research (see, Arlot and Celisse, 2010, and the
many references therein).

F————— available data —— testing

I I I N
I I
L 1 [ ]
1 [ [ ]
[ I

“Debugging” a machine learning implementation is often an art: on top of commonly
found bugs, the learning method may not predict well enough on testing data. This is
where theory can be useful to understand when a method is supposed to work or not.
This is the primary goal of this book.
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Model selection. Most machine learning models have hyper-parameters (e.g., regular-
ization weight, size of the model, number of parameters). To estimate them from data,
the common practical approach is to use validation approaches like those highlighted
above. It is also possible to use penalization techniques based on generalization bounds.
These two approaches are analyzed in Section 4.6.

Random design vs. fixed design. What we have described is often referred to as
the “random design” set-up in statistics, where both z and y are assumed random and
sampled i.i.d. It is common to simplify the analysis by considering that the input data
Z1,...,%, are deterministic, either because they are actually deterministic (e.g., equally
spaced in the input space X), or by conditioning on them if they are actually random.
This will be referred to as the “fixed design” setting and studied precisely in the context
of least-squares regression in Chapter 3.

In the context of fixed design analysis, the error is evaluated “within-sample” (that
is, for the same input points 1, ..., z,, but over new associated outputs). This explic-
itly removes the difficulty of extrapolating to new inputs, hence a simplification in the
mathematical analysis.

2.2 Decision theory

Main question. In this section, we tackle the following question: What is the optimal
performance, regardless of the finiteness of the training data? In other words, what should
be done if we have a perfect knowledge of the underlying probability distribution of the
data? We will thus introduce the concept of loss function, risk, and “Bayes” predictor.

We consider a fixed (testing) distribution p, ,) on X x Y, with marginal distribution
P(z) on X. Note that we make no assumptions at this point on the input space X.

/\ We will almost always use the overloaded notation p, to denote p(, ) and p(,), where
the context can always make the definition unambiguous. For example, when f: X — R

and g : X xY — R, we have E[f(z)] = fx f(x)dp(x) and Elg(z,y)] = foy g(z,y)dp(x,y).

A We ignore on-purpose measurability issues. The interested reader can look at the
book by Christmann and Steinwart (2008) for a more formal presentation.

2.2.1 Loss functions

We consider a loss function ¢ : Y x Y — R (often R, ), where £(y,z) is the loss of
predicting z while the true label is y.

/A\ Some authors swap y and z in the definition above.

/\ Some related research communities (e.g., economics) use the concept of “utility”,
which is then maximized.

The loss function only concerns the output space Y independently of the input space
X. The main examples are:
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e Binary classification: Y = {0,1} (or often Y = {—1, 1}, or, less often, when seen
as a subcase of the situation below, Y = {1,2}), and £(y, z) = 1y, (“0-1” loss),
that is, 0 if y is equal to z (no mistake), and 1 otherwise (mistake).

A It is very common to mix the two conventions Y = {0,1} and Y = {-1,1}.

e Multicategory classification: Y = {1,...,k}, and {(y, z) = 1,2, (“0-1” loss).

e Regression: Y = R and {(y, z) = (y—2)? (square loss). The absolute loss (y, z) =
ly — z| is often used for “robust” estimation (since the penalty for large errors is
smaller).

e Structured prediction: while this textbook focuses primarily on the examples
above, there are many practical problems where Y is more complicated, with asso-
ciated algorithms and theoretical results. For examples, when Y = {0,1}* (leading
to multi-label classification), the Hamming loss £(y, z) = Z?Zl 1y, 2, is commonly

used; also, ranking problems involve losses on permutations. See Chapter 13.

Throughout the textbook, we will assume that the loss function is given to us. Note
that in practice, the final user imposes the loss function, as this is how models will be
evaluated. Clearly, a single real number may not be enough to characterize the entire
prediction behavior. For example, in binary classification, there are two types of errors,
false positives and false negatives, which can be considered simultaneously. Since we now
have two performance measures, we typically need a curve to characterize the performance
of a prediction function. This is precisely what “receiver operating characteristic” (ROC)
curves are achieving (see, e.g., Bach et al., 2006, and references therein). For simplicity,
we stick to a single loss function £ in this book.

/\ While the loss function ¢ will be used to define the generalization performance below,
for computational reasons, learning algorithms may explicitly minimize a different (but
related) loss function, with better computational properties. This loss function used
in training is often called a “surrogate”. This will be studied in the context of binary
classification in Section 4.1, and more generally for structured prediction in Chapter 13.

2.2.2 Risks

Given the loss function £: Y x Y — R, we can define the expected risk (also referred to as
generalization performance, or testing error) of a function f : X — Y, as the expectation
of the loss function between the output y and the prediction f(z).

Definition 2.1 (Expected risk) Given a prediction function f : X — Y, a loss function
{:YxY =R, and a probability distribution p on X XY, the expected risk of f is defined
as:

R(f) = E[t(y. f(x))] = / Uy, £(=))dp(z, ).

XxY

The risk depends on the distribution p on (z,y). We sometimes use the notation R, (f)
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to make it explicit. The expected risk is our main performance criterion in this textbook.

Be careful with the randomness, or lack thereof, of f: when performing learn-
ing from data, f will depend on the random training data and not on the

A testing data, and thus R(f) is typically random because of the dependence on
the training data. However, as a function on functions, the expected risk R is
deterministic.

Note that sometimes, we consider random predictions, that is, for any =, we output
a distribution on y, and then the risk is taken as the expectation over the randomness of
the outputs.

Averaging the loss on the training data defines the empirical risk, or training error.
Definition 2.2 (Empirical risk) Given a prediction function f : X — Y, a loss func-

tion £ : Y xY — R, and data (x;,y;) € X xY, i = 1,...,n, the empirical risk of f is
defined as:

n

R(f) = % Zf(yi, f(@4)).

=1

Note that R is a random function on functions (and is often applied to random functions,
with dependent randomness as both will depend on the training data).

Special cases. For the classical losses defined earlier, the risks have specific formula-
tions:

e Binary classification: Y = {0,1} (or often Y = {—1,1}), and £(y,2) = 1y,
(“0-1” loss). We can express the risk as R(f) = P(f(z) # y). This is simply the
probability of making a mistake on the testing data, while the empirical risk is the
proportion of mistakes on the training data.

A Tn practice, the accuracy, which is one minus the error rate, is often reported.

e Multi-category classification: Y = {1,...,k}, and {(y,2) = 1,2, (“0-1” loss).
We can also express the risk as R(f) = P(f(x) # y). This is also the probability of
making a mistake.

e Regression: Y =R and {(y, 2) = (y — 2)? (square loss). The risk is then equal to
R(f) =E[(y — f(x))?], often referred to as mean squared error.

2.2.3 Bayes risk and Bayes predictor

Now that we have defined the performance criterion for supervised learning (the expected
risk), the main question we tackle here is: what is the best prediction function f (regard-
less of the training data)?

Using the conditional expectation and its associated law of total expectation, we have

R(f) =E[l(y, f(x))] = E[E[(y, f(2))|],
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which we can rewrite, for a fixed 2’ € X:

R(f) = B [E[t(0, f Do = '] = [ B[ty Do = 2')dp(w).

X

A To distinguish between the random variable z and a value it may take, we use the
notation x’.

Given the conditional distribution given any z’ € X, that is y|z = a’, we can define
the conditional risk for any z € Y (it is a deterministic function):
r(zla") = E[l(y, z)|z = 2'],
which leads to

Wﬁ=ANﬂﬂWW@%

To find a minimizing function f : X — R, let us first assume that the set X is finite: in
this situation, the risk can be expressed as a sum of functions that depends on a single
value of f, that is, R(f) = >, cx 7(f(z')|z")P(x=2"). Therefore, we can minimize with
respect to each f(2') independently. Therefore, a minimizer of R(f) can be obtained by
considering for any z’ € X, the function value f(z') to be equal to a minimizer z € Y of
r(z|a") = E[l(y, )|z = 2']. This extends beyond finite sets, as shown below.

A Minimizing the expected risk with respect to a function f in a restricted set does not
lead to such decoupling.

Proposition 2.1 (Bayes predictor and Bayes risk) The expected risk is minimized
at a Bayes predictor f* : X — Y satisfying for all ' € X,

[r @) e argmigIE[E(y, 2z =a'] = argmigr(zkv’). (2.1)
z€ z€
The Bayes risk R* is the risk of all Bayes predictors and is equal to
R* =Eypnp [ ingE[ﬂ(y, 2)|z = x’ﬂ
zE
Proof We have R(f) —R* = R(f) —R(f*) = /

x
shows the proposition. |

[r(f(z")|z') — 1;11611121 r(z|z")]dp(z"), which

Note that (a) the Bayes predictor is not always unique, but that all lead to the same Bayes
risk (for example, in binary classification when P(y = 1|z) = 1/2), and (b) that the Bayes
risk is usually non zero (unless the dependence between 2 and y is deterministic). Given
a supervised learning problem, the Bayes risk is the optimal performance; we define the
excess risk as the deviation with respect to the optimal risk.

Definition 2.3 (Excess risk) The excess risk of a function f : X — Y is equal to
R(f) — R* (it is always non-negative).

Therefore, machine learning is “trivial”: given the distribution y|z for any z, the
optimal predictor is known and given by Eq. (2.1). The difficulty will be that this
distribution is unknown.
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Special cases. For our usual set of losses, we can compute the Bayes predictors in
closed form:

e Binary classification: the Bayes predictor for Y = {0,1} and 4(y,z) = 1y, is

such that
* (! c i P = = i 1-P(y = =1
(") argzér{l(l)lfll} (y #zlx =1") argzér{l(l)lfll} (y =zlz =1")
= Py = =1').
argzér%%?i} (y=zlz =2

The optimal classifier will select the most likely class given z’. Using the notation
(') = Py = 1|z = '), then, if n(z') > 1/2, f*(2’) = 1, while if n(z’) < 1/2,
f*(2') = 0. What happens for n(z') = 1/2 is irrelevant.

The Bayes risk is then equal to R* = E[min{n(z),1 — n(x)}], which in general
strictly positive (unless n(z) € {0,1} almost surely, that is, y is a deterministic
function of z).

This extends directly to multiple categories Y = {1,...,k}, for k > 2, where we
have f*(2) € arg max P(y = ilz = 2').
ie{1,..

IRRRE}

/\ These Bayes predictors and risks are only valid for the 0-1 loss. Less symmetric
losses are common in applications (e.g., for spam detection) and would lead to
different formulas (see exercise below).

e Regression: the Bayes predictor for Y = R and £(y, z) = (y — 2)? is such that!
* (0 : _ 2 ——;
Fa) € argminE[(y - 2)?% =
= argmiﬂg {E[(y —Elylz =2')*|z =2'] + (¢ — Efy|lz = x'])2}.
ze
This leads to the conditional expectation f*(z') = E[y|z = 2'].

Exercise 2.1 We consider binary classification with Y = {—1, 1} with the loss function
0(—1,-1)=£(1,1) =0 and £(—1,1) = c_ > 0 (cost of a false positive), {(1,—1) =cy >0

(cost of a false negative). Compute a Bayes predictor at x as a function of Ely|z].

Exercise 2.2 What is a Bayes predictor for regression with the absolute loss defined as

Exercise 2.3 What is a Bayes predictor for regression with the “c-insentive” loss defined
as l(y,z) = max{0, |y — z| — e} ?

Exercise 2.4 (inverting predictions) We consider the binary classification problem with
Y ={-1,1} and the 0-1 loss. Relate the risk of a prediction f and its opposite —f.

1We use the law of total variance: E[(y — a)?] = var(y) + (E[y] — a)? for any random variable y and
constant a € R, which can be shown by expanding the square.
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Exercise 2.5 (“chance” predictions) We consider binary classification problems with the
0-1 loss, what is the risk of a random prediction rule where we predict the two classes with
equal probabilities independently of the input x? Same question with multiple categories.

Exercise 2.6 (¢) We consider a random prediction rule where we predict from the prob-
ability distribution of y given x'. When is this achieving the Bayes risk?

2.3 Learning from data

The decision theory framework outlined in the previous section gives a test performance
criterion and optimal predictors, but it depends on the full knowledge of the test dis-
tribution p. We now briefly review how we can obtain good prediction functions from
training data, that is, data sampled i.i.d. from the same distribution.

Two main classes of prediction algorithms will be studied in this textbook:
(1) Local averaging (Chapter 6).
(2) Empirical risk minimization (Chapters 3, 4, 7, 8, 9, 11, 12, 13).

Note that there are prediction algorithms that do not fit precisely into one of these
two categories, such as boosting or ensemble classifiers (see Chapter 10). Moreover,
some situations do not fit the classical i.i.d. framework, such as in online learning (see
Chapter 11). We consider probabilistic methods in Chapter 14, which rely on a different
principle.

2.3.1 Local averaging

The goal here is to try to approximate/emulate the Bayes predictor, e.g., f*(z') =
E(y|lz = ') for least-squares regression, from empirical data. This is often done by
explicit /implicit estimation of the conditional distribution by local averaging (k-nearest
neighbors, which is used as the primary example for this chapter, Nadaraya Watson, or
decision trees). We briefly outline here the main properties for one instance of these
algorithms; see Chapter 6 for details.

k-nearest-neighbor classification. Given n observations (z1,y1), ..., (Zn, yn) where
X is a metric space and Y € {0,1}, a new point z'**** is classified by a majority vote
among the k-nearest neighbors of xt¢st,

Below, we consider the 3-nearest-neighbor classifier on a particular testing point
(which will be predicted as 1).
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° ° o ®
. o o e Class 1
. = o Class 0
a < x Testing point
[u}
De o

e Pros: (a) no optimization or training, (b) often easy to implement, (c¢) can get
very good performance in low dimensions (in particular for non-linear dependences
between z and y).

e Cons: (a) slow at query time: must pass through all training data at each testing
point (there are algorithmic tools to reduce complexity, see Chapter 6), (b) bad
for high-dimensional data (because of the curse of dimensionality, more on this in
Chapter 6), (c) the choice of local distance function is crucial, (d) the choice of
“width” hyperparameters (or k) has to be performed.

e Plot of training errors and testing errors as functions of k for a typical problem.
When k is too large, there is underfitting (the learned function is too close to a
constant, which is too simple), while for k too small, there is overfitting (there is a
strong discrepancy between the testing and training errors).

Errors
underfitting

overfitting

k

1 n

Exercise 2.7 How would the curve move when n increases (assuming the same
balance between classes)?

2.3.2 Empirical risk minimization

Consider a parameterized family of prediction functions, often referred to as models,
fo: X — Y for 6 € O (typically a subset of a vector space), and minimize the empirical
risk with respect to 0 € ©:

n

R(fo) = % > Uyi, fo(wi).

i=1
This defines an estimator 6 € arg mingeg j%(f@), and thus a function f; : X — Y.
The most classic example is linear least-squares regression (studied at length in Chap-

e . 1 n T 2 s e .
ter 3), where we minimize = > " | (y; —60 ' (z;))?, where f is linear in some feature vector
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¢(x) € R? (there is no need for X to be a vector space). The vector p(z) can be quite
large (or even implicit, like in kernel methods, see Chapter 7). Other examples include
neural networks (Chapter 9).

e Pros: (a) can be relatively easy to optimize (e.g., least-squares with simple deriva-
tion and numerical algebra, see Chapter 3), many algorithms available (primarily
based on gradient descent, see Chapter 5), (b) can be applied in any dimension (if
a suitable feature vector is available).

e Cons: (a) can be relatively hard to optimize when the optimization formulation is
not convex (e.g., neural networks), (b) need a suitable feature vector for linear meth-
ods, (c) the dependence on parameters can be complex (e.g., neural networks), (d)
need some capacity control to avoid overfitting, (e) how to parameterize functions
with values in {0, 1} (see Chapter 4 for the use of convex surrogates)?

Risk decomposition. The material in this section will be studied further in more
detail in Chapter 4.

e Risk decomposition in estimation error 4+ approximation error: given any 6 € O,
we can write the excess risk of fj as:

R(f)—R = {R(f) — jnf R(fo)} +{ int R(for) — %'}

= estimation error + approximation error.

The approximation error infgce R(for) — R* is always non-negative, does not de-
pend on the chosen f; and depends only on the class of functions parameterized by
0 € ©. 1t is thus always a deterministic quantity, which characterizes the modeling
assumptions made by the chosen class of functions. When © grows, the approxima-
tion error goes down to zero if arbitrary functions can be approximated arbitrarily
well by the functions fp. It is also independent of n.

The estimation error {R(f;) — inforco R(for)} is also always non-negative and is
typically random because the function fj is random. It typically decreases in n and
increases when © grows.

Overall, the typical error curves look like this:

Errors

underfitting—s <— overfitting

> “size” of ©

e Typically, we will see in later chapters that the estimation error is often decomposed
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as follows, for 6’ a minimizer on © of the expected risk R(fp:):

R(f5) = R(for) = {R(fz) =R} + {R(f) — R(for)} + {R(for) — R(for) }

< 2sup ‘IJAQ(fg) — fR(f9)| + empirical optimization error,
)

where the “empirical optimization error” is supgce {j%( fa) — R( fo)} (it is equal to
zero for the exact empirical risk minimizer, but in practice when using optimization
algorithms from Chapter 5, it is not). The uniform deviation supgeg ‘jQ(fg) —R(fo)|
grows with the “size” of ©, and usually decays with n. See more details in Chapter 4.

Capacity control. To avoid overfitting, we need to make sure that the set of allowed
functions is not too large by typically reducing the number of parameters or by restrict-
ing the norm of predictors (thus by lowering the “size” of ©): this typically leads to
constrained optimization, and allows for risk decompositions as done above.

Capacity control can also be done by regularization, that is, by minimizing

n

R(fa) +20(6) = 13 i folw)) + A0(6),

i=1
where (0) controls the complexity of fy. The main example is ridge regression:

n

1

in — i — 07 ()% + \[0]]3.
min n;(y p(a:)” + A9113

This is often easier for optimization but harder to analyze (see Chapter 4 and Chapter 5).

There is a difference between parameters (e.g., 0) learned on the training data
and hyperparameters (e.g., \) estimated on the validation data.

Examples of approximations by polynomials in one-dimensional regression.
We consider (z,y) € R x R, with prediction functions which are polynomials of order k,
from k = 0 (constant functions) to k = 14. For each k, the model has k + 1 parameters.
The training error (using square loss) is minimized with n = 20 observations. The data
were generated with inputs uniformly distributed on [—1, 1] and outputs as the quadratic
function f(z) = 2 — % of the inputs plus some independent additive noise (Gaussian
with standard deviation 1/4). As shown in Figure 2.1 and Figure 2.2, the training error
monotonically decreases in k while the testing error goes down and then up.

2.4 Statistical learning theory

The goal of learning theory is to provide some guarantees of performance on unseen data.
A common assumption is that the data D, (p) = {(z1,v1),-.., (Zn,yn)} is obtained as
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Figure 2.1: Polynomial regression with increasing orders k. Plots of estimated functions,
with training and testing errors. The Bayes prediction function f*(x) = E[y|z] is plotted
in blue.
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Figure 2.2: Polynomial regression with increasing orders. Plots of training and testing
errors with error bars (computed as standard deviations obtained from 32 replications),
together with the Bayes error.
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independent and identically distributed (i.i.d.) observations from some unknown distri-
bution p from a family P.

An algorithm A is a mapping from D, (p) (for any n) to a function from X to Y. The
expected risk depends on the probability distribution p € P, as R,(f). The goal is to find
A such that the (expected) risk

is small, where R7 is the Bayes risk (which depends on the joint distribution p), assuming
D, (p) is sampled from p, but without knowing which p € P is considered. Moreover, the
risk is random because D, (p) is random.

2.4.1 Measures of performance

There are several ways of dealing with randomness to obtain a criterion.

e Fxpected error: we measure performance as

E[Rp(A(Dn(p)))]

where the expectation is with respect to the training data. An algorithm A is called
consistent in expectation for the distribution p, if

E[R,(A(Dn(p)))] — R
goes to zero when n tends to infinity. In this course, we will primarily use this

notion of consistency.

e “Probably approximately correct” (PAC) learning: for a given § € (0,1) and € > 0:

The crux is to find €, which is as small as possible (typically as a function of ). The
notion of PAC consistency corresponds, for any € > 0, to have such an inequality
for each n and a sequence §,, that tends to zero.

2.4.2 Notions of consistency over classes of problems

An algorithm is called universally consistent (in expectation) if for all probability distri-
butions p = p(, ) on (z,y) the algorithm A is consistent in expectation for the distribu-
tion p.

/\ Be careful with the order of quantifiers: convergence speed will depend on p. See
the no-free lunch theorem section below to highlight that having a uniform rate over all
distributions is hopeless.

Most often, we want to study uniform consistency within a class P of distributions
satisfying some regularity properties (e.g., the inputs live in a compact space, or the
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dependence between y and x is at most of some complexity). We thus aim at finding an
algorithm A such that
sup B[Ry (A(Da(p))] — &,
pe?P

is as small as possible. The so-called “minimax risk” is equal to

i%f sup E[R,(A(Dn(p)))] — R,
peP

This is typically a function of the sample size n and properties of X, Y and the allowed
set of problems P (e.g., dimension of X, number of parameters). To compute estimates
of the minimax risk, several techniques exist:

e Upper-bounding the optimal performance: one given algorithm with a convergence
proof provides an upper bound. This is the main focus of this book.

e Lower-bounding the optimal performance: in some setups, it is possible to show that
the infimum over all algorithms is greater than a certain quantity. See Chapter 15
for a description of techniques to obtain such lower bounds. Machine learners are
happy when upper-bounds and lower-bounds match (up to constant factors).

Non-asymptotic vs. asymptotic analysis. The analysis can be “non-asymptotic”,
with an upper bound with explicit dependence on all quantities; the bound is then valid
for all n, even if sometimes vacuous (e.g., a bound greater than 1 for a loss uniformly
bounded by 1).

The analysis can also be “asymptotic”, where, for example, n goes to infinity and
limits are taken (alternatively, several quantities can be made to grow simultaneously).

What (arguably) matters most here is the dependence of these rates on the

i’i problem, not the choice of “in expectation” vs. “in high probability”, or
“asymptotic” vs. “non-asymptotic”, as long as the problem parameters ex-
plicitly appear.

2.5 No free lunch theorems (¢)

Although it may be tempting to define the optimal learning algorithm that works opti-
mally for all distributions, this is impossible. In other words, learning is only possible
with assumptions. See Devroye et al. (1996, Chapter 7) for more details.

The following theorem shows that for any algorithm, for a fixed n, there is a data
distribution that makes the algorithm useless (with a risk that is the same as the chance
level).

Proposition 2.2 (no free lunch - fixed n) Consider the binary classification with 0-
1 loss, with X infinite. Let P denote the set of all probability distributions on X x {0,1}.
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For any n > 0 and any learning algorithm A,

sup E[R,(A(DA(p)] ~ %; > 1/2.

Proof (¢4) Let k be a positive integer. Without loss of generality, we can assume that
N ¢ X. The main ideas of the proof are (a) to construct a probability distribution
supported on k elements in N, where k is large compared to n (which is fixed), and to
show that the knowledge of n labels does not imply doing well on all k elements, and
(b) to choose parameters of this distribution (the vector r below) by comparing to a
performance obtained by random parameters.

Given r € {0,1}*, we define the joint distribution p on (z,y) such that we have
Pz = j,y = rj) = 1/k for j € {1,...,k}; that is, for z, we choose one of the first k
elements uniformly at random, and then y is selected deterministically as y = r,. Thus,
the Bayes risk is zero (because there is a deterministic relationship): Ry = 0.

Denoting fp, = A(Dn(p)) the classifier, and S(r) = E[Rp(fpn)] the expectation of
the expected risk, we want to maximize S(r) with respect to r € {0, 1}*; the maximum is
greater than the expectation of S(r) for any probability distribution ¢ on r, in particular
the uniform distribution (each r; being an independent unbiased Bernoulli variable).
Then

max S(r) = E,..zS(r)

re{0,1}F
= P(fo,(2) #y) =P(fo, (@) # ),
because z is almost surely in {1,...,k} and y = r, almost surely. Note that we take
expectations and probabilities with respect to x1, ..., x,,x, and r (all being independent

of each other).
Then, we get, using that D, (p) = {@1,7%,, -+, Tn,Tx, }:

E,wgS(r) = E _P(fpn (x) # rz‘arl, ey Ty Ty e ,rzn)} by the law of total expectation,

E:P(fpn(ac) *r, &aé {xl,...,xn}}xl,...,xn,rwl,...,rmn)}

by monotonicity of probabilities,

= E%]P)(,T ¢ {xl,...,:vn}‘xl,...,xn,rwl,...,r%)},

WV

because P(fpn(:v) #rele ¢ {z1, .. @}, 1, Ty Ty, Ta, ) = 1/2 (the label 2 = 1y,
has the same probability of being 0 or 1, given that it was not observed). Thus,

n

ErngS(r) > %]P)(a: ¢ {x1,...,xn}) = %E{H]P’(a:i # a:|a:)} -

i=1

(1-1/k)".

N =

Given n, we can let k tend to infinity to conclude. |
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A caveat is that the hard distribution may depend on n (from the proof, it takes k
values, with k tending to infinity fast enough compared with n). The following theorem
is given without proof and is much “stronger” (Devroye et al., 1996, Theorem 7.2), as it
more convincingly shows that learning can be arbitrarily slow without assumption (note
that the earlier one is not a corollary of the later one).

Proposition 2.3 (no free lunch - sequence of errors) Consider a binary classifica-
tion problem with the 0-1 loss, with X infinite. Let P denote the set of all probability
distributions on X x {0,1}. For any decreasing sequence a,, tending to zero and such that
a1 < 1/16, for any learning algorithm A, there exists p € P, such that for all n > 1:

E[RP(A(Qn(p)))} - Ry > an.

2.6 Quest for adaptivity

As seen in the previous section, no method can be universal and achieve a good conver-
gence rate on all problems. However, such negative results consider classes of problems
that are arbitrarily large. In this textbook, we will consider reduced sets of learning
problems by considering X = R? and putting restrictions on the target function f* based
on smoothness and/or dependence on an unknown low-dimensional projection. That is,
the most general set of functions will be the set of Lipschitz-continuous functions, for
which the optimal rate will be essentially proportional to O(n_l/ ), typical of the curse
of dimensionality. No method can beat this, not k-nearest-neighbors, not kernel methods,
not even neural networks.

When the target function is smoother, that is, with all derivatives up to order m
bounded, then we will see that kernel methods (Chapter 7) and neural networks (Chap-
ter 9), with the proper choice of the regularization parameter, will lead to the optimal
rate of O(n=™/%).

When the target function moreover depends only on a k-dimensional linear projection,
neural networks (if the optimization problem is solved correctly) will have the extra ability
to lead to rates of the form O(n~"/F) instead of O(n~™/¢), which is not the case for
kernel methods (see Chapter 9)

Note that another form of adaptivity, which is often considered, is in situations where
the input data lie on a submanifold of R? (e.g., an affine subspace), where for most
methods presented in this textbook, adaptivity is obtained. In the convergence rate, d
can be replaced by the dimension of the subspace (or submanifold) where the data live.
See studies by Kpotufe (2011) for k-nearest neighbors, and Hamm and Steinwart (2021)
for kernel methods.

See more details in https://francisbach.com/quest-for-adaptivity/ as well as Chap-
ter 7 and Chapter 9 for detailed results.
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2.7 Beyond supervised learning

This textbook focuses primarily on the traditional supervised learning paradigm, with
independent and identically distributed data and where the training and testing distri-
butions match. Many applications require extensions to this basic framework, which also
lead to many interesting theoretical developments that are out of scope. We present
briefly some of these extensions below with references for further reading.

Unsupervised learning. While in supervised learning, both inputs and outputs (e.g.,
labels) are observed, and the main goal is to model how the output depends on the input,
in unsupervised learning, only inputs are given. The goal is then to “find some structure”
within the data, for example, an affine subspace around which the data live (for principal
component analysis), the separation of the data in several groups (for clustering), or the
identification of an explicit latent variable model (such as with matrix factorization). The
new representation of the data is typically either used for visualization (then, with two
or three dimensions), or for reducing dimension before applying a supervised learning
algorithm.

While supervised learning relied on an explicit decision-theoretic framework, it is
not always clear how to characterize performance and perform evaluation; each method
typically has an ad-hoc empirical criterion, such as reconstruction of the data, full or
partial (like in self-supervised learning), log-likelihood when probabilistic models are used
(see Chapter 14), in particular graphical models (Bishop, 2006; Murphy, 2012). Often,
intermediate representations are used for subsequent processing (see, e.g., Goodfellow
et al., 2016).

Theory can be applied to sampling behavior and recovery of specific structures when
assumed (e.g., for clustering or dimension reduction), with a variety of theoretical results
in manifold learning, matrix factorization methods such as K-means, principal component
analysis or sparse dictionary learning (Mairal et al., 2014), outlier /novelty detection, or
independent component analysis (Hyvérinen et al., 2001).

Semi-supervised learning. This is the intermediate situation between supervised and
unsupervised, with some labeled (typically few) examples and some unlabeled (typically
many) examples. Several frameworks exist based on various assumptions (Chapelle et al.,
2010; Van Engelen and Hoos, 2020).

Active learning. This is a similar setting as semi-supervised learning, but the user
can choose which unlabelled point to label to maximize performance once new labels are
obtained. The selection of samples to label is often done by computing some form of
uncertainty estimation on the unlabelled data points (see, e.g. Settles, 2009).

Online learning. Mostly in a supervised setting, this framework allows us to go beyond
the training/testing splits, where data are acquired, and predictions are made on the fly,
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with a criterion that takes into account the sequential nature of learning. See Cesa-
Bianchi and Lugosi (2006); Hazan (2022) and Chapter 11.

Reinforcement learning. On top of the sequential nature of learning already present
in online learning, predictions may influence the future sampling distributions, for exam-
ple, in situations where some agents interact with an environment (Sutton and Barto,
2018), with algorithms relying on similar concepts than optimal control (Liberzon, 2011).

2.8 Summary - book outline

Now that the main concepts are introduced, we can give an outline of the book chapters,
which we have separated into three parts.

Part I: Preliminaries. The first part contains this introductory chapter and Chap-
ter 3 on linear least-squares regression. We start with such a chapter as it allows for the
introduction of the main concepts of the book, such as underfitting, overfitting, regular-
ization, using simple linear algebra, and without the need for more advanced analytic or
probabilistic tools.

Part II: Generalization bounds for learning algorithms. The second part is ded-
icated to the core concepts in learning theory and should be studied sequentially.

e Empirical risk minimization: Chapter 4 is dedicated to methods based on the
minimization of the potentially regularized or constrained regularized risk, with the
introduction of the key concept of Rademacher complexity that analyzes estimation
errors efficiently. Convex surrogates for binary classification are also introduced to
allow the use of only real-valued prediction functions.

e Optimization: Chapter 5 shows how gradient-based techniques can be used to
minimize approximately the empirical risk and, through stochastic gradient descent,
obtain generalization bounds for finitely-parameterized linear models (which are
linear in their parameters) leading to convex objective functions.

e Local averaging methods: Chapter 6 is the first chapter dealing with so-called
“non-parametric” methods that can potentially adapt to complex prediction func-
tions. This class of methods explicitly builds a prediction function mimicking the
Bayes predictor (without any optimization algorithm), such as k-nearest-neighbor
methods. These methods are classically subject to the curse of dimensionality.

e Kernel methods: Chapter 7 presents the most general class of linear models that
can be infinite-dimensional and adapt to complex prediction functions. They are
made computationally feasible using the “kernel trick”, and they still rely on convex
optimization, so they lead to strong theoretical guarantees, particularly by being
adaptive to the smoothness of the target prediction function.

e Sparse methods: While the previous chapter focused on Euclidean or Hilber-
tian regularization techniques for linear models, Chapter 8 considers regularization
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by sparsity-inducing penalties such as the ¢;-norm or the {y-penalty, leading to
the high-dimensional phenomenon that learning is possible even with potentially
exponentially many irrelevant variables.

Neural networks: Chapter 9 presents a class of prediction functions that are
not linearly parameterized, therefore leading to non-convex optimization problems,
where obtaining a global optimum is not certain. The chapter studies approximation
and estimation errors, showing the adaptivity of neural networks to smoothness and
linear latent variables (in particular for non-linear variable selection).

Part III: Special topics. The third part presents a series of special topic chapters
that can be read in essentially any order.

Ensemble learning: Chapter 10 presents a class of techniques aiming at combin-
ing several predictors obtained from the same model class but learned on slightly
modified datasets. This can be done in parallel, such as in bagging techniques, or
sequentially, like boosting methods.

From online learning to bandits: Chapter 11 consider sequential decision prob-
lems within the regret framework, focusing first on online convex optimization, then
on zeroth order optimization (without access to gradients), and then multi-armed
bandits.

Over-parameterized models: Chapter 12 presents a series of results related to
models with a large number of parameters (enough to fit the training data perfectly)
and trained with gradient descent. We present the implicit bias of gradient descent
in linear models towards minimum Euclidean norm solutions and then the double
descent phenomenon, before looking at implicit biases and global convergence for
non-convex optimization problems.

Structured prediction: Chapter 13 goes beyond the traditional regression and
binary classification frameworks by first considering multi-category classification
and then the general framework of structured prediction, where output spaces can
be arbitrarily complex.

Probabilistic methods: Chapter 14 presents a collection of results related to
probabilistic modeling, highlighting that probabilistic interpretations can some-
times be misleading but also naturally lead to model selection frameworks through
Bayesian inference and PAC-Bayes analysis.

Lower bounds on performance: While most of the book is dedicated to ob-
taining upper bounds on the generalization or optimization performance of our
algorithms, Chapter 15 considers lower-bounds on such performance, showing how
many algorithms presented in this book are, in fact, “optimal” for a specific class
of learning or optimization problems.
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Chapter 3

Linear least-squares regression

Chapter summary

Ordinary least-squares estimator: least-squares regression with linearly parameter-
ized predictors leads to a linear system of size d (the number of predictors).
Guarantees in the fixed design setting with no regularization: when the inputs are
assumed deterministic and d < n, the excess risk is equal to o2d/n.

Ridge regression: with ¢2-regularization, excess risk bounds become dimension in-
dependent and allow high-dimensional feature vectors where d > n.

Guarantees in the random design setting: although they are harder to show, they
have a similar form.

Lower bound of performance: under well-specification, the rate o2d/n is unimprov-
able.

3.1 Introduction

In this chapter, we introduce and analyze linear least-squares regression, a tool that can
be traced back to Legendre (1805) and Gauss (1809).1

Why should we study linear least-squares regression? Has there not been any progress

since 18057 A few reasons:

e It already captures many of the concepts in learning theory, such as the bias-variance
trade-off, as well as the dependence of generalization performance on the underlying
dimension of the problem with no regularization or on dimension-less quantities
when regularization is added.

e Because of its simplicity, many results can be easily derived without the need for

1

see https://en.wikipedia.org/wiki/Least_squares for an interesting discussion and the claim that

Gauss knew about it already in 1795.
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complicated mathematics, both in terms of algorithms and statistical analysis (sim-
ple linear algebra for the simplest results in the fixed design setting).

e Using non-linear features, it can be extended to arbitrary non-linear predictions
(see kernel methods in Chapter 7).

In subsequent chapters, we will extend many of these results beyond least-squares
with the proper additional mathematical tools.

3.2 Least-squares framework

We recall the goal of supervised machine learning from Chapter 2: given some observa-
tions (z;,v;) € X x Y, ¢ =1,...,n, of inputs/outputs, features/variables (training data),
given a new x € X, predict y € Y (testing data) with a regression function f such that
y ~ f(x). We assume that Y = R and we use the square loss £(y, z) = (y — z)?, for which
we know from the previous chapter that the optimal predictor is f*(z) = E[y|z].

In this chapter, we consider empirical risk minimization. We choose a parameterized
family of prediction functions (often referred to as “models”) fy : X — Y = R for some
parameter § € © and minimize the empirical risk

n

Z f@ xz 7

leading to the estimator § € arg mingee LS ((yi — fo(;))?. Note that in most cases,
the Bayes predictor f* does not belong to the class of functions {fy, 6 € O}, that is, the
model is said misspecified.

Least-squares regression can be carried out with parameterizations of the function fy,
which may be non-linear in the parameter 6 (such as for neural networks in Chapter 9).
In this chapter, we will consider only situations where fy(z) is linear in 6, which is thus
assumed to live in a vector space, and which we take to be R for simplicity.

A Being linear in z or linear in 6 is different!

While we assume linearity in the parameter 6, nothing forces fo(z) to be linear in the
input z. In fact, even the concept of linearity may be meaningless if X is not a vector
space. If fp(x) is linear in @ € RY, then it has to be a linear combination of the form
folx) = 2?21 a;(2)0;, where a; : X = R, i =1,...,d, are d functions. By concatenating
them in a vector p(z) € R? where ¢(x); = a;(x), we get the representation

folz) = p(2)"0.

The vector (z) € R? is typically called the feature vector, which we assume to be known
(in other words, it is given to us and can be computed explicitly when needed). We thus
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consider minimizing the empirical risk

n

R(O) = > (3~ ol) ) (3.1)

=1

When X C R?, we can make the extra assumptions that f is an affine function, which
could be obtained through ¢(z) = (7) = (#",1)" € R*"!. Other classical assumptions
are p(z) composed of monomials (so that prediction functions are polynomials). We will
see in Chapter 7 (kernel methods) that we can consider infinite-dimensional features.

Matrix notation. The cost function above in Eq. (3.1) can be rewritten in matrix
notations. Let y = (y1,...,¥n)’ € R™ be the vector of outputs (sometimes called the
response vector), and ® € R"*? the matrix of inputs, whose rows are p(x;) . It is called
the design matrix or data matrix. In these notations, the empirical risk is

A 1
RW%Z#W—®W§ (3.2)

where ||a||% = Z‘j:l 2 is the squared fo-norm of a.

/\ Tt is sometimes tempting at first to avoid matrix notations. We strongly advise against
it as it leads to lengthy and error-prone formulas.

3.3 Ordinary least-squares (OLS) estimator

We assume that the matrix ® € R"*¢ has full column rank (i.e., the rank of ® is d). In
particular, the problem is said to be “over-determined,” and we must have d < n, that
is, more observations than feature dimension. Equivalently, we assume that ® T ® € R?*¢
is invertible.

Definition 3.1 (OLS) When ® has full column rank, the minimizer of Eq. (3.2) is
unique and called the ordinary least-squares (OLS) estimator.

3.3.1 Closed-form solution

Since the objective function is quadratic, the gradient will be linear, and zeroing it will
lead to a closed-form solution.

Proposition 3.1 When ® has full column rank, the OLS estimator exists and is unique.
It is given by R

=@ ®)'aTy.
Denote the (non-centered?) empirical covariance matriz by S = %‘I)Tq) € R¥>4; we have
6 = %i’lfl)Ty.

2The “centered” covariance matrix would be 7—1L ? 1 le(x)—pllp(xi)—p] T where p = 7—1L T (i) €

R? is the empirical mean, while we consider & = % S e(@)e(z) T
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Proof Since the function R is coercive (i.e., going to infinity at infinity) and continuous,

it admits at least a minimizer. Moreover, it is differentiable, so a minimizer ¢ must
satisfy R'(6) = 0 where R'(0) € R? is the gradient of R at §. For all § € R?, we have, by
expanding the square and computing the gradient:

. 1 - 2
RO)==(lyl3-20"@"y+0"@"®0) and R'(0) == ("0 - d"y).
n n
The condition R’ (f) = 0 gives the so-called normal equations:
TP = y.

The normal equations have a unique solution 6 = (®T®)~'®Ty. This shows the unique-
ness of the minimizer of R as well as its closed-form expression. ||

Another way to show the uniqueness of the minimizer is by showing that R is strongly
convex since R”(#) = 2% is invertible for all § € R? (convexity will be studied in Chap-
ter 5).

/A\ For readers worried about carrying a factor of two in the gradients, we will use an
additional factor 1/2 in chapters on optimization (e.g., Chapter 5).

3.3.2 Geometric interpretation
Proposition 3.2 The vector of predictions h = O(@"®)"1® Ty is the orthogonal pro-
jection of y € R™ onto im(®) C R"™, the column space of ®.

Proof Let us show that P = ®(®'®)"'®T € R"*" is the orthogonal projection on
im(®). For any a € R%, it holds P®a = ®(@'®) 1®Tda = ®a, so Pu = u for all
u € im(®). Also, since im(®)+ = null(®'), Pu’ = 0 for all v/ € im(®)+. These
properties characterize the orthogonal projection on im(®). |
Thus, we can interpret the OLS estimation as doing the following (see below for an
illustration):

1. compute g the projection of y on the image of @,

2. solve the linear system ®6 = ¢ which has a unique solution.

m(P)
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3.3.3 Numerical resolution

While the closed-form 6 = (®@T®)"td Ty is convenient for analysis, inverting ® ' ® is
sometimes unstable and has a large computational cost when d is large. The following
methods are usually preferred.

QR factorization. The QR decomposition factorizes the matrix ® as ® = QR where
Q € R™"*? has orthonormal columns, that is, Q' Q = I, and R € R?*? is upper triangular
(see Golub and Loan, 1996). Computing a QR decomposition is faster and more stable
than inverting a matrix. We then have ®'® = RTQTQR = R'R, and R is thus the
Cholesky factor of ®"®. One then has

(@) =0Ty R QTQRI=R'Qyo R RI=R'QTy=RI=Q"y.

It only remains to solve a triangular linear system, which is easy. The overall running
time complexity remains O(d®). The conjugate gradient algorithm can also be used (see
Golub and Loan, 1996, for details).

Gradient descent. We can bypass the need for matrix inversion or factorization using
gradient descent. It consists in approximately minimizing R by taking an initial point
0 € R? and iteratively going towards the minimizer by following the opposite of the

gradient A
9,5 = 6t_1 — ’792/(6‘15_1) for ¢ 2 1,

where v > 0 is the step-size. When these iterates converge, it is towards the OLS estimator
since a fixed-point 0 satisfies R'(6) = 0. We will study such algorithms in Chapter 5,
with running-time complexities going down to linear in d.

3.4 Statistical analysis of OLS

We now provide guarantees on the performance of the OLS estimator. There are two
classical settings of analysis for least-squares:

e Random design. In this setting, both the inputs and the outputs are random. This is
the classical setting of supervised machine learning, where the goal is generalization
to unseen data (as in the last chapter). Since obtaining guarantees is mathematically
more complicated, it will be done after the fixed design setting.

e Fized design. In this setting, we assume that the input data (z1,...,z,) are not
random, and we are interested in obtaining a small prediction error on those input
points only. Alternatively, this can be seen as a prediction problem where the input
distribution is the empirical distribution of (x1,...,zy,).

Our goal is thus to minimize the fixed design risk (where thus @ is deterministic):

R(O) = Ey[

SRS

St ple) 7] =B, [Lly- 00l e
i=1
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This assumption allows a complete analysis with basic linear algebra. It is justified
in some settings, e.g., when the inputs are equally spaced along a fixed grid, but is
otherwise just a simplifying assumption. It can also be understood as learning the
optimal vector ®60, € R™ of best predictions instead of a function from X to R.

In the fixed design setting, no attempts are made to generalize to unseen input
points « € X, and we want to estimate well a label vector y resampled from the
same distribution as the observed y. The risk in Eq. (3.3) is often called the in-
sample prediction error, and the task can be seen as “denoising” the labels.

We will first consider below the fixed design setting, where the celebrated rate o2d/n will
appear naturally.

Relationship to maximum likelihood estimation. If, in the fixed design setting,
we make the stronger assumption that the noise is Gaussian with mean zero and variance
o2, ie., g = y; — o(z;) "0, ~ N(0,0?%), then the least mean-squares estimator of 0,
coincides with the maximum likelihood estimator (where ® is assumed fixed). Indeed, the

density/likelihood of y is, using independence and the density of the normal distribution:

exp (— (yi — (@) ' 0)*/(207)).

Taking the logarithm and removing constants, the maximum likelihood estimator (6,52)
minimizes

2i Z ola) )" + 5 log(0”).

We immediately see that 6 = 9, that is, OLS corresponds to maximum likelihood.

/\ While maximum likelihood under a Gaussian model provides an interesting interpre-
tation, the Gaussian assumption is not needed for the forthcoming analysis.

Exercise 3.1 In the Gaussian model above, compute 62 the mazimum likelihood estima-
tor of o2.

3.5 Fixed design setting

We now assume that ® is deterministic, and as before, we assume that T = %Q)T(I) is
invertible. Any guarantee requires assumptions about how the data are generated. We
assume that:

e There exists a vector , € R? such that the relationship between input and output
isforie{l,...,n}
yi = o(x;) "0, + 5. (3.4)

e All noise variables ¢;, i € {1,...,n}, are independent with expectation E[g;] = 0

and variance E[e?] = o2.
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The vector € € R™ accounts for variabilities in the output due to unobserved factors or
noise. The “homoscedasticity” assumption above, where the noise variances are uniform,
is made for simplicity (and allows for the later bound o?d/n to be an equality). Note
that to prove upper-bounds in performance, we could also only assume that E[e?] < o?

for each i € {1,...,n}. The noise variance o2 is the expected squared error between the
observations y; and the model ¢(x;) T 0..
Y

A

Y

/A In Eq. (3.4), we assume the model is well-specified, that is, the target function is a
linear function of ¢(x). In general, an additional approximation error is incurred because
of a misspecified model (see Chapter 4).

Denoting by R* the minimum value of R(#) = E, [1||y — ®6]|3] over R?, the following
proposition shows that it is attained at 6., and that it is equal to o2.

Proposition 3.3 (Risk decomposition for OLS - fixed design) Under the linear
model and fized design assumptions above, for any 6 € R, we have R* = o2 and

* 2
R(0) = R* =16 — 04|15,

where & = LT is the input covariance matriz and HHH% = 0750, If 0 is now a
random variable (such as an estimator of 0. ), then

E[R@)] - R* = |[E[f] - 0,12 +E|8 - E]IZ]
—_—  —-

Bias Variance
Proof We have, using y = ®0, + ¢, with E[¢] = 0 and E[|[¢]|3] = no?:
1 2 1 2
RO) = By | Ly oo)3] = £ | oo, + = - o0
1 2 2 T
= —E. [0, - O)l3 + ]} + 2[00 - 0)] ¢|

1
= 24+ -(0-6.)"T®(H —0,).
n

Since & = %@Tq) is invertible, this shows that 6, is the unique global minimizer of R(6),
and that the minimum value R* is equal to 0. This shows the first claim.
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Now if 6 is random, we perform the usual bias/variance decomposition:

E[R(0)] — R* = B[ |10 — B[§)] + E[§] - 0.]%]
= E[Il0 - EGI12] +2B[(0 - EO)TSEP] - 0.)] +E[JEP] - 0.]13
—E[6 - EB)IZ] + 0+ B[] - 0.3

(note that this is also a simple application of the law of total variance for vectors, that
is, E[||lz — all3,] = |IE[z] — al3; + E[llz — E[Z]||3,] to a = 6., M =% and z = ). [ ]
Note that the quantity ||-[|s is called the Mahalanobis distance norm (it is a “true” norm

whenever ¥ is positive definite). It is the norm on the parameter space induced by the
input data.

3.5.1 Statistical properties of the OLS estimator

We can now analyze the properties of the OLS estimator, which has a closed form 6 =
(@T®)"'®Ty =X (1dTy), with the model y = @b, + . The only randomness comes
from e, and we thus need to compute the expectation of linear and quadratic forms in e.

Proposition 3.4 (Estimation properties of OLS) The OLS estimator 0 has the fol-
lowing properties:

1. it is unbiased, that is, E[é] = 0,,

2. its variance is var(f) = E[(é —0.)(0 — 0.)"] = %22_1, where 1 is often called
the precision matriz.

Proof
1. Since E[y] = ®6,, we have directly E[f] = (&7 ®)"1&T &0, = 0,.

2. Tt follows that 6 — 0, = (®T®) 1T (BF, +¢) — 0, = (®T®)'®Te. Thus, using
that E[ee ] = 021, we get

var(0)=E[(@ @) ' e T®(@T @) =0*(@ @)1 D) () =020 D) ",

which leads to the desired result "—:i_l.

|
We can now put back the expression of the variance in the risk.
Proposition 3.5 (Risk of OLS) The excess risk of the OLS estimator is equal to
A o?d
E[R(O)] — R = —. 3.5
[R(0)] - (35)

Proof Note here that the expectation is over € only as we are in the fixed design setting.

Using the risk decomposition of Proposition 3.3 and the fact that E[f] = 6., we have
B[R() - % = E[|i - 0.12).
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We have: E[R(é)] — R* = tr[var(6)3] = tr["%i’li] =2 tr(I) = o2d,

o
n n

We can also give a direct proof. Using the identity § — 6, = (T ®)"1® ¢, we get

E[R(0)] — R*

E[(@7@)" e |}

1
—E[c"®(@"®) "o @@ @) 0 e] =
n

SN

1 1 o? o%d
= —E[e"Pe] = —E[tr(Pee")] = —tr(P) = —,

E[cT®(® @) 1o ¢]

n
where we used that P = ®(®T®)"!®T is the orthogonal projection on im(®), which is
d-dimensional. [ |

We can make the following observations:

o A\ In the fixed design setting, the expectation over e appears twice: (1) in the
definition of the risk of some 6 in Eq. (3.3), and when taking an expectation over
the data in Eq. (3.5).

Exercise 3.2 Show that the expected empirical risk E[R(0)] is equal to E[R(0)] =
"T_da2. In particular, when n > d, deduce that an unbiased estimator of the noise

2 Iy —20|3

n—d

e In the exercise above, we have an expression of the expected training error, which
is equal to ”—;da2 = 02—%02, while the expected testing error is 02—1—%02. We
thus see that in the context of least-squares, the training error underestimates (in
expectation) the testing error by a factor of 202d/n, which characterizes the amount
of overfitting. This difference can be used to perform model selection.?

variance o is given by

e In the fixed design setting, OLS thus leads to unbiased estimation, with an excess
risk of o2d/n.

e On the positive side, the math is elementary, and as we will show in Section 3.7,
the obtained convergence rate is optimal.

e On the negative side, for the excess risk being small compared to o2, we need d/n
to be small, which seems to exclude high-dimensional problems where d is close to
n (let alone problems where d > n or d much larger than n). Regularization (ridge
in this chapter or with the ¢;-norm in Chapter 8) will come to the rescue.

e This is only for the fixed design setting. We consider the random design setting
below, which is a bit more involved mathematically, primarily because of the pres-
ence of ¥ =1 which does not cancel anymore, leading to the term Y~ '¥, where ¥ is
the population covariance matrix.

Exercise 3.3 (general noise) We consider the fized design regression model y = ®8, + ¢

3See https://en.wikipedia.org/wiki/Mallows’s_Cp.


https://en.wikipedia.org/wiki/Mallows's_Cp

52 CHAPTER 3. LINEAR LEAST-SQUARES REGRESSION

n =10, train = 0.02, test = 0.23 n =18, train = 0.05, test = 0.08 n =32, train = 0.04, test = 0.0
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0.5
0
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Figure 3.1: Polynomial regression with a varying number of observations. Blue: Optimal
prediction, red: estimated prediction by ordinary least-squares with degree 5 polynomials.

with & with zero mean and covariance matriz equal to C (not anymore oI). Show that
the expected excess risk of the OLS estimator is equal to + tr [®(®T @)1 TC].

Exercise 3.4 (¢) (multivariate regression) We consider Y = R and the multivariate
regression model y = 0] o(x) + e € R*, where 0, € R¥™* and ¢ has zero-mean with
covariance matriz C € R¥**_ In the fized regression setting with design matriz ® € R"*¢
and Y € R™F* the matrix of responses, derive the OLS estimator and its excess risk.

3.5.2 Experiments

To illustrate the bound o?d/n, we consider polynomial regression in one dimension, with
r €R, p(x) = (1,z,2%,...,2%)T € R¥*! so d = k + 1. The inputs are sampled from
the uniform distribution in [—1,1], while the optimal regression function is a degree 2
polynomial f(z) = z* — % (blue curve in Figure 3.1). Gaussian noise with standard
deviation % is added to generate the outputs (black crosses). The ordinary least-squares

estimator is plotted in red for various values of n, from n = 10 to n = 1000, for k£ = 5.

We can now plot in Figure 3.2 the expected excess risk as a function of n, estimated by
32 replications of the experiment, together with the bound. In the right plot, we consider
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4 Fixed design 4 Random design
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Figure 3.2: Convergence rate for polynomial regression with error bars (obtained from
32 replications by adding/subtracting standard deviations), plotted in logarithmic scale,
with fixed design (left plot) and random design (right plot). The large error bars for
small n in the right plot are due to the lower error bar being negative before taking the
logarithm.

the random design setting (generalization error, considered in Section 3.8), while in the
left plot, we consider the fixed design setting (in-sample error). Notice the closeness of
the bound for all n for the fixed design (as predicted by our bounds), while this is only
valid for n large enough in the random design setting.

3.6 Ridge least-squares regression

Least-squares in high dimensions. When d/n approaches 1, we are essentially mem-
orizing the observations y; (that is, for example, when d = n and ® is a square invertible
matrix, § = ® 'y leads to y = ®, that is, ordinary least-squares will lead to a perfect
fit, which is typically not good for generalization to unseen data, see more details in
Chapter 12). Also, when d > n, ®® is not invertible, and the normal equations admit
a linear subspace of solutions. These behaviors of OLS in high dimensions (d large) are
often undesirable.

Two main classes of solutions exist to fix these issues: dimension reduction and reg-
ularization. Dimension reduction aims to replace the feature vector ¢(x) with another
feature of lower dimension, with a classical method being principal component analysis,
presented in Section 3.9. Regularization adds a term to the least-squares objective, typ-
ically either an ¢1-penalty ||f]|; (leading to “Lasso” regression, see Chapter 8) or |63
(leading to ridge regression, as done in this chapter and also in Chapter 7).

Definition 3.2 (Ridge least-squares regression) For a regularization parameter \ >
0, we define the ridge least-squares estimator 0y as the minimizer of

1
in —|ly— ®0)2+ |02
Inin Iy I3 + Aoz
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The ridge regression estimator can be obtained in closed form, and we do not require
anymore ® T ® to be invertible.

. . 1 ~
Proposition 3.6 We recall that ¥ = 107 ® € R4 We have 0, = — (X + M)l Ty,
n

Proof As for the proof of Proposition 3.1, we can compute the gradient of the objective
function, which is equal to % (<I>T<I)9 — <I)Ty) + 2)M0. Setting it to zero leads to the esti-
mator. Note that when A > 0, the linear system always has a unique solution regardless
of the invertibility of X. ||

Exercise 3.5 Using the matriz inversion lemma (Section 1.1.3), show that the estimator
above can be written 0y = (2T @ +nA) 10Ty =T (DT +n\I)~ly. What could be the
computational benefits?

As for the OLS estimator, we can analyze its statistical properties under the linear model
and fixed design assumptions. See Chapter 7 for an analysis of random design and
potentially infinite-dimensional features.

Proposition 3.7 Under the linear model assumption (and for the fized design setting),
the ridge least-squares estimator 0y = %(Z + A)~1® Ty has the following excess risk

~ ~ 2 ~ ~
E[R(6))] — R* = X%0] (5 + \I) 7250, + % i [S2(5 + A1) 2.

Proof We use the risk decomposition of Proposition 3.3 into a bias term B and a variance
term V. Since we have E[f)] = L(S+AI) 10T 00, = (S4\) 7150, = 0. —A(S+AI) 16,
it follows

B = [|E[0,] — 6.3
= A20] (S + AI) 250,

For the variance term, using the fact that E[ee "] = 021, we have

!

V = E[l6\ - EG]I2] = [H— S 1eTe

- E[%tr (J@(§+M) NS+ AT )}
- E[%tr(@Tsanb(i—l-/\I) HOESY )} —tr( (S + )™ i(i+m—1).

The proposition follows by summing the bias and variance terms. |

We can make the following observations:

e The result above is also a bias/variance decomposition with the bias term equal to
B = )20 (X +\I)~2%6., and the variance term equal to V = %2 tr [S2(X+A)72).
They are plotted in Figure 3.3.
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Figure 3.3: Polynomial regression (same set-up as Figure 3.2, with n = 300), with k£ = 5:
bias/variance trade-offs for ridge regression as a function of \. We can see the mono-
tonicity of bias and variance with respect to A and the presence of an optimal choice of A.

The bias/variance decomposition can be related to the decomposition in approxi-
mation error and estimation error presented in Section 2.3.2 and further developed
in Chapter 4. The bias term is the part of the excess risk due to the regularization
term constraining the proper estimation of the model. It plays the role of the ap-
proximation error, while the variance term characterizes the effect of the noise and
plays the role of the estimation error.

e The bias term is increasing in A and equal to zero for A = 0 if S is invertible, while
when )\ goes to infinity, the bias goes to 6] ¥6,. It is independent of n and plays
the role of the approximation error in the risk decomposition.

e The variance term is decreasing in \, and equal to o2d/n for A = 0 if Sis invertible,
and converging to zero when A\ goes to infinity. It depends on n and plays the role
of the estimation error in the risk decomposition.

e The quantity tr [22@) + )\I)’Q] is called the “degrees of freedom”, and is often con-

. . .. d A2
sidered as an implicit number of parameters. It can be expressed as =1 m,
- J

where (\j)jeq1,....ay are the eigenvalues of $. This quantity will be very important
in analyzing kernel methods in Chapter 7. Since the function y +— p?/(u + A?) in
increasing from 0 to 1, close to zero if 4 < A, close to one if u > A, the degrees of
freedom provide a soft count of the number of eigenvalues that are larger than A.

e Observe how this converges to the OLS estimator (when defined) as A — 0.

e In most cases, A = 0 is not the optimal choice; that is, biased estimation (with
controlled bias) is preferable to unbiased estimation. In other words, the mean
square error is minimized for a biased estimator.

Choice of A. Based on the expression for the risk, we can tune the regularization
parameter A to obtain a potentially better bound than with the OLS (which corresponds
to A = 0 and the excess risk o2d/n).
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Proposition 3.8 (choice of regularization parameter) With the choice of reqular-
L . otr(X)V?
ization parameter \* = ———— we have
[16]|2v/n
o tr(%)'/2]|6. |2

NG

Proof We have, using the fact that the eigenvalues of (ﬁ + M) 2AS are less than 1 /2
(which is a simple consequence of (14 X)2uX < 1/2 & (u+A)? = 2\u for all eigenvalues

wuof X):

E[R(0r)] — R* <

o o o o A
B =)0 (S +X)7286, = M0 (X + M) 7230, < §|\9*|\§.

Similarly, we have V = 0—2 tr [22@) +AI)7?] = 0—2 tr [i)\i(i +AI)7?] < i trZ' This
’ n An =2
leads to 25
E[R(Ox-)] —R* < %H&H% + % (3.6)
Plugging in A\* (which was chosen to minimize the upper bound on B + V) gives the
result.* |

We can make the following observations:

o If we write R = max;e(1,...n} [|©(2i)||2, then we have

d
) =3 S5=-"

n d
j=1 i=1 j=

S

1 n
plz:)] =~ D lelzls < B2
=1

1

Thus, the dimension d plays no explicit role in the excess risk bound and could even
be infinite (given that R and ||f.||2 remain finite). This type of bounds is called
dimension-free bounds (see more details in Chapter 7).

capabilities of a learning method, hence the need for explicit constants that

i The number of parameters is not the only way to measure the generalization
depend on problem parameters.

e Comparing this bound with that of the OLS estimator, we see that it converges
slower to 0 as a function of n (from n~! to n='/2), but it has a milder dependence
on the noise (from 02 to o). The presence of a “fast” rate in O(n™!) with a
potentially large constant and of a “slow” rate O(n~'/?) with a smaller constant
will appear several times in this book.

ZE Depending on n and the constants, the “fast” rate result is not always the
best.

4We have used the property that for any vector u, any symmetric matrix M, and any symmetric
positive semi-definite matrix A, uT Mu < ||ul|3 - Amax (M) and tr(AM) < tr(A) - Amax (M).
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e The value of A\* involves quantities that we typically do not know in practice (such
as o and ||0.||2). This is still useful to highlight the existence of some A\ with good
predictions (which can be found by cross-validation, as presented in Section 2.1).

e Note here that the choice of \* = (ITGV* IT:(\//E% is optimizing the upper-bound %|6.|3 +

, and is thus typically not optimal for the true expected risk.

o2 tr S
2An

e We can check the homogeneity of the various formulas by a basic dimensional anal-
ysis. We use the bracket notation to denote the unit. Then [\] x [0]* = [y?] = [0?]

since A||f||3 appears in the same objective function as y? (or 02). Moreover, we
have [y] = [0] = [¢][0], leading to [A] = [p]?. The value of A suggested above has

the dimension “’[TX]U, which is indeed equal to [p]?. Similarly, we can check that

the bias and variance terms have the correct dimensions.

Choosing A in practice. The regularization A is an example of a hyper-parameter.
This term broadly refers to any quantity that influences the behavior of a machine learn-
ing algorithm and that is left to choose by the practitioner. While theory often offers
guidelines and qualitative understanding on best choosing the hyper-parameters, their
precise numerical value depends on quantities that are often difficult to know or even
guess. In practice, we typically resort to validation and cross-validation.

Exercise 3.6 Compute the expected risk of the estimators obtained by reqularizing by
0T AO instead of \||0]|2, where A € R4 is a positive definite matriz.

Exercise 3.7 (#) We consider the leave-one-out estimator H)Ti € R? obtained, for each
i€ {l,...,n}, by minimizing %Z#i(yj — 0T p(z;))2 + N|0]|3. Given the matriz H =
O(OTD +nA)"1®T € R™*", and its diagonal h = diag(H) € R", show that

> (s () 63" = (T~ Ding() (1 H) Tyl
i=1

3.7 Lower-bound (¢)

To show a lower bound in the fixed design setting, we will consider only Gaussian noise,
that is, € has a joint Gaussian distribution with mean zero and covariance matrix o2I
(adding an extra assumption can only make the lower bound smaller). We follow the
elegant and simple proof technique outlined by Mourtada (2019).

The only unknown in the model is the location of #,. To make the dependence on 6,
explicit, we denote by R, (6) — R* the excess risk (in the previous chapter, we were using
the notation R, to make the dependence on the distribution p explicit), which is equal to

Ry, (6) = R* = |6 — 0.2
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Our goal is to lower bound

sup E. n(0,021) [Ro. (A, +€))] — R,
0,.cR4

over all functions A from R™ to R? (these functions are allowed to depend on the observed
deterministic quantities such as ®). Indeed, algorithms take y = ®0,+c € R™ as an input
and output a vector of parameters in R?,

The main idea, which is classical in the Bayesian analysis of learning algorithms,
is to lower bound the supremum by the expectation with respect to some probability
on 6,, called the prior distribution in Bayesian statistics. That is, we have, for any
algorithm/estimator A:

HsupdEENN(O,U2I)R9* (‘A((I)o* + E)) > EQ*NN(O‘ii[)EENN(O,U2I)R9* (‘A((I)o* + E)) (37)
«ER Aan

Here, we choose the normal distribution with mean 0 and covariance matrix %I as a
prior distribution since this will lead to closed-form computations.

Using the expression of the excess risk (and ignoring the additive constant o2 = R*),
we thus get the lower bound

EG*NN(Q%])EENN(O,U2I) [”'A(q)e* + 5) - 9*”%]7

which we need to minimize with respect to A. By making 6, random, we now have a
joint Gaussian distribution for (6.,e). The joint distribution of (0.,y) = (04, PO, + €) is
also Gaussian with mean zero and covariance matrix

2

a o’ & T T
( ey ey > _ 0_2( I o >
2o ZpT 4021/ A\ & DT £nN )

We need to perform an operation similar to computing the Bayes predictor in Chapter 2.
This will be done by conditioning on y by writing

EQ*NN(Q%I)EENN(O,UzI) [”‘A(q)e* + E) - 9*”%] = E(9*7y) [H‘A(y) - 9*”%}

- /R K /R [ AW) = 0. 1dp(0.1y) ) dp(y).

Thus, for each y, the optimal A(y) has to minimize [y, [|A(y) — 9*||2§dp(9*|y), which is
exactly the posterior mean of 6, given y. Indeed, the vector that minimizes the expected
squared deviation is the expectation (exactly like when we computed the Bayes predictor
for regression), here applied to the distribution dp(6.|y).

Since the joint distribution of (6., y) is Gaussian with known parameters, we could use
classical results about conditioning for Gaussian vectors (see Section 1.1.3). Still, we can
also use the property that for Gaussian variables, the posterior mean given y is equal to
the posterior mode given y, that is, it can be obtained by maximizing the log-likelihood
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log p(6.,y) with respect to 6.. Up to constants and using independence of ¢ and 0., this
log-likelihood is

1 n 1 n
—Fﬂﬁﬂ2 - FW*H% = —FHZI — 00, - FH@*H;

which is exactly (up to a sign and a constant) the ridge regression cost function. Thus,

we have A*(y) = (®T® +nAl)~1® Ty, which is exactly the ridge regression estimator N
and we can compute the corresponding optimal risk, to get:

inf sup E.uxo,021) [Ro. (A(P0. +€))] — R*
A H*ERd

> iﬁf EG*NN(O‘ﬁI)EENN(OﬁaQ]) [Ro. (A(®Y, +€))] — R* using Eq. (3.7),
= E, N0, 1) Eecon(0,021) [Ro. (A" (@0 + €))] — R* using the reasoning above,
= EH*NN(O,;’—iI) e~ N(0,021) [HA*(@H* +e)— O*H%] using the expression of the risk,

— EQ*NN(O)%I)EENN(OJQI)[H((I)TCI)+n/\I)*1q>T(<I>9*+a)—0*|\2§}
using the closed-form expression of the OLS estimator,
HEen0o2n [[(@7 @ +nA) T 0T — (@7 @ +nA) 0. 3]

—nA(@ " D+nA) M0 E] + Econo,oon [[(@ T @4+nAD) T 0 Te||2]
by independence,

EO*NN(O,%

EHWN(O,K%I) [l

2 2

= n/\(n/\) tr [(S+ M) 28] + %tr [(E+A1)7252]

= ; tr [(Z+A\)7IE).

When & (and thus i) has full rank, this last expression tends to "—: tr(I) = # when A
tends to zero (otherwise, it tends to %Qrank(q))). This such shows that

2
d
inf sup E.on(o,021) [Ro. (A(P0s +£))] — R* > e
A g.ecRrd n

This gives us a lower bound on performance, which exactly matches the upper bound
obtained by OLS. In the general non-least-squares case, such results are significantly
harder to show. See more general lower bounds in Chapter 15.

3.8 Random design analysis

In this section, we consider the regular random design setting, that is, both x and y
are considered random, and each pair (z;,y;) is assumed independent and identically
distributed from a probability distribution p on X x R. We aim to show that the bound
on the excess risk we have shown for the fixed design setting, namely o2d/n, is still valid.
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We will make the following assumptions regarding the joint distribution p, transposed
from the fixed design setting to the random design setting:

e There exists a vector , € R? such that the relationship between input and output

is for all 4,
yi = (i) 04 + e

e The noise distribution of ¢; € R is independent from z;, and E[e;] = 0 and with
variance E[e?] = 02 (and is the same for all 4, as observations are i.i.d.).

With the assumption above, E[y;|z;] = ¢(z;) 6., and thus, we perform empirical risk
minimization where our class of functions includes the Bayes predictor. This situation is
often referred to as the well-specified setting. The risk also has a simple expression:

Proposition 3.9 (Excess risk for random design least-squares regression) Un-
der the linear model above, for any 6 € R?, the excess risk is equal to:

R(0) = R* =16 — 0.3,

where ¥ := E[p(x)p(z) "] is the (non-centered) covariance matriz, and R* = o2.

Proof We have, for a pair (z9,yo) sampled from the same distribution as all (x;,y;),
i=1,...,n, with g9 the corresponding noise variable:

R(O) = H‘E[(yo—eT } (@(fﬂo) 0 +e0—0 90(550))]
= E[(¢(z0) 0. —eT o(20))?] +E[e§] = (0 — 0.)"2(0 — 0,) + o2

which leads to the desired result. ||
Note that the only difference with the fixed design setting is the replacement of ) by X.
We can now express the risk of the OLS estimator.

Proposition 3.10 Under the linear model above, assuming S is invertible, the expected
excess risk of the OLS estimator is equal to

%E[tr(ZfE’l)].

Proof Since the OLS estimator is equal to 6 = %i’ldﬁy = %i’lbe(fbﬂ* +¢e) =
0, + %f]*lqﬂa, we have:
ERO) % = E[(-57) 55 eT2)]
1o 1o T 1 .y a
= E[tr (2(=X 1<I>Ta)(ﬁE 'eTe) )] = —E[tr (22 'oTec oY)
1 o . 2
= SE[tr (Z270TElTI0S )] =E[ S tr
2 o~

- E[% tr(zzfl)}

(5S 10T o8 )]
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Thus, to compute the expected risk of the OLS estimator, we need to compute
E[tr(EE_l)]. One difficulty here is the potential non-invertibility of ¥. Under sim-

ple assumptions (e.g., ¢(z) has a density on R?), as soon as n > d, S is almost surely
invertible. However, its smallest eigenvalue can be very small. Additional assumptions
are then needed to control it (see, e.g., Mourtada, 2019, Section 3).

Exercise 3.8 Show that for the random design setting with the same assumptions as
Prop. 3.10, the expected risk of the ridge regression estimator is

E[R()) — R*] = A%E[&j(i FA)TIS(E + AI)—le*} + %E[tr S+ AI)—2§EH.

3.8.1 Gaussian designs

Suppose we assume that () is normally distributed with mean 0 and covariance matrix
Y. In that case, we can directly compute the desired expectation by first considering
z = %71/2p(z), which has a standard normal distribution (that is, with mean zero and
identity covariance matrix), with the corresponding normalized design matrix Z € R"*?,
and compute E[tr(Ei’l)] =nE[tr(Z72)7].

Note that E[Z T Z] = nl, and by convexity of the function M + tr(A ~') on the cone of
positive definite matrices, and using Jensen’s inequality, we see that E[tr(Z Tz )_1] > %
(here we have not used the Gaussian assumption). However, this bound is in the wrong
direction (this often happens with Jensen’s inequality).

It turns out that for Gaussians, the matrix (Z T Z)~! has a specific distribution, called
the inverse Wishart distribution®, with an expectation that can be computed exactly as
E[(Z72)7'] = —4—=I. Thus, we have: E[tr(Z72)7!] = —4— if n > d + 1, thus
leading to the expected excess risk of

d  oPd 1
n—d—1 n 1—(d+1)/n
See Breiman and Freedman (1983) for further details. Note here that for Gaussian designs,

the expected risk is precisely equal to the expression above and that later in this book,
we will only consider upper bounds. See also a further analysis in Section 12.2.3.

Overall, in the Gaussian case, we have an explicit non-asymptotic bound on the risk,
which is equivalent to o?d/n when n goes to infinity.

3.8.2 General designs (44)

This last more technical section highlights how the Gaussian assumption can be avoided.
The main idea is to show that with high probability, the lowest eigenvalue of £ ~1/25%~1/2

5See https://en.wikipedia.org/wiki/Inverse-Wishart_distribution.
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is larger than some 1 — ¢, for some ¢ € (0,1). Since the excess risk is "72 tr(Eifl), this

immediately shows that with high probability, the excess risk is less than o’d 1%
n t

To obtain such results, more refined concentration inequalities are needed, such as
described by Tropp (2012), Hsu et al. (2012), Oliveira (2013), and Lecué and Mendelson
(2016). See complementary results by Mourtada (2019).

Matrix concentration inequality. We will use the matrix Bernstein bound, adapted
from (Tropp, 2012, Theorem 1.4), already discussed in Section 1.2.6 and recalled here.

Proposition 3.11 (Matrix Bernstein bound) Given n independent symmetric ma-
trices M; € R such that for all i € {1,...,n}, E[M;] = 0, Anax(M;) < b almost
surely, for all t > 0, we have:

Jor 7% = M (5 0y BMZ)).

Application to re-scaled covariance matrices. We can now prove the following
proposition that will give the desired high-probability bound for the excess risk with one
extra assumption. Below, we will use the order between symmetric matrices, defined as
A= B & B< A< A— B positive semi-definite.

Proposition 3.12 Given ¥ = E[p(z)p(x) "] € R4, and i.i.d. observations p(z1),...,
o(zn) € R, assume that, for some p > 0,

E[¢(@) 2 p(@)p(@)e(@)T] < pd. (38)
For § € (0,1), if n > 5pdlog %, then with probability greater than 1 — 9,

o 1
yol2En T2 ik (3.9)

Before giving the proof, note that from the discussion earlier, the bound in Eq. (3.9) leads
to an excess risk less than #% = 4# for t = 3/4. Moreover, without surprise, the
bound is non-vacuous only for n > d (and, in fact, because of the constraint on n, more
than a constant times dlogd). The extra assumption in Eq. (3.8) can be interpreted
as follows. We consider the random vector z = Y ~Y2p(x) € R?, which is such that

E[zzT] = I and E[||z||%] = d. The assumption in Eq. (3.8) is then equivalent to
)\maX(E[HzHszTD < pd.
A sufficient condition is that almost surely |z]|3 < pd, that is, p(z) S 1p(z) < pd.

Moreover, for a Gaussian distribution with zero mean for z, one can check as an exercise
that p = (14 2/d). Similar results will be obtained for ridge regression in Chapter 7.
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Proof We consider the random symmetric matrix M; = I — zizi—'— , which is such that
E[M;] = 0, Amax(M;) < 1 almost surely, and E[M?] = E[| 2?22 — I with largest
eigenvalue less than pd. We thus have for any ¢ > 0, using Prop. 3.11:

P(Amax(l - %ZTZ) > t) <d-exp ( - pg%/f/g).

Thus, if ¢ is such that % > log %, then, with probability greater than 1 —4, we have

I — %1285 -1/2 L 41 that is, the desired result 2—1/28%-1/2 &= (1 — t)1.
For ¢t = 3/4, the condition becomes n > (32pd/9 + 8/3)log ¢, which is implied by
n = 5pd log% since we always p > 1. |

3.9 Principal component analysis (4)

Unsupervised dimension reduction is an effective way of reducing the number of features,
either for computational efficiency (by storing and manipulating smaller feature vectors)
or to avoid overfitting in a way complementary to ridge regularization. In this section,
we present principal component analysis (PCA), which corresponds to looking for a low-
dimensional subspace that contains approximately all feature vectors.

We consider n feature vectors p(z1),...,¢(x,) € R with the corresponding design
matrix ® € R"*4, PCA aims at finding a subspace of dimension k such that all feature
vectors are close to their orthogonal projections onto that subspace (see an illustration
below for d = 2 and k£ = 1, where the goal is to minimize the sum of squares of all dotted
segments).

In the formulation presented below, we consider a linear subspace (which contains 0),
but it is common in practice to look for the optimal affine subspace (that may not
contain 0), which can be done by first centering the data, that is, subtracting the mean
from all feature vectors.

Formulation as an eigenvalue problem. We can parameterize the subspace (non-
uniquely) by an orthonormal basis V' € R%** such that V'V = I. Then each feature
vector ¢(z;), i = 1,...,n, has projection VV "(x;), and thus the design matrix of all
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projected vectors is ®VV T, and the optimal V is found by minimizing:

[@—-2VVT|E = t[(@—@VV )T (@ —-dVV )]
= tr[®'P] +tr [VVIOTOVVT] —2tr [@ @VV ]
= tr[@’e] —tr [V oV].

Thus, minimizing ||® — ®VV T ||% is equivalent to maximizing tr [V '®T®V] with re-
spect to an orthonormal matrix V & RkaA. Given an eigenvalue decomposition of the
non-centered empirical covariance matrix ¥ = 1®7® = U Diag(A\)U ", with U € R4
orthogonal and A\ a vector with non-increasing components, an optimal V' is obtained by
taking the first k£ columns of U, that is, a basis of the principal subspace of dimension k.
Such a basis can be computed by various algorithms from numerical algebra (Golub and
Loan, 1996). See Exercise 3.9 for a simple alternative optimization algorithm.

Exercise 3.9 Given ® € R"*¢ we consider minimizing ||® — AD||% with respect to D €
R¥*4 gnd A € R™**. Show that the optimal solution is such that AD is the data matriz
after performing principal component analysis. Show that an alternating minimization
algorithm that iteratively minimizes |® — AD||% with respect to A and then D, converges
to the global optimum for almost all initializations D, and compute the corresponding
updates.

Exercise 3.10 (K-means clustering) Given ® € R"*¢ we consider minimizing ||® —
AD||% with respect to D € R¥*? and A € {0,1}"** such that each row of A sums to one.
Compute the updates of an alternative optimization algorithm that minimizes ||® — AD||%.

PCA and least-squares regression (44). While regularization is a common way
to avoid overfitting for least-squares (as shown in Section 3.6), performing PCA and
then (unregularized) ordinary least-squares provides an alternative with similar behavior.
That is, we now consider the feature vector ®V € R"** and minimize ||y — ®V /|3 with
respect to n € R¥, with solution n = (VT®T®V)~ 1V T® Ty, leading to the prediction
vector ®Vn =@V (VT TOV)" 1V TdTy c R,

If we assume the linear model y = ®6, + ¢ like in Section 3.6, we have:

1 9 o’k 1 TaT 1y TaHT 2
—E[|oVy - 30.]3] = — +=|ev(VTe aV)T 'V o 0, — 00,
n n n
o’k ra TR (U TS 15
= T8 4TS, 9ISV (VTSV) IS,
n
o’k

= +6](I—-VVHSUI -VvVe,,
n

using the fact that the columns of V' are eigenvector of 3. We can now use the upper-

bound
o2k
< o + (10413 A k41,
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where Apy1 is the (k+1)-th largest eigenvalue of 3, which is less than 1/(k-+1) times
tr[X] (the sum of all eigenvalues). Thus, the excess risk of OLS after PCA is less than

# + 11641222 which is similar to Eq. (3.6). A good value of k is then the closest

3
integer to [|0.]2 - tr[X]/n/o, leading to, up to constants, the same excess risk than for

ridge regression.

3.10 Conclusion

In this chapter, we have considered the simplest machine learning set-up, that is, square
loss and prediction functions linearly parameterized by a finite-dimensional parameter.
This simplest setup led to estimation algorithms based on numerical linear algebra (solv-
ing linear systems) and a statistical analysis based on simple probabilistic arguments
(mostly variance computations). In particular, we highlighted the importance of regular-
ization, which allows good predictive performance with high-dimensional features through
dimension-free bounds.

Going beyond the square loss will require iterative algorithms based on optimization
(presented in Chapter 5), and a more refined statistical analysis with deeper probabilistic
tools (presented in Chapter 4).
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Generalization bounds for
learning algorithms
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Chapter 4

Empirical risk minimization

Chapter summary

Convexification of the risk: for binary classification, optimal predictions can be
achieved with convex surrogates.

Risk decomposition: the risk can be decomposed into the sum of the approximation
and estimation errors.

Rademacher complexity: To study estimation errors and compute expected uniform
deviations of real-valued outputs, Rademacher complexities are a very flexible and
powerful tool that allows obtaining dimension-independent concentration inequal-
ities.

Relationship with asymptotic statistics: classical asymptotic results provide a finer
picture of the behavior of empirical risk minimization as they provide asymptotic
limits of performance as a well-defined constant times 1/n, but they may not, in
general, characterize small-sample effects.

As outlined in Chapter 2, given a joint distribution p on X x Y, and n independent

and identically distributed observations from p, our goal is to learn a function f : X — Y
with minimum risk R(f) = E[{(y, f(z))], or equivalently minimum expected excess risk:

R(f) =R =R(f)— inf  R(g).

g measurable

In this chapter, we will consider methods based on empirical risk minimization. Before
looking at the necessary probabilistic tools, we will first show how problems where the
output space is not a vector space, such as binary classification with Y = {—1, 1}, can be
reformulated as real-valued outputs, with so-called “convex surrogates” of loss functions.

69
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4.1 Convexification of the risk

In this section, for simplicity, we focus on binary classification where Y = {—1, 1} with
the 0-1 loss, but many of the concepts extend to the more general structured prediction
set-up (see Chapter 13).

As our goal is to estimate a binary-valued function, the first idea that comes into
mind is to minimize the empirical risk over a hypothesis space of binary-valued func-
tions f (or equivalently, the subsets of X by considering the set {z € X, f(z) = 1}).
However, this approach leads to a combinatorial problem that can be computationally
intractable. Moreover, how to control the capacity (i.e., how to regularize) for these
types of hypothesis spaces needs to be clarified. Learning a real-valued function instead
through the framework of convex surrogates simplifies and overcomes this problem as it
convexifies the problem. Classical penalty-based regularization techniques can then be
used for theoretical analysis (this chapter) and algorithms (Chapter 5).

This choice of treating classification problems through real-valued prediction functions
allows us to avoid introducing Vapnik-Chervonenkis dimensions (see Vapnik and Chervo-
nenkis, 2015) to obtain general convergence results for empirical risk minimization in this
chapter, where we will use the generic tool of Rademacher complexities in Section 4.5.

Instead of learning f : X — {—1,1}, we will thus learn a function g : X — R and
define f(z) = sign(g(z)) where

1 ifa>0
sign(a) =< 0 ifa=0
-1 ifa<0.
The convention sign(0) = 0 implies that the prediction can never be correct when

g(xz) = 0. Within our context, for maximally ambiguous observations, this corresponds
to choosing none of the two labels (other conventions consider taking +1 or —1 uniformly
at random).

The risk of the function f = sign o g, still denoted R(g) (A note the slight overloading
of notations R(g) = R(signo g)), is then equal to:

R(g) = ]P)(Sign(g(x)) 7£ y) = E[lsign(!](w))#y] = E[lyg(m)gO] = E[‘I)Ofl(yg(x))},

where ®o_1 : R = R, with ®g_1(u) = 1,0 is called the “margin-based” 0-1 loss function
or simply the 0-1 loss function.

/\ Note the slightly overloaded notation above where the 0-1 loss function is defined on R,
compared to the 0-1 loss function from Chapter 2, which is defined on {—1,1} x {—1,1}.

In practice, for empirical risk minimization, we then minimize with respect to the
function g : X — R the corresponding empirical risk £ > | ®9_1(y;g(z;)). The function
®g_1 is not continuous (and thus also non-convex) and leads to difficult optimization
problems.
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4 : = :
—01 1, <0
— hinge : max(1-u,0)
3 o > M
square : (1-u)
ol — logistic : log(1 +e™))|
1
0

-2 0 2 4
Figure 4.1: Classical convex surrogates for binary classification with the 0-1 loss.

4.1.1 Convex surrogates

A key concept in machine learning is the use of convex surrogates, where we replace ®¢_1
by another function ® with better numerical properties (all will be convex). See classic
examples below, plotted in Figure 4.1.

Instead of minimizing the classical risk R(g) or its empirical version, one then mini-
mizes the “®@-risk” (and its empirical version) defined as

Ra(9) = E[(yg(2))]-
In this context, the function g is sometimes called the score function.

The critical question we tackle in this section is: does it make sense to convexify the
problem? In other words, does it lead to good predictions for the 0-1 loss?

Classical examples. We first review the primary examples used in practice:

e Quadratic / square loss: ®(u) = (u — 1)2, leading to, since we have y? = 1,
®(yg(z)) = (y — g(x))? = (g9(z) — y)?. We get back least-squares, ignore that the
labels have to belong to {—1,1}, and take the sign of g(x) for the prediction. Note
the overpenalization for a large positive value of yg(x) that will not be present for
the other losses below (which are non-increasing).

e Logistic loss: ®(u) =log(1l + e ™), leading to
1

D(yg(z)) = log(1 + e ¥9*)) = —log (m

) = —log(a(yg(x))),

where: o(v) = H% is the sigmoid function. Note the link with maximum likeli-
hood estimation, where we define the model through

B(y = L|r) = o(g(z)) and B(y = —L|z) = o(—g(z)) = 1 — o(g(x)).

The risk is then the negative conditional log-likelihood E[—logp(y|z)]. It is also
often called the cross-entropy loss.! See more details about probabilistic methods
in Chapter 14.

1See https://en.wikipedia.org/wiki/Logistic_regression for details.
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e Hinge loss: ®(u) = max(1l—wu,0). With linear predictors, this leads to the support
vector machine, and yg(x) is often called the “margin” in this context. This loss
has a geometric interpretation (see Section 4.1.2 below).?

e Squared hinge loss: ®(u) = max(1 —u,0)2. This is a smooth counterpart to the
regular hinge loss.

e Exponential loss: ®(u) = exp(—u). This loss is often used within the boosting
framework presented in Section 10.3, in particular through the Adaboost algorithm
(Section 10.3.4).

This section analyzes precisely how replacing the 0-1 loss with convex surrogates
still leads to optimal predictions. This allows us to only focus on real-valued prediction
functions in the rest of this book. We will consider loss function £(y, f(z)) that will be the
square loss (y — f(z))? for regression, and any of the ones above for binary classification,
that is, ®(yf(z)). We will consider alternatives and extensions in Chapter 13.

4.1.2 Geometric interpretation of the support vector machine (¢)

Given its historical importance, this section provides a geometrical perspective on the
hinge loss to highlight why it leads to a learning architecture called the “support vector
machine” (SVM). We consider n observations (z;,y;) € R? x {—1,1}, fori=1,...,n.

Separable data (Vapnik and Chervonenkis, 1964). We first assume that the data
are separable by an affine hyperplane, that is, there exist w € R? and b € R such that for
alli € {1,...,n}, yi(w"x; +b) > 0. Among the infinitely many separating hyperplanes,
we aim to select the one for which the closest points from the dataset are the farthest.

) . ow'z+b=0

|w T z;+b]
lwll2

The distance from x; to the hyperplane {x € R, w'z + b = 0} is equal to
and thus, this minimal distance is

n vilw'zitd)
ic{1,..n} lwl|2

2See also https://en.wikipedia.org/wiki/Support_vector_machine for details.
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and we thus aim at maximizing this quantity. Because of the invariance by rescaling
(that is, we can multiply w and b by the same scalar constant without modifying the
affine separator), this problem is equivalent to minimizing ||w||2 with the constraint that
minge(1, .. .n} Yi (w'z; +b) > 1, and thus to the following problem:

. 1, _ .
el 2lelz such that Vi € { n}, yi(w z; +b) (4.1)

General data (Cortes and Vapnik, 1995). When a hyperplane may not separate
data, then we can introduce so-called “slack variables” & > 0, ¢ = 1,...,n, allowing
the constraint y;(w'z; +b) > 1 to be violated, by introducing the modified constraint
yi(w'z; +b) > 1 —¢& instead. The overall amount of slack is then minimized, leading to
the following problem (with C' > 0):

. T
L D 5|| Hﬁ-C;& such that Vi € {1,...,n}, yi(w z;+b) > 1—&, & >0

(4.2)
With A = %, the problem above is equivalent to

n

i 1 T A 5
min  — 1—yi(w 2+ b))y + 2 |wl|f2,
weR?, bER N ;( i v D+ 9 [[wl|2
which is exactly an fo-regularized empirical risk minimization with the hinge loss for the

prediction function f(z) = w'x + b.

Lagrange dual and “support vectors” (¢). The problem in Eq. (4.2) is a lin-
early constrained convex optimization problem and can be analyzed using Lagrangian
duality (see, e.g., Boyd and Vandenberghe, 2004). We consider non-negative Lagrange
multipliers a; and §;, ¢ € {1,...,n}, and the following Lagrangian:

n

L(w,b,§,a,8) = %HU’H%‘FCZ&_ZO‘Z(%(M z; +b) _1+§1 Zﬂzfz

i=1 i=1

Minimizing with respect to £ € R™ leads to the equality constraints that for all i €
{1,...,n}, a; + B; = C, while minimizing with respect to b leads to the constraint
Yo yia; = 0. Finally, minimizing with respect to w can be done in closed form as
w = Z?:l o;y;z;. Overall, this leads to the dual optimization problem:

n

=5 O h that S ys; = 0 and Vi € {1,. Ca,; €0,C).
max > o Zaajyy]x x; such tha Zya and Vi € {1,...,n}, o; € [0,C]

=1 i,j=1 =1
(4.3)
As we will show in Chapter 7 for all /5-regularized learning problems with linear predic-
tors, the optimization problem only depends on the dot-products a:l-Tzzrj, i, =1,...,n.

The optimal predictor can be written as a linear combination of input data points z;,
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i=1,...,n. Moreover, for optimal primal and dual variables, the “complementary slack-
ness” conditions for linear inequality constraints lead to «; (yi(w—raci +b)—1 —l—fi) =0and
(C — ;)& = 0. This implies that a; = 0 as soon as y;(w ' x; + b) < 1, and thus many of
the a;’s are equal to zero, and the optimal predictor is a linear combination of only some
of the data points x;’s which are then called “support vectors”. The sparsity of the «;’s
can be leveraged computationally (Platt, 1998), but statistically, given that the number
of support vectors is proportional to the number n of observations (Steinwart, 2003), this
sparsity alone cannot directly justify the potential superiority of the hinge loss over other
convex surrogates.

4.1.3 Conditional ®-risk and classification calibration ()

From margin bounds to convergence to optimal predictions. All of the convex
surrogates presented in Section 4.1.1 are upper-bounds on the 0-1 loss or can be made
so with rescaling. This simple fact allows us to get a variety of “margin bounds” where
the 0-1 risk is upper-bounded by the ®-risk. When the ®-risk is equal to zero, which
can only occur for problems with deterministic labels, this leads to a guarantee that the
resulting classifier is the optimal one. In non-deterministic settings, however, the ®-risk
will be strictly positive, and while the margin bound shows that the error is controlled,
it does not lead to guarantees to be close to the optimal predictions. In this section, we
study the tools dedicated to obtaining such guarantees.

If we denote n(z) = P(y = 1|z) € [0, 1], then we have, E[y|z] = 2n(x) — 1, and, as seen
in Chapter 2:

R(g) = E[®o-1(y9(2))] = E[E[Lsign(g(a))2y|]] = E[min(n(z), 1 —n(z))] = R,

and one best classifier is f*(z) = sign(2n(z)—1) = sign(E[y|z]). Note that there are many
potential other functions g(z) than 2n(x) — 1 so that f*(x) = sign(g(z)) is optimal. The
first (minor) reason is the arbitrary choice of prediction for n(x) = 1/2. The other reason
is that g(z) has to have the same sign as 2n(z) — 1, which leads to many possibilities
beyond 2n(x) — 1.

This section aims to ensure that the minimizers of the expected ®-risk lead to optimal
predictions.

Square loss. Before moving on to general functions ®, the square loss leads to simple
arguments. Indeed, as seen in Chapter 2, the function minimizing the expected ®-risk
is then g(z) = E(y|z) = 2n(z) — 1, and taking its sign leads to the optimal prediction.
Thus, using the square loss for binary classification leads to the optimal prediction in the
population case.

General losses. To study the impact of using the ®-risk, we first look at the conditional
risk for a given z (as for the 0-1 loss, the function g that will minimize the ®-risk can be
determined by looking at each x separately).
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Definition 4.1 (conditional ®-risk) Let g : X — R, we define the conditional ®-risk
as

E[®(yg(x))|z] = n(z)®(g9(x)) + (1 = n(z))P(—g(z)) which we denote Cy,)(g(x)),
with Cp(a) = n®(a) + (1 —n)P(—a).

The least we can expect from a convex surrogate is that in the population case, where
all z’s decouple, the optimal g(z) obtained by minimizing the conditional ®-risk exactly
leads to the same prediction as the Bayes predictor (at least when this prediction is
unique). In other words, since the prediction is sign(g(z)), we want that for any n € [0, 1]
(below R is the set of strictly positive numbers, with a similar notation for R* ):

(positive optimal prediction) n>1/2 & arg miﬁ Cp(a) CRY (4.4)
(¢S

(negative optimal prediction) n<1/2 & arg miﬁ Cy(a) CRZ. (4.5)
ae

A function ® that satisfies these two statements is said classification-calibrated, or simply
calibrated. Tt turns out that when ® is convex, a simple sufficient and necessary condition
is available:

Proposition 4.1 (Bartlett et al., 2006) let ® : R — R convex. The surrogate func-
tion ® is classification-calibrated if and only if ® is differentiable at 0 and ®'(0) < 0.

Proof Since @ is convex, so is C,, for any n € [0,1], and thus we simply consider left
and right derivatives at zero to obtain conditions about the location of minimizers, with
the two possibilities below (minimizer in R* if and only if the right derivative at zero is
strictly negative, and minimizer in R* if and only if the left derivative at zero is strictly
positive):

Cn(@) Cn(@)

L.
>

wgmin Cya) CRL & (G (0) = 1@, (0) — (1= )@ (0) <0 (40)
arg lglelﬂl% Cpla) CRE & (Cy)-(0) =n®" (0) — (1 —n)®' (0) >0. (4.7)

(a) Assume @ is calibrated. By letting 7 tend to 1+ in Eq. (4.6), this leads to
(C1/2)4+(0)" = 1]/ (0) — @ (0)] < 0. Since ® is convex, we always have the
inequality @’ (0) — ®’ (0) > 0. Thus, the left and right derivatives are equal, which
implies that @ is differentiable at 0. Then C} (0) = (27n—1)®'(0), and from Eq. (4.4)
and Eq. (4.6), we need to have ®’(0) < 0.

(b) Assume @ is differentiable at 0 and ®'(0) < 0, then C} (0) = (2n—1)®'(0); Eq. (4.4)
and Eq. (4.5) are then direct consequences of Eq. (4.6) and Eq. (4.7).
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Note that the proposition above excludes the convex surrogate u — (—u)+ = max{—u, 0},
which is not differentiable at zero, but that all examples from Section 4.1.1 are calibrated.

We now assume that ® is classification-calibrated and convex, that is, ® is convex, ®
differentiable at 0, and ®’(0) < 0.

4.1.4 Relationship between risk and ®-risk (¢4)

Now that we know that for any z € X, minimizing C,,(g(z)) with respect to g(x)
leads to the optimal prediction through sign(g(x)), we would like to make sure that an
explicit control of the excess ®-risk (which we aim to do with empirical risk minimization
using tools from later sections) leads to an explicit control of the original excess risk.
In other words, we are looking for an increasing function H : Ry — R, such that
R(g) —R* < H[Ra(g) — R%], where R}, is the minimum possible ®-risk. The function H
is often called the calibration function. This section shows that this calibration is the
identity for the hinge loss (support vector machine), while it can be the square root for
smooth convex surrogates such as the square and logistic losses.

As opposed to the least-squares regression case, where the loss function used
for testing is directly the one used within empirical risk minimization, there are

A two notions here: the testing error R(g), which is obtained after thresholding
at zero the function g, and the quantity Re(g), which is sometimes called the
testing loss.

We first start with a simple lemma expressing the excess risk, as well as an upper
bound (adapted from Theorem 2.2 from Devroye et al., 1996), that we will need for
comparison inequalities below:

Lemma 4.1 For any function g : X — R, and for a Bayes predictor g* : X — R, we
have:

Moreover, we have R(g) — R(g*) < E[|2n(z) — 1 — g(z)|].

Proof We express the excess risk as:
R(g) — R(g*) = E[E[Lsign(g(x))y — Lsign(e*)(x)2y|2]] by definition of the 0-1 loss.

For any given x € X, we can look at the two possible cases for the signs of n(z) —1/2 and
g(x) that lead to different predictions for g and ¢g*, namely (a) n(z) > 1/2 and g(z) < 0,
and (b) n(x) < 1/2 and g(z) > 0 (equality cases are irrelevant). For the first case the
expectation with respect to y is n(z) — (1 — n(z)) = 2n(z) — 1, while for the second case,
we get 1 —2n(z). By combining these two cases into the condition g(z)g*(z) < 0 and the
conditional expectation |2n(x) — 1|, we get the first result.

For the second result, we use the fact that if g(z)g*(z) < 0, then, by splitting the cases
in two (the first one being n(z) > 1/2 and g(z) < 0, the second one being n(z) < 1/2
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and g(z) > 0), we get |2n(z) — 1| < |2n(z) — 1 — g(z)|, and thus the second result. ]

Note that for any function b : R — R that preserves the sign (that is b(R*) C R* and
b(R™) C R ), we have R(g) — R(g") < E[|2n(z) — 1 — b(g(x))]].

We see that the excess risk is the expectation of a quantity [2n(z) — 1)[ - 14(z)g (2)<0s
which is equal to 0 if the classification through g(z) is the same as the Bayes predictor
and equal to |2n(z) — 1| otherwise. The excess conditional ®-risk is the quantity

n(2)®(g(x)) + (1 = n(2))2(—g(z)) — inf {n(2)®(a) + (1 = n(2))2(-a)},

which, as a function of g(z), is the deviation between a convex function (of g(x)) and its
minimum value. We simply need to relate it to the quantity |2n(z) — 1)| - 1g(2)¢+(2)<0
above for any x € X and take expectations.

Zhang (2004a) and Bartlett et al. (2006) propose a general framework. We will only
consider the hinge loss and smooth losses for simplicity (they already cover all cases from
Section 4.1.1).

e For the hinge loss ®(a) = (1 — a); = max{l — a, 0}, we can easily compute the
minimizer of the conditional ®-risk (which leads to the minimizer of the ®-risk).
Indeed, we need to minimize n(z)(1 —a)4 + (1 —n(z))(1 4+ a)4, which is a piecewise
affine function with kinks at —1 and 1, with a minimizer attained at o = 1 for
n(x) > 1/2 (see below), and symmetrically at « = —1 for n(z) < 1/2, with a
minimum conditional ®-risk equal to 2min{l — n(z),n(z)}. The two excess risks
are plotted below for the hinge loss and the 0-1 loss, for n(xz) > 1/2, showing
pictorially that the conditional excess ®-risk is greater than the excess risk.

Cyla) Cy(a) excess conditional risks
hinge loss A 01 1oss A

n >

i er— | \ >

- T T - T T ) - T

This leads to the calibration function H (o) = o for the hinge loss.

Note that when the Bayes risk is zero (but not in other cases), that is, n(z) € {0,1}
almost surely, then using the fact that the hinge loss is an upper-bound on the 0-1
loss is enough to show that the excess risk is less than the excess ®-risk (indeed,
the two optimal risks R* and R} are equal to zero).

e For the square loss ®(v) = (v — 1)?, we can use directly Lemma 4.1, to get, using
Jensen’s inequality

R(g)-R(g") < E[|2n(2)—1—-g(x)]] < (E[12n(x)-1—-g(x)]?])""* = (Ralg)-R3)""*,

which is exactly a calibration result which we extend below to smooth losses.

e We consider smooth losses of the form (up to additive and multiplicative constants)
®(v) = a(v) — v, where a(v) = 20? for the quadratic loss, a(v) = 2log(e?/2 +e~?/2)
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for the logistic loss. We assume that a is even, a(0) = 0, a is S-smooth (that is, as
defined in Chapter 5, a”(v) < B for all v € R). This implies® that for all v € R,
a(v) — av — infyer {a(w) — aw} > %m —a'(v)]?, leading to:

Re(g) — Ry = E[a(g(w)) = (2n(z) = 1)g() = inf {a(w) - (2n(z) = Duw}]
> 5 B E[12n(z) — 1 — a’(g(x))|”] by the property above,
> 55 (E]200) ~ 1= ge))]])? by Jensen's imeaqualiy
> @) - %)’

using Lemma 4.1, and the fact that a’ is sign-preserving (since a’(0) = 0). This
leads to the calibration function H (o) = /20 for the square loss and H (o) = 2,/0
for the logistic loss.

Exercise 4.1 () Show that if a* is the Fenchel conjugate of a, then for any function
g: X = R, we have a*(R(g) — R*) < Ra(g) — R.

Exercise 4.2 (¢4) We consider a convex function ® : R — R which is differentiable at
zero with ®'(0) < 0. Define G(z) = ®(0) — infacr { 2P (a) + 152 0(—a)}. Show that G
is conver, G(0) = 0, and G[R(g) — R*] < Ra(g) — R§ for any function g : X — R.
Compute G for the exponential loss.

We can make the following observations:

e For the (non-smooth) hinge loss, the calibration function is identity, so if the excess
®-risk goes to zero at a specific rate, the excess risk goes to zero at the same rate.
In contrast, for smooth losses, the upper bound only ensures a (worse) rate with
a square root. Therefore, when going from the excess ®-risk to the excess risk,
that is, after thresholding the function g at zero, the observed rates may be worse.
However, as shown in Chapter 5, smooth losses can be easier to optimize. There is,
thus, a trade-off between these two types of losses.

e Note that the noiseless case where n(x) € {0, 1} (zero Bayes risk) leads to a stronger
calibration function, as well as a series of intermediate “low-noise” conditions (see
Bartlett et al., 2006, for details, as well as the exercise below).

Exercise 4.3 (¢) Assume that |2n(x) — 1| > € almost surely, for some € € (0,1]. Show
that for any smooth convex classification calibrated function ® : R — R of the form
®(v) = a(v) — v above, then we have R(g) — R(g*) < rG) [Ra(g) — Ry] for any function
g: X —R.

3Using the Fenchel conjugate a* : R — R which is (1/8)-strongly convex (see Chapter 5), we have:
a(v) — av — infyer {a(w) — aw} = a(v) — av + a*(a) = a*(a) — a*(d/ (v)) — (o — @' (v))(a*)' (¢’ (v)) >
%m — a’(v)|?, where a* is the Fenchel conjugate of a (Boyd and Vandenberghe, 2004).
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Figure 4.2: Optimal score functions for Gaussian class-conditional densities in one di-
mension. Left: conditional densities, right: optimal score functions for the square loss
(¢9*(z) = 2n(z) — 1), the hinge loss (¢*(z) = sign(2n(z) — 1)) and the logistic loss
(97 (z) = atanh(2n(z) —1)).

Impact on approximation errors (#). For the same classification problem, several
convex surrogates can be used. While the Bayes classifier is always the same, that is,
f*(x) = sign(2n(z)—1), the minimizer of the testing ®-risk will be different. For example,
for the hinge loss, the minimizer g(z) is exactly sign(2n(z) — 1), while for losses of the
form like above ®(v) = a(v) —v, we have a’(g(x)) = 2n(x)—1, and thus for the square loss
g(x) = 2n(x) — 1, while for the logistic loss, one can check that g(x) = atanh(2n(x) — 1)
(hyperbolic arc tangent). See examples in Figure 4.2, with X = R and Gaussian class
conditional densities.

The choice of surrogates will have an impact since to attain the minimal ®-risk, differ-
ent assumptions are needed on the class of functions used for empirical risk minimization,
that is, sign(2n(z) — 1) has to be in the class of functions we use (for the hinge loss), or
2n(x) — 1 for the square loss, or atanh(2n(z) — 1) for the logistic loss.

Exercise 4.4 For the logistic loss, show that for data generated with class-conditional
densities of x|y = 1 and x|y = —1, which are Gaussians with the same covariance matriz,
the function g(x) minimizing the expected logistic loss is affine in x (this model is often
referred to as linear discriminant analysis). Provides an extension to the multi-class
setting.

Beyond calibration and loss consistency. The main property proved in this section
is R(g) —R* < H[TR¢ (9) — fRfD] for any prediction function g : X — R, for a function H
which tends to zero at zero. When the space of functions chosen for g is flexible enough
to reach the minimizer of R4, e.g., for kernel methods (Chapter 7) or neural networks
with sufficiently many neurons (Chapter 9), then g will reach the minimum risk R(g).
Such properties will also be available for structured prediction in Chapter 13.

However, it is common in practice, in particular in high dimensions, to use a restricted
class of models, in particular linear models, where reaching the minimum ®-risk is not
possible anymore. In such setups, a more refined notion of consistency can be defined



80 CHAPTER 4. EMPIRICAL RISK MINIMIZATION

and studied, see, e.g., Long and Servedio (2013).

4.2 Risk minimization decomposition

We consider a family F of prediction functions f : X — R. Empirical risk minimization
aims to compute

Feamsmin R0 = 13-t 2

with algorithms presented in Chapter 5. We consider loss functions that are defined for
real-valued outputs even for binary classification problems through the use of surrogates
presented in Section 4.1.1.

We can decompose the risk as follows into two terms:

R -® = {R(f)~ it RO+ { it RO -

= estimation error + approximation error.

A classic example is the situation where a subset of R? parameterizes the family
of functions, that is, F = {fs, 6 € O}, for © C R? This includes neural networks
(Chapter 9) and the simplest case of linear models of the form fp(z) = 67 ¢(z), for a
particular feature vector ¢(z) (such as in Chapter 3). We will use linear models with
Lipschitz-continuous loss functions as a motivating example, most often with constraints
or penalties on the £2-norm ||||2, but other norms can be considered as well (such as the
¢1-norm in Chapter 8).

We now turn separately to the approximation and estimation errors.

4.3 Approximation error

The approximation error infcs R(f) — R* is deterministic and depends on the under-
lying distribution, and the class F of functions: the larger the class, the smaller the
approximation error.

Bounding the approximation error requires assumptions on the Bayes predictor (some-
times also called the “target function”) f*, and hence on the testing distribution.

In this section, we will focus on F = {fg, 0§ € O}, for © C R? (we will consider infinite-
dimensions in Chapter 7), and convex Lipschitz-continuous losses, assuming that 6, is
the minimizer of R(fy) over § € R? which is assumed to exist (typically, f, does not
belong to ©). This implies that the approximation error decomposes into

inf R(fe) - R* = (elg(f_)ﬁ(fe) - eleandR(fe)) + (eleandR(fe) -R )

e The second term infycra R(fo) —R* is the incompressible approximation error com-
ing from the chosen set of models fg. For flexible models such as kernel methods
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(Chapter 7) or neural networks (Chapter 9), this incompressible error can be made
as small as desired.

e The function § — R(fp) — infycra R(fp) is a positive function on R, which can be
typically upper bounded by a specific norm (or its square) Q(6 — 6,), and we can
see the first term above ein(g R(fo) — 9inﬂ£d R(fo) as a “distance” between 6, and ©.

€ €

For example, if the loss which is considered is G-Lipschitz-continuous with respect
to the second variable (which is possible for regression or when using a convex
surrogate for binary classification as presented in Section 4.1), we have,

R(fo) = R(for) = E[l(y, fo(x)) — Uy, for(x))] < GE[|fo(x) — for ()],

and thus, this second part of the approximation error is upper bounded by G times
the distance between fy, and F = {fy, 6 € O}, for a particular pseudo-distance

d(0,0") = E[|fo(x) — for(2)]].
A classical example will be fg(z) = 0T ¢(z), and © = {# € R?, ||0||2 < D}, leading
to the upper bound?*

it R(fo)=jnf R(fo) < G inf | E[lo(@)la]10=0.l12 < GE[le(@)] 6. |:=D)s-

which is equal to zero if ||0.]|2 < D (well-specified model).

Exercise 4.5 Show that for © = {6 € R, ||0||; < D} (¢1-norm instead of the
ly-norm), we have

inf R(fo) = inf R(fo) < GE[lle(@)lloc] (10l — D)+

Generalize to all norms.

4.4 Estimation error

We will consider general techniques and apply them as illustrations to linear models with
bounded #s-norm by D and G-Lipschitz-losses. See further applications in Chapter 7 and
Chapter 9.

The estimation error is often decomposed using gg € arg mlnqeg R(g) the minimizer
of the expected risk for our class of models and f € arg minfeg fR( f) the minimizer of

“The identity infg,<p 10 — Oxll2 = ([|0«]l2 — D)+ can be shown by looking for the optimal ¢
proportional to 6. and optimizing with respect to the proportionality constant.
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the empirical risk:

R(f)—inf R(f) = R(f)=R(g7)

fegx
(RN =R} + {R())=R(g5)} + {R(95)—R(gs)}
sup {R(N =R} + {R(H=Rlga)} + sup {R(F) = R(D)

sup {fR(f)—ﬂAQ(f)}—i-O—i—sup {IJAQ(f)—fR(f)} by definition of f. (4.8)
fexF feF

N

N

This is often further upper-bounded by 2 sup ;. ‘JA%( f)=R(f)|- We can make the following
observations:

e The key tool to remove the statistical dependence between R and f is to take a
uniform bound.

e When f is not the global minimizer of R but satisfies IJAQ(f) <infrey UAQ(f) + ¢, then
the optimization error e has to be added to the bound above (see more details in
Chapter 5).

e The uniform deviation grows with the “size” of &, is a random quantity (because
of its dependence on data), and usually decays with n. See the examples below.

o A key issue is that we need a uniform control for all f € F: with a single f, we could
apply any concentration inequality to the random variable £(y, f(x)) to obtain a
bound in O(1/+/n); however, when controlling the maximal deviations over many
functions f, there is always a small chance that one of these deviations get large.
We thus need explicit control of this phenomenon, which we now tackle by first
showing that we can focus on the expectation alone.

Since the estimation error is a random quantity, we need to bound it using probabilistic
tools. This can be done either in high probability or in expectation. In the next section,
we show how concentration inequalities allow us to focus on control in expectation.

4.4.1 Application of McDiarmid’s inequality

Let H(z1,...,2n) = supseq {R(f) — IJAQ(f)}, where the random variables z; = (z;,y;)
are independent and identically distributed, and flAQ(f) = L5 Uy, f(20)). We let £o

—n
denote the maximal absolute value of the loss functions for all (x,y) in the support of the
data generating distribution and f € F (for most loss functions, this is a consequence of

having bounded prediction functions).

For a single function f € F, we can control the deviation between IJAQ( f), which is an
empirical average of bounded independent random variables, and its expectation R(f)
through Hoeffding’s inequality, presented in detail and proved in Section 1.2.1: for any
d € (0,1), with probability greater than 1 —§,

~ looV/2 1
R(f) = R(f) < W\/log 5
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Such a control can be extended beyond a single function f. When changing a single
z; € X x Yinto 2, € X x Y, the deviation in H is almost surely at most %EOO.E’ Thus,
applying McDiarmid’s inequality (see Section 1.2.2 in Chapter 1), with probability greater
than 1 — ¢, we have:

EOO\/E lo 1
vn &5
We thus only need to bound the expectation of sup s {R(f) — ﬁ(f)} and of the similar

quantity sup jc s {TJAQ( f) = R(f)} (which will typically have the same bound), and add on

zo\o/%ﬁ /log 2, to ensure a high-probability bound.®

We now provide a series of bounds to bound these expectations, from simple to more
refined, culminating in Rademacher complexities in Section 4.5.

H(z1,...,2n) —E[H(21,...,2,)] <

top of it

4.4.2 Easy case I: quadratic functions

We will show what happens with a quadratic loss function and an £s-ball constraint. We
remember that in this case £(y, 0 ¢(x)) = (y — 0 ¢(x))?. From that, we get

R -R(F) = 67 (=D plaela) ~Elp(r)e) )6
=1 n n
—20" (% Z yip(xi) — E[W(I)]) + (l > i - E[yﬂ)-

n -
=1

Hence, the supremum can be upper-bounded in closed form as

op

FUNCOR R(f)| < D2H% S ela)p(@) " —Elp@)e(z)T]
2< i=1

)

1 & 1 &
+2DHEZ%@(%) —E[W(I)]H2 + ‘52%2 —E[y?]
=1 =1

where || M ||op is the operator norm of the matrix M defined as || M||op = supy,,=1 [[Mull2
(for which we have [u" Mu| < || M||op||u||3 for any vector u).

Thus, to get a uniform bound, we simply need to upper-bound the three non-uniform
expectations of deviations, and therefore of order O(1/4/n), and we get an overall uniform
deviation bound. This case gives the impression that it should be possible to get such a
rate in O(1/4/n) for other types of losses than the quadratic loss. However, closed-form
calculations are impossible, so we must introduce new tools.

5For a fixed function f € 7, only one term in the average is changed, with absolute value less than
foo, thus a deviation of at most %&X,. This can be extended to the supremum by a simple computation
left as an exercise.

6When combining two bounds in probability, the union bound leads to the term 2/§ instead of 1/6,
see Section 1.2.1.
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Exercise 4.6 (¢) Provide an explicit bound on sup|g),<p |R(f) —R(f)| above, and com-
pare it to using Rademacher complexities in Section 4.5. The concentration of averages
of matrices from Section 1.2.6 can be used.

Note that from now on, in the sections below, unless otherwise stated, we do
not require the loss to be convex.

4.4.3 Easy case II: Finite number of models

We assume in this section that the loss functions are bounded between 0 and /., using
the upper-bound 2sup ¢ 5 }fR fR(f)’ on the estimation error, and the union bound:

P(R() ~ inf R(f) >t) < P(2sup|R() = R(| > 1) < Y P2ARG) - R()| >1)

feF fegF fer

We have, for f € F fixed, JAQ(f) = LS l(yi, f(zi)), and we can apply Hoeffding’s
inequality from Section 1.2.1 to bound each P(2‘§\Q(f) - fR(f)’ > t), leading to

P(R() — mE R() > ) < Y 2exp(—2n(t/2)2/6%) = 2T exp(—nt?/(262.)).

fesx fer

Thus, by setting § = 2|F| exp(—nt?/2¢% ), and finding the corresponding ¢, with proba-
bility greater than 1 — d, we get (using v/a + b < v/a + V/b):

2|sr

/log 2 \(F \/g

Exercise 4.7 (¢) In terms of expectation, show that (using the proof of the max of
random variables from Section 1.2.4 in Chapter 2, which applies because bounded random
variables are sub-Gaussian):

R(f) = inf R(f) < t=

fesx

og(2|F]) +10g5

2log(2|9])

n

E[R(f) — inf R(f)] < 2E[sup R(f) —R(f)” <o

fesF fesF

Thus, according to the bound, learning is possible when the logarithm log(|F]) of the
number of models is small compared to n. This is the first generic control of uniform
deviations.

/\ Note that this is only an upper bound, and learning is possible with infinitely many
models (the most classical scenario). See below.
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4.4.4 Beyond finitely many models through covering numbers (¢)

The simple idea behind covering numbers is to deal with function spaces with infinitely
many elements by approximating them through a finite number of elements. This is often
referred to as an “c-net argument.”

For simplicity, we assume that the loss functions are regular, for example, that they
are G-Lipschitz-continuous with respect to their second argument.

Covering numbers. We assume there exists m = m(e) elements fi,..., f;, such that
forany f € &, 3i € {1,...,m} such that d(f, f;) < e. The minimal possible number m(c)
is the covering number of F at precision €. See an example below in two dimensions of a
covering with Euclidean balls.

The covering number m(e) is a non-increasing function of e. Typically, m(e) grows
with € as a power e~¢ when ¢ — 0, where d is the underlying dimension. Indeed, for
the ¢o-metric, if (in a certain parameterization) ¥ is included in a ball of radius ¢ in the
{o-ball of dimension d, it can be easily covered by (c/¢)? cubes of length 2¢. See below.

Given that all norms are equivalent in dimension d, we get the same dependence in
e~% of m(e) for all bounded subsets of a finite-dimensional vector space, and thus log m(¢)
grows as dlog% when ¢ tends to zero.

For some sets (e.g., all Lipschitz-continuous functions in d dimensions) log m(e) grows
faster, for example as ¢ ~¢. See, e.g., Wainwright (2019).
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e-net argument. Given a cover of F, for all f € F, and with (fi)icf1,....m(c)} the
associated cover elements,

IR(f) = R(f)| |R(f) = R(f)| + |R(fi) = R(F)| + [R(f:) — R(f)]

<
< 2Ge+  sup [R(f:) = R(f)].
()}

This implies that using bounds on the expectation of the maximum (Section 1.2.4), which
apply because bounded random variables are sub-Gaussian (with the sub-Gaussianity
parameter proportional to the almost sure bound):

2log(2m(e))) .

{sup’ﬂ% fR(f)HgQGEHE{ sup ]ﬁ(fi)—ﬂz(fi)”§2Ga+2€oo —

fex i€{l,....m(e)}

Therefore, if m(g) ~ €9, ignoring constants, we need to balance € + \/dlog(1/e)/n,
which leads to, with a choice of ¢ proportional to 1/y/n, to a rate proportional to
(d/n)log(n), which shows that the dependence in n is also close to 1/4/n. Unfortu-
nately, unless refined computations of covering numbers or more advanced tools (such as
“chaining”) are used, this often leads to a non-optimal dependence on dimension and/or
number of observations (see, e.g., Wainwright, 2019, for examples of these refinements).

One powerful tool that allows sharp bounds at a reasonable cost is Rademacher com-
plexities (Boucheron et al., 2005) or Gaussian complexities (Bartlett and Mendelson,
2002). In this chapter, we will focus on Rademacher complexity.

4.5 Rademacher complexity

We consider n independent and identically distributed random variables z1, ..., 2z, € Z,
and a class H of functions from Z to R. In our context, the space of functions is related
to the learning problem as: z = (z,y), and H = {(z,y) — L(y, f(z)), f € F}.

Our goal in this section is to provide an upper-bound on sup ¢c {fR(f) — j\%(f)}, which

happens to be equal to
1 n
sup {Ehz - — hzi},
sup {0 - 7 Do)

where E[h(z)] denotes the expectation with respect to a variable having the same distri-
bution as all z;’s.

We denote by D = {z1,...,2,} the data. We define the Rademacher complexity of
the class of functions H from Z to R:

Ry (H) = E. 'D(Slelg)c - Z‘Sl (2 ) (4.9)
where ¢ € R™ is a vector of independent Rademacher random variable (that is, taking val-
ues —1 or 1 with equal probabilities), which is also independent of D. It is a deterministic
quantity that only depends on n and .
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In words, the Rademacher complexity is equal to the expectation of the maximal
dot-product between values of a function h at the observations z; and random labels.
It measures the “capacity” of the set of functions H. We will see later that it can
be computed (or simply upper-bounded) in many interesting cases, leading to powerful
bounds. The term “Rademacher average” is also commonly used.

/\ Be careful with the two notations R,, (#) (Rademacher complexity) and R(f) (risk of
the prediction function f), not to be confused with the feature norm R often used with
linear models.

Exercise 4.8 Show the following properties of Rademacher complexities (see Bartlett
and Mendelson, 2002, for more details):

(a) If 3 C I, then Ry (H) < Ru(30).

(b)) Rp(H + H') = Ru(H) + R (H).

(c) If a € R, Ry (aX) = |a|R,,(H).

(d) If ho: 2 — R, Ru(H + {ho}) = Ry (H).
(e) Rp(H) = Ry (convex hull(H)).

Exercise 4.9 (Massart’s lemma) If H = {hy,..., hn}, and almost surely we have the
bound L 3" hj(z;)? < R* for all j € {1,...,m}, then the Rademacher complexity of

the class of functions H satisfies Ry, (H) < 4/ %%R.

4.5.1 Symmetrization

First, we relate the Rademacher complexity to the uniform deviation through a gen-
eral “symmetrization” property, which shows that the Rademacher complexity directly
controls the expected uniform deviation.

Proposition 4.2 (symmetrization) Given the Rademacher complezity of H defined in
Eq. (4.9), we have:

{sup < Zh ) ])} < 2R, (H) , ]E{sup <]E[h(z)]—%zn: h(zi)ﬂ < 2R, (H).

heXH hedt =

Proof (#) Let D' = {z],..., 2]} be an independent copy of the data D = {z1,...,2}.
Let (€i);eq1,..,ny e 1i.d. Rademacher random variables, which are also independent of
D and D’. Using that for all ¢ in {1,...,n}, E[h(z])|D] = E[h(z)], we have:

E[ sup (E[h(z)] - % ih(zi))] - E[ sup (% iE[h(z§)|®] - %ih(zi)ﬂ

heXH

Il
&=
| — |
> w
o
ho]
7N
S|
)=
=
=
—~
N
N

|

>
—~
R
Bl
=)
"
—_
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by definition of the independent copy D’. Then

B[ g (B - 3 32 00) | <[ g (3 32 e - nee] ) )|

using that the supremum of the expectation is less than the expectation of the supremum.
Thus, by the towering law of expectation, we get

1< 1<
E sup(Ehz - — hzi>}§E{sup<— hzé—hzi )]
o (B0 om0 )| <8 s (537 e o)
We can now use the symmetry of the laws of ¢; and h(z]) — h(z;), to get:

E| sup <E[h(z)] - % ; h(zl-)ﬂ

LheXH

VAN
=
)
o
ho]
7N
S|
=
O
=
>
—~
@N\
N~—
|
>
—~
R
N~—
S—
~_
—_

N
=
w0
j==i
e}
7 N\
S|
i\
—~
>
—~
N
S~—
S~—
N—
—
+
&
—
w0
=i
T
7~ N\
SER
(]
o
—~
I
X
N
~—"
S~—
N—
—

Lhed \ M = her \ 1 =
1 n
= 2E| sup <— gih(z; ﬂ = 2R, (H
s ek (%)

The reasoning is essentially identical for E [sup;, e (% Sy h(zi) — E[h(2)])] < 2Rn(H).
|

The lemma above only bounds the expectation of the deviation between the empirical
average and the expectation by the Rademacher average. Together with concentration
inequalities from Section 1.2, we can obtain high-probability bounds, as done in Sec-
tion 4.4.1 with McDiarmid’s inequality.

Exercise 4.10 () The Gaussian complezity of a class of functions H from Z to R is de-
fined as Gn(H) = Ec,p (suppege + Y1, €5h(2:)), where e € R™ is a vector of independent
Gaussian wm’ables with mean zero and variance one. Show that (a) Ry (H) < /5 -Gn(H)

and (b) G (H) < v/2log(2n) - Ry (

Empirical Rademacher complexities (¢#). The Rademacher complexity R, (H) de-
fined in Eq. (4.9) is a deterministic quantity that depends on the distribution of inputs.
When using bound in high-probability through MacDiarmid’s inequality in Section 4.4.1,
we obtained that if |h(2)| < £ for all h € H, then with probability greater than 1 — 4,
for all h € H,

lzn: h(z:) + 2R ( )+2%° log(1/3).

3
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While we provide below estimates based on simple information on the input distribution,
an empirical version can be defined that does not take the expectation with respect to
the data, that is,

R H (sup eih(z ) 4.10
(9) = E=(sup - Z (4.10)
which is now a random quantity that is computable from the training data and the class

of functions. We can also use MacDiarmid’s inequality to bound the difference between
R, (H) and R, (H), obtain a similar high-probability bound as above, that is,

LS h) + 2,00 + 122 loa2]5).

which is now computable.

4.5.2 Lipschitz-continuous losses

A particularly appealing property in our context is the following property, sometimes
called the “contraction principle,” using a simple proof from Meir and Zhang (2003,
Lemma 5); see also Ledoux and Talagrand (1991, Section 4.5). See Prop. 4.4 below for
a similar result for the Rademacher complexity defined with absolute values (and then
with an extra factor of 2).

Proposition 4.3 (Contraction principle - Lipschitz-continuous functions)
Given any functions b, a; : © — R (no assumption) and ¢; : R — R any 1-Lipschitz-
functions, for ¢ = 1,...,n, we have, for ¢ € R™ a vector of independent Rademacher
random variables:

E. [sup {b(e) + Z: si%(ai(e))” <E. [sup {b(e) + Z: siai(ﬁ)}] .

0€O 0€O©

Proof (¢) We consider a proof by induction on n. The case n = 0 is trivial, and we show
n+1

how to go from n > 0 to n+1. We thus consider E., | ..., [sup {b(ﬁ)—i—z aigoi(ai(H))}]

i=1

and compute the expectation with respect to ¢,41 explicitly, by considering the two
potential values with probability 1/2:

n+1

E€17...,8n+1 |:Sup { + Z 51901 az }:|
= ;K [Sup{ +ZEZ¢1 az + Sﬁn+1(an+1(9))}]

+§E€1,...,an {ggg {b(9)+§6m(ai(9)) - <pn+1(an+1(9))}} ;
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which is equal to

!
E[ aup LA
0,0'cO 2

N g . @i(ai(ﬁ))‘;%(ai(ﬁl)) 4 P (ant1(9)) —2<Pn+1 (an+1(8")) }] 7

by assembling the terms. By taking the supremum over (6,6") and (¢',6), we get

b(0)+b(6")
Esl ..... En {9295@{#
= i(ai(0))+i(a; (0 41 (An11(0)) —@nti1(any1 (¢
+Zlai90( ())290( ( ))+\90+( +())2<P+( +1( ))}]

< ]E51w~~75n|: sup
0,0'cO

b(0) +b(0') | x~_ i(ai(8) + pi(ai(@")) |, |an+1(8) = ant1 ()]
{ 5 Z} © 2 * 2 } ’
using Lipschitz-continuity. We can redo the same sequence of equalities with ¢, 1 being
the identity to obtain that the last expression above is equal to

Beve B | 0 {00) 2 @)+ i)}

< Eeenienia [sup {b(@) +ent1an4+1(0) + Z aiai(ﬁ)}} by the induction hypothesis,
00 P

which leads to the desired result. [ |

We can apply the contraction principle above to supervised learning situations where
u; — £(yi,u;) is G-Lipschitz-continuous for all ¢ almost surely (which is possible for
regression or when using a convex surrogate for binary classification as presented in
Section 4.1), leading to, by the contraction principle (applied conditioned on the data D
tob=0,0 ={(f(z1),...,f(zn)), f€F} CR™and a;(0) = 0;, vi(u;) = (y;,u;)):

n n

1 1
Es[?ggﬁgsiﬁ(yuﬂxi)) ‘ 9} < G-Es{?ggﬁgaiﬂxi) ‘ 9},
which leads to
Rn(H) < G-R,(F). (4.11)

Thus, the Rademacher complexity of the class of prediction functions controls the uniform
deviations of the empirical risk. We consider simple examples below but give before
without proof a contraction result that we will need in Section 9.2.3 (See proof by Ledoux
and Talagrand, 1991, Theorem 4.12).
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Proposition 4.4 (Contraction principle - absolute values) Given any functions
a; : © = R (no assumption) and ¢; : R = R any 1-Lipschitz-functions such that ¢;(0) =
0, fori = 1,...,n, we have, for e € R™ a vector of independent Rademacher random

variables: . .
E. [sup ‘ Z&%(Gi(@))‘ } < 2E, [sup ‘ Zsiai(H)‘ } )
6cO i—1 i=

4.5.3 Ball-constrained linear predictions

We now assume that F = {fg(x) = 0" p(z), Q(0) < D} where Q is a norm on R%. We
denote the design matrix by ® € R"*¢, We have (with expectations both with respect
to € and the data):

R,.(F) = { sup { Zsze () }]: { sup lgﬂbe}

Qe)<p M Q)<p N

- %E[Q*(@Ts)},

where " (u) = supgp)<1 u' 6 is the dual norm of Q. For example, when 2 is the £,-norm,
with p € [1, 00], then Q* is the £;,-norm, where ¢ is such that 1—17—1-% =Leg, | 3=1"l2
<15 =1"1lleo, and || - ||l = || - |- For more details, see Boyd and Vandenberghe (2004).

Thus, computing Rademacher complexities is equivalent to computing expectations
of norms. When Q = || - ||2, we get:

D D
R.(F) = —IE [J|@"ell2] < — E[||®T¢||3] by Jensen’s inequality,

- —\/E tr[@TeeT @] \/IE tr[®T ®]] using that E[eeT] = 1,

Z ()3 = \/— Ellp(@)I3.  (4.12)

We thus obtain a dimension-independent Rademacher complexity that we can use in the
summary in Section 4.5.4 below.

Exercise 4.11 (¢1-norm) Assume that almost surely ||p(2)]lcc < R. Show that the
Rademacher complezity R, (F) for T = {fo(x) = 0T p(z), Q) < D} with Q= |- |1 is

upper-bounded by RD 21%(2‘1)'

Exercise 4.12 (¢) Let p > 1, and q such that 1/p+ 1/q = 1. Assume that almost
surely ||o(z)|lq < R. Show that the Rademacher complezity R, (F) for F = {fo(x) =

0T p(z), QO) < D}, with Q = || - ||,, is upper-bounded by \/—\/1— (hint: use Exer-

cise 1.19). Recover the result of Ezercise 4.11 by takingp =1+ log(2d)
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4.5.4 Putting things together (linear predictions)

We now consider a linear model based on some feature map ¢ : X — R? and apply the
Rademacher results from the previous section to obtain a bound on the estimation error.
We then look at the approximation error.

Estimation error. With all the elements above, we can now propose the following
general result (where no convexity of the loss function is assumed) for the estimation
error. Note that there is no explicit dependence on the underlying dimension d, which
will be important in Chapter 7 where we consider infinite-dimensional feature spaces.

Proposition 4.5 (Estimation error) Assume a G-Lipschitz-continuous loss function,
linear prediction functions with F = {fo(z) = 0T p(x), ||0]|2 < D}, where E|¢(z)|% < R2.
Let f = f; € T be the minimizer of the empirical risk, then:

. 4GRD
E[R(f)] < IIGﬁgiDR(fe) + 7

Proof Using Prop. 4.2 to relate the uniform deviation to the Rademacher average,
Eq. (4.11) to take care of the Lipschitz-continuous loss, and Eq. (4.12) to account for
the fa-norm constraint, we get the desired result. Note that the factor of 4 comes from
symmetrization (Prop. 4.2, which leads to a factor of 2), and Eq. (4.8) in Section 4.4
(which leads to another one). |

Approximation error. If we assume that there exists a minimizer 6, of R(fy) over R?,
the approximation error (of using a ball of # rather than the whole R?) is upper-bounded
by, following derivations from Section 4.3 (using Cauchy-Schwarz and Jensen’s inequali-
ties):

inf R(fp) =R < G inf E[fo(x) - fo.(z
il Rfo) = R(fo.) o, [[fo(x) — fo. (x)]
= G inf E )70 -0,
ot p Elle(@) (0 = 0.)1]
S inf |6 — 0.2 <GR inf [60—0,|-.
o, 16 = O l2E (@) 2] oin 116 = 6.l

This leads to

AGRD AGRD

E[R(f5)] — R(fo.) <GR _inf |10 — 0. ]2+ GR(||0:]2 — D)+ + 7

6]]2<D Vn

We see that for D = ||0.|2, we obtain the bound

to know [|0,||2 which is not possible in practice. If D is too large, the estimation error
increases (overfitting). At the same time, if D is too small, the approximation error
can quickly kick in (with a value that does not go to zero when n tends to infinity),

%, but this setting requires
n
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leading to underfitting. Note that on top of this approximation error, we need to add the
incompressible one due to the choice of a linear model.

Exercise 4.13 We consider a learning problem with 1-Lipschitz-continuous loss (with
respect to the second variable), with a function class fo(x) = 0" p(x), with ||0||, < D, and
0 : X — R? with ||¢(z)|l« almost surely less than R. Given the expected risk R(fy) and

the empirical risk R(fo). Show that E[R(f;)] < infjg),<p R(fs) + 4RD+/2log(2d)/n.

4.5.5 From constrained to regularized estimation (¢)

In practice, it is preferable to penalize by the norm () instead of constraining. While
the respective sets of solutions when letting the respective constraint and regularization
parameters vary are the same, the main reason is that the hyperparameter is easier to
find, and the optimization is typically easier. For simplicity, we only consider the 2-norm
in this section.

‘We now denote éA the minimizer of

. A
R(fa) + 511013 (4.13)

A s ~ A A ~
If the loss is always positive, then §H9AH§ < R(fg) + §||9>\||§ < R(fo), leading to a

bound ||6y]|2 = O(1/v/A). Thus, with D = O(1/4/X) in the bound above, this leads to a
deviation of O(1/v/An), which is not optimal.

We now give an interesting stronger result using the strong convexity of the squared

ly-norm (with now a convex loss), adapted from Sridharan et al. (2009); Bartlett et al.
(2005).
Proposition 4.6 (Fast rates for regularized objectives) Assume the loss function
is G-Lipschitz-continuous and convex, with linear prediction functions defined by fo(x) =
07 o(x), for 0 € R, where ||o(x)||2 < R almost surely. Let Oy € R? be the minimizer of
the regqularized empirical risk in Eq. (4.13), then:

32G2R?
n

E[R(f;,)] < jnf, {R(fo) + 1018} +

Proof (¢) Let Ra(fs) = R(fo) + 50/|3, with minimum value R} attained at 65. We
consider the convex set €. = {0 € RY, R\(fy) — R} < e} for an € > 0 to be chosen later.
If 6, ¢ C., then, by convexity, there has to be an 7 in the segment [Gf\,éA] such that
R)\(fn) — fRK = fR)\(fn) — R)\(fgi) =¢, and fR)\(fn) < fR)\(fgj\).7 This implies that

Ra(fn) = Ra(fn) + Ra(fog) = Ra(fog) = Ra(fy) = Ra(fo;) +Ra(for) — Ra(fy) = e (4.14)

"This can be shown by taking n at the intersection of the segment [0;,6}} and the set 9C: (the
boundary of C¢).
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By strong convexity, we have, R\(fg) — R} > 3|6 — 03]3 for all 6, and thus C. is
included in the fo-ball of center 8} and radius y/2e/A. Thus, from Eq. (4.14), we get
SUD| <1, <\ /327 {TR,\(fn) — Ra(for) = [Ra(fy) — R,\(f‘g;)]} > e. Using Section 4.5.3,

we have

E[ sup {TRA(fn) — Ra(foz) — [Ra(fy) — Ra(for)] H
lln—65%l2<+/2¢/X

1« .
< 2E[ sup {E Zai[f(yi,cp(xi)—rn) - E(yi,cp(xi)—rﬁ/\)]}} < 2GRy/2e/ )\
lIn—051l2<y/22/A i=1
Moreover, by McDiarmid’s inequality,
~ ~ GR\/2£/

P(Ra(fy) = Ra(f) + Ra(fog) = Ra(fog) > 2GRV 2/ A+ 42 ) < et
Thus, if £ > 2GRN/25/ 1+ Z5), that is, if € > > 8G (2 1 ¢2), we have the high proba-
bility bound ]P’(IRA(fOA) R > 5) < et’. This 1eads to, by integration, the final bound
E[R)\(fé/\)—jzﬂ < 32C)\;2R2. -

n

Note that we obtain a “fast rate” in O(R?/(An)), which has a better dependence in n
but depends on A, which can be very small in practice. One classical choice of A that we
have seen in Chapter 3 also applies here, as \ %, leading to the slow rate

E[R(f5,)] < R(fo.) + 0(%”9@2).

This result is similar to the one obtained in Chapter 3 for ridge (least-squares) regression,
but now for all Lipschitz-continuous losses. Note that the amount of regularization to
get the result above still depends on the unknown quantity ||0.||2. Below, we consider
the general case of penalization by a norm, where we will obtain similar results but with
a hyperparameter that does not depend on the unknown norm of ||6,||2.

Exercise 4.14 (4#4) Extend the result in Prop. 4.6 to features that are almost surely
bounded in £,-norm by R, and a reqularizer ¢ which is strongly-convex with respect to the
Cp-norm, that is, such that for all 6,n € R%, ¢ (0) = ¢(n) +¢'(n) " (0 —n) + 50 — |2,
where ¥'(n) is a subgradient of ¥ at 7.

Norm-penalized estimation. (4#4) While Proposition 4.6 considered squared fo-
norm penalization and relied on specific properties of the fs-norm, we now consider
penalization by any (non-squared) norm. That is, we now focus on the following objective

function:
n

Ra0) = 3 Uy 07 () + 2000). (115)

i=1
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for any norm € on R? with Q* denoting the dual norm. The following proposition
provides an estimation rate in O(1/+/n).

Proposition 4.7 (Norm-penalized estimation) Assume that the unregularized risk
Ro(0) = Ep(ay) [y, 07 ¢(2))] is minimized at some 0, € R?, and that the function 6 —
Uy, 0" p(z)) is GR-Lipschitz continuous in 6 for Q(0) < 2Q(0.), and that Q*(p(z)) <

R almost surely. Denote po = SUPQ-«(z,),...,0 (Zn)<1E [ (le 15121)} where € €
{=1,1}" is a vector of independent Rademacher random variables. For any 6 € (0,1),

and for A = %(pg + 44/2log §), with probability at least 1 — &, any minimizer 0y of

Eq. (4.15) satisfies:
s 3GR 1
R(03) < R(0.) +9(0) (pgz +44/210g 5).

Proof We consider 0} a minimizer of the population regularized risk Ry(0) = R(6) +
AQ(0). Tt satisfies Q(0%) < Q(0.). Moreover, pq is such that the Rademacher complexity
of the set of linear predictors such that Q(0) < D for D < 20(6,), is less than %
(see Section 4.5.3). For example, for the ¢3-norm, we have pg = 1, while for the ¢;-norm,
we have po = 1/2log(2d). In terms of losses, for the logistic loss, we have G = 1, while
for the square loss (with a factor of 1/2) with a model y = ¢(x)"6* + ¢ with |¢]| < &
almost surely, we get G = o + 3RQ(6%).

Using McDiarmid’s inequality hke in Section 4.4.1, by fixing any 6, such that Q(6)
D, with probablhty greater than 1—e =", for all § such that Q(6) < 2Q(6,), R(8)—R(6,)

_ poGRD 2GRDV2
R(G) IR(9)+ Tn +t NG

We consider the set €, = {6 € R, Q(0) < 2Q(6%), Rx(0) — R\(63) < e}. This is
a convex set, with boundary 9€, . = {6 € R?, Q(6) < 2Q(63), Rx(0) — Rx(63) = ¢}
for a well-chosen ¢ (that is, the saturated constraint has to be one on the expected risk).
Indeed, if Q(0) = 2Q(0%), then, using that the optimality conditions for 8% implies that
Q*(R(03)) < N

<
<

RA(0) = RA(63)

R(0) — R(0) + AQ(O) — AQO3) by definition,
/

> R(63)T(0—0%) +2Q(0) — AQ(03) by convexity,
> —QNR(8)) - Q0 — 63) + A(0) — AAB)

by definition of the dual norm,
> =20 — 0)) + AQ(0) — AQ(63) by optimality of 03,
> 2)\Q(0) — 2)Q(63) by the triangular inequality,

2X0(6%) since we have assumed Q(6) = 2Q(63).

Thus, we must impose that e < 2Q(65).

We now show that with high probability, we must have éA €Ce. If éA ¢ C,.c, since
0% € C,., there has to be an element 6 in the segment [6%, é)\] which is in 0C, .. Since
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our risks are convex, we have Ry () < max{R, (0%), Ra(02)} = Ry (6%). Thus

R(05) = R(O) — R(6%) +R(0) = Rn(65) — R (0) — Ra(65) + R (6) = —Ra(6%) + R (6) = .

Thus if we take, £ > p“%D + tQG%ﬁ, with D = 2§(6%), this can only happen with
2GRQ(65)

probability less than exp(—t2). This leads to the constraint & > T(pg + 4t/2).

Thus, we can take A = G—\/lg(pg + 4t4/2), and with probability greater than 1 — e we

have A
Ra(0x) — Rx(63) < 2XQ(0%) < 2X0Q(67).

Overall, denoting § = e‘t2, we get that with probability greater than 1 — §

:R(é)\) < :R(e*) + Q(Q*)?)(;Tf (pQ + 4“210g %)

for A = G—\/}g(pg +4,/2log }). Note that we could get a result in expectation (left as an
exercise). The key here is that the value of A does not depend on Q(6*). ]

4.5.6 Extensions and improvements

In this chapter, we have focused on the simplest situations for empirical risk minimization
technique: regression or binary classification with i.i.d. data. Statistical learning theory
investigates many more complex cases along several lines:

e Slower rates than 1/y/n: In this chapter, we primarily studied the estimation
error that decays as 1/y/n. When balancing it with approximation error (by adapt-
ing norm constraints or regularization parameters), we will obtain slower rates, but
with weaker assumptions, in Chapter 7 (kernel methods) and Chapter 9 (neural
networks).

e Faster rates with discrete outputs: Further analysis can be carried through
when dealing with binary classification, or more generally discrete outputs, with
potentially different convergence rates for the convex surrogate and the original
loss function (i.e., after thresholding, where sometimes exponential rates can be
obtained). This is often done under so-called “low noise” conditions (see, e.g.,
Koltchinskii and Beznosova, 2005; Audibert and Tsybakov, 2007), as briefly exposed
in Section 4.1.4.

e Other generic learning theory frameworks: In this chapter, we have focused
primarily on the tools of Rademacher averages to obtain generic learning bounds.
Other frameworks lead to similar bounds but from different mathematical perspec-
tives. For example, PAC-Bayesian analysis (Catoni, 2007; Zhang, 2006) is described
in Section 14.4, while stability-based arguments (Bousquet and Elisseeff, 2002) lead
to similar results (see exercise below).
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Exercise 4.15 (#) We consider a learning algorithm and a distribution p on (x,y)
such that for all (x,y) € X x Y, and two outputs f,f" : X — Y of the learn-
ing algorithm on datasets of n observations which differ by a single observation,
[e(y, f(z)) — Ly, f'(x))| < Bn, an assumption referred to as “uniform stability”.
Show that the expected deviation between the expected risk and the empirical risk of
the algorithm’s output is bounded by B,. With the same assumptions as in Prop. 4.6,

show that we have 3, = 2G R (see Bousquet and Elisseeff, 2002, for more details).

e Beyond independent observatlons: Much of statistical learning theory deals
with the simplifying assumptions that observations are i.i.d. from the same distri-
bution as the one used during the testing phase. This leads to the reasonably simple
results presented in this chapter. Several lines of work deal with situations when
data are not independent: among them, online learning presented in Chapter 11
shows that many classical algorithms are indeed robust to such dependence. An-
other avenue coming from statistics is to make some assumptions on the dependence
between observations, the most classical one being that the sequence of observations
(x4,9:)i>1 form a Markov chain, and thus satisfies “mixing conditions” (see, e.g.,
Mohri and Rostamizadeh, 2010).

e Mismatch between training and testing distributions: In many applica-
tion scenarios, the testing distribution may deviate from the training distribution:
the input distribution of z may be different while the conditional distribution of y
given x remains the same, a situation commonly referred to as “covariate shift”
or the entire distribution of (x,y) may deviate (often referred to as the need for
“domain adaptation”). If no assumption is made on the proximity of these two
distributions, no guarantee can be obtained. Several ideas have been explored to
derive algorithms and/or guarantees, such as importance reweighting (Sugiyama
et al., 2007) or finding projections of the data with similar test and train distribu-
tions (Ganin et al., 2016).

e Semi-supervised learning: In many applications, many unlabelled observations
are available (that is, only with the input x being available). To leverage the
abundance of unlabelled data, some assumptions are typically made to show an
improvement of learning algorithms, such as the “cluster assumption” (points in the
same class tend to cluster together) or “low-density separation” (for classification,
decision boundaries tend to be in regions with few input observations). Many
algorithms exist, such as Laplacian regularization (see Cabannes et al., 2021, and
references therein) or discriminative clustering (Xu et al., 2004; Bach and Harchaoui,
2007).

4.6 Model selection (¢)

Throughout this chapter, we have considered a family F of functions from X to Y and
have obtained generalization bounds for the minimizer f € J of the empirical risk R.
Assuming that the loss function £(y, f(z)) is almost surely in [—{s0, s, We have obtained
in Section 4.4.1, together with Rademacher complexities in Section 4.5, a bound of the
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form

o 2
;gg\ﬂ(f) —R(f)| < 2RA(H0) + N

with probability greater than 1 — §, with the Rademacher complexity R,, () of the class
of functions H = {(z,y) — {(y, f(z)), f € F}. From Eq. (4.8), this leads to, with
probability greater than 1 — §:

R(f) < R(f) + 2R (H) + % 210g§, (4.16)

which is a data-dependent generalization bound in high probability. Moreover, at the end
of Section 4.5.1, we have seen that we could use the empirical Rademacher complexity,
which can be more easily computed (with fewer assumptions).

We now consider a finite (but potentially large) number m of models Fy,...,F,,,
together with their associated loss function spaces H;,...,H,, and their generalization
bounds for the empirical risk minimizer based on Rademacher complexities. In this
section, we consider how to choose the best corresponding empirical risk minimizer among
fl, ey fm. We consider two approaches, either based on minimizing a penalized data-
generalization bound (also referred to as structural risk minimization) or simply using a
validation set.

In both cases, we consider a set of positive weights 71,..., 7, that sum to one. We
can typically choose m; = 1/m for all i € {1,...,m}, we can also consider other choices,
in particular when m gets large and we are willing to put more prior weight on certain
models.

4.6.1 Structural risk minimization

We minimize the data-dependent generalization bounds plus an additional parameter to
take into account the prior on models, that is,

200
+ % 210g(1/7ri)}.
We can then use Eq. (4.16) for each of the m models, and with m;d instead of §, use the
union bound to get, with probability greater than 1 — §:

R(f;) <  min {mf R(f) + 2R (3,) + 2022 210g(1/m)}—|—

21og(2/9).
ie{l,...m} \f,ed, \/ﬁ 0g(2/9)

20 5o
Vn
For example, when 7 = .-+ = 7, = 1/m, we thus obtain that the model selection

procedure pays an extra price of «/log )/n on top of the individual generalization
bounds.
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4.6.2 Selection based on validation set

We assume here that we have kept a proportion p € (0,1) of the training data as a

validation set (assuming for simplicity that pn is an integer). We then have an empirical

risk based on (1 — p)n observations, we which now denote R trau;fg), and a validation

vahdatlon)

empirical risk denoted 3% Given the m minimizers fZ of the training empirical

risks Rgiragfg)(fz) over f; € F;, for i € {1,...,m}, we choose i that minimizes the
following criterion
2l
R(\;Ldllddtlon) (f ) + 2 log(l/m)
g N
(for uniform weights 7y = - -+ = m, = 1/m, this is simply the minimizer of the validation

risk). We can then simply use Hoeffding’s inequality and the union bound to get the
generalization bound:

R(f) < min (ﬂ)+% 21g(1/m)+% 210g(2/0),

which shows an extra price proportional to 1/,/pn, highlighting the fact that the vali-
dation set proportion p € (0,1) should not be too small. We can also obtain a result
similar to the one in the section above by using the same generalization bounds based on
Rademacher averages, that is,

R 2
R < i >
R(fi) < ie{rlr}}.r_llm}{fllgflﬂz(fz)Jr?R(l p>n(3f)+\/_\/210g(1/m)}
20 20

+21/21og(2/6) +

v T pn

Suppose p is bounded away from 0 and 1. In that case, we obtain a slightly worse bound
than when using data-dependent bounds, with the difference that the performance of
validation methods is, in practice, much better than the bound guarantees (while data-
dependent bound optimization may not exhibit such adaptivity).

21og(2/9).

4.7 Relationship with asymptotic statistics (¢)

In this last section, we will relate the non-asymptotic analysis presented in this chapter to
results from asymptotic statistics (see the comprehensive book by Van der Vaart (2000),
which presents this large literature).

To make this concrete, we assume that we have a set of models F = {fy: X = R, 0 €
R?} parameterized by a vector § € RY. We consider the empirical risk and expected risks
(with a slight overloading of notations):

R(0) = R(fo) = E[((y, fo(a))] and R(6) = R(fo) = + > Ui, folw)).
i:l
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We assume that we have a loss function £ : Y x R — R (such as for regression or any of
the convex surrogates for classification), which is sufficiently differentiable with respect
to the second variable, so that results from Van der Vaart (2000) apply (e.g., Theorems
5.21 or 5.41 on “M-estimation”, which cover empirical risk minimization). In this section,
we will only report their final result and provide an intuitive justification.

We assume that 0, € R? is a minimizer of R(#) and that the Hessian R”(6,) is positive-
definite (it has to be positive semi-definite as 6, is a minimizer, we assume invertibility
on top of it).

We let 6, denote a minimizer of R. Since ®'(6,) = 0, and R’ (6,) = D W,
by the law of large numbers, IJAQ’(H*) tends to R’ () (e.g., almost surely), and we

=0
should thus expect that 6, (which is defined through ®'(,) = 0) tends to 6, (all these
statements can be made rigorous, see Van der Vaart (2000)).

Then, a Taylor expansion of R’ around 0. leads to
0=R'(0,) ~ R(0,) +R"(6.)(0, — 0.).

By the law or large numbers, j\%"(ﬁ*) tends to H(#.) = R”(6.) when n tends to infinity,
and thus we obtain:

0, — 0, ~ R"(0,)7 R (0,) = H(0,) 'R (6,).

Moreover, JAQ’(@*) is the average of m ii.d. random vectors, and by the central limit
theorem, it is asymptotically Gaussian with mean zero and covariance matrix equal to
1G(0,) = %E[(al(y’aj;e(x))) (al(y’aj;f’(x)))w@:e*]. Therefore, we (intuitively) obtain that 6,
-1

is asymptotically Gaussian with mean 6, and covariance matrix < H(6,) ' G(6.)H (6.)
This asymptotic result has the nice consequence that:

E(|0, — 6.]3] ~ %tr[ﬂ(e*)—lc(e*)ﬂ(e*)—l}

E[R(6,) — R(6.)] ~ %tr[H(H*)_lG(H*)].

For example, for well-specified linear regression (like analyzed in Chapter 3), it turns out
that we have G(0,) = 02H (0.) (proof left as an exercise), and thus we recover the rate
o%d/n.

Benefits of the asymptotic analysis. As shown above, the asymptotic analysis gives
a precise picture of the asymptotic behavior of empirical risk minimization. Much more
than simply providing an upper-bound on E [fR(én) — IR(6‘*)] , it gives also a limit Gaussian
distribution for 0,,, and a fast rate as O(1/n). Moreover, because we have limits, we can
compare limits between various learning algorithms and claim (asymptotic) superiority
or inferiority of one method over another, which comparing upper bounds cannot achieve.

Thus, an asymptotic analysis does not suffer from the traditional looseness of non-
asymptotic bounds that rely on crude approximations, and, while they are valid even for
small n and often exhibit the desired behavior of n, are overly pessimistic.
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Pitfalls of the asymptotic analysis. The main drawback of this analysis is that it
is... asymptotic. That is, n tends to infinity, and it is impossible to tell without further
analysis when the asymptotic behavior will kick in. Sometimes, this is for reasonably
small n, sometimes for large n. Further asymptotic expansions can be carried out, but
small sample effects are hard to characterize, particularly when the underlying dimension
d gets large.

Bridging the gap. Studying the validity of the asymptotic expansion described above
can be done in several ways. See, e.g., Ostrovskii and Bach (2021a) (and references
therein) for finite-dimensional models, and Chapter 7 for results similar to 0?d/n when
the dimension of the feature space gets infinite.

4.8 Summary

In this chapter, we have first introduced convex surrogates for binary classification prob-
lems to avoid performing optimization on functions with values in {—1,1}. This comes
with generalization guarantees that will be extended in Chapter 13 to multiple categories
and, more generally, to structured output spaces.

The chapter’s core was dedicated to introducing Rademacher complexities, which are
flexible tools to study estimation errors in many settings. This led to simple bounds for
linear models and ball constraints, which will be extended to infinite-dimensional settings
in Chapter 7 and neural networks in Chapter 9. Other frameworks exist to obtain similar
bounds, such as the PAC-Bayes framework presented in Section 14.4, often leading to
tighter bounds.

While the present chapter was dedicated to the statistical analysis of empirical risk
minimizers, the next chapter is dedicated to optimization algorithms traditionally dedi-
cated to finding approximate such minimizers, with notably stochastic gradient descent,
which also naturally exhibits good generalization performance.
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Chapter 5

Optimization for machine
learning

Chapter summary

Gradient descent: the workhorse first-order algorithm for optimization, which con-
verges exponentially fast for well-conditioned convex problems.

Stochastic gradient descent (SGD): the workhorse first-order algorithm for large-
scale machine learning, which converges as 1/t or 1/v/t, where t is the number of
iterations.

Generalization bounds through stochastic gradient descent: with only a single pass
on the data, there is no risk of overfitting, and we obtain generalization bounds for
unseen data.

Variance reduction: when minimizing strongly-convex finite sums, this class of
algorithms is exponentially convergent while having a small iteration complexity.

In this chapter, we present optimization algorithms based on gradient descent and

analyze their performance, mainly on convex objective functions. We will consider generic
algorithms that have applications beyond machine learning and algorithms dedicated to
machine learning (such as stochastic gradient methods). See Nesterov (2018); Bubeck
(2015) for further details.

5.1 Optimization in machine learning

In supervised machine learning, we are given n i.i.d. samples (z;,y;), i = 1,...,n of a
couple of random variables (z,y) on X x Y and the goal is to find a predictor f: X — R

103
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with a small risk on unseen data

R(f) = E[e(y, f(2))],

where £ : Y x R — R is a loss function. This loss is typically convex in the second
argument (e.g., square loss or logistic loss, see Chapter 4), which is often considered a
weak assumption.

In the empirical risk minimization approach described in Chapter 4, we choose the
predictor by minimizing the empirical risk over a parameterized set of predictors, poten-
tially with regularization. For a parameterization {fg}gcres and a regularizer  : R? — R
(e.g., 0) = ||0]3 or Q(0) = ||0]|1), this requires to minimize the function

FO) == 3 Ui fola) + 0). (5.1)

In optimization, the function F : R® — R is called the objective function.

In general, the minimizer has no closed form. Even when it has one (e.g., linear
predictor and square loss in Chapter 3), it could be expensive to compute for large
problems. We thus resort to iterative algorithms.

Accuracy of iterative algorithms. Solving optimization problems with high accu-
racy is computationally expensive, and the goal is not to minimize the training objective
but the error on unseen data.

Then, which accuracy is satisfying in machine learning? If the algorithm returns 9,
and we define 6, € argming R(fy), we have the risk decomposition from Section 2.3.2
(where the approximation error due to the use of a specific set of models fp, 6 € O is
ignored):

R(fy) = jnf R(fo) = {R(fy) = R(Fp)} + {R(F) = R(Jfo.)} + {R(fo.) = R(Fo)},

estimation error optimization error estimation error

where we added the second term, the optimization error, which will always be negatlve
if § is the minimizer of R, and is usually upper-bounded by J%(fe) infpco fR(fg)

is thus sufficient to reach an optimization accuracy of the order of the estimation error
(usually of the order O(1/y/n) or O(1/n), see Chapter 3 and Chapter 4). Note that
for machine learning, the optimization error defined above corresponds to characterizing
approximate solutions through function values. While this will be one central focal point
in this chapter, we will consider other performance measures.

In this chapter, we will first look at minimization without focusing on machine learning
problems (Section 5.2), with both smooth and non-smooth objective functions. We will
then look at stochastic gradient descent in Section 5.4, which can be used to obtain bounds
on both the training and testing risks. We then briefly present adaptive methods in



5.2. GRADIENT DESCENT 105

Section 5.4.2, bias-variance decompositions for least-squares in Section 5.4.3, and variance
reduction in Section 5.4.4.

The notation 6, may mean different things in optimization and machine learn-
ing: minimizer of the reqularized empirical risk, or minimizer of the expected
risk. For the sake of clarity, we will use the notation 7, for the minimizer of

/ : \ empirical (potentially regularized) risk, that is, when we look at optimization
problems, and 6, for the minimizer of the expected risk, that is, when we look
at statistical problems.

Sometimes, we mention solving a problem with high precision. This corre-
sponds to a low optimization error.

In this chapter, we primarily focus on gradient descent methods for convex optimiza-
tion problems, which, in learning terms, correspond to predictors that are linear in their
parameter (an assumption that will be relaxed in subsequent chapters) and a convex loss
function such as the logistic loss or the square loss. We first consider so-called “batch
methods” that do not use the finite sum structure of the objective function in Eq. (5.1)
before moving on to the stochastic gradient method that does take into account this
structure for enhanced computational efficiency.

5.2 Gradient descent

Suppose we want to solve, for a function F : R — R, the optimization problem

Inin F(0).
We assume that we are given access to certain “oracles”: the k-th-order oracle corresponds
to the access to: 6 — (F(0),F'(0),...,F®*)(g)), that is all partial derivatives up to
order k. All algorithms will call these oracles; thus, their computational complexity will
depend directly on the complexity of this oracle. For example, for least-squares with a
design matrix in R"*¢, computing a single gradient of the empirical risk costs O(nd).

In this section, for the algorithms and proofs, we do not assume that the function F' is
the regularized empirical risk, but this situation will be our motivating example through-
out. We will study the following first-order algorithm.

Algorithm 5.1 (Gradient descent (GD)) Pick 6y € R? and fort > 1, let
Or = 011 — 7 F' (01-1), (5.2)

for a well (potentially adaptively) chosen step-size sequence (Y¢)i>1-

For machine learning problems where the empirical risk is minimized, computing the
gradient F’(6;—1) requires computing all gradients of 6 — £(y;, fo(x;)), and averaging
them.
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There are many ways to choose the step-size 7, either constant, decaying, or through
a line search.! In practice, using some form of line search is usually advantageous and
is implemented in most applications. See Armijo (1966) and Goldstein (1962) for con-
vergence guarantees with typical procedures. In this chapter, since we want to focus on
the simplest algorithms and proofs, we will focus on step-sizes that depend explicitly
on problem constants and sometimes on the iteration number. When gradients are not
available, gradient estimates may be built from function values (see, e.g., Nesterov and
Spokoiny, 2017, and Chapter 11). Note that the differences between convergence rates
with and without line searches are generally not significant (see Exercise 5.2 below for
quadratic functions). At the same time, practical behavior is significantly improved with
line search.

We start with the simplest example, namely convex quadratic functions, where the
most important concepts already appear.

5.2.1 Simplest analysis: ordinary least-squares

We start with a case where the analysis is explicit: ordinary least squares (see Chapter 3
for the statistical analysis). Let ® € R"*? be the design matrix and y € R™ the vector of
responses. Least-squares estimation amounts to finding a minimizer 7, of

1
F(0) = 5120 — (53)

/\ A factor of 1 has been added compared to Chapter 3 to get nicer looking gradients.
2
The gradient of F is F'(f) = 10T (®0 —y) = L&7®9 — 10Ty, Thus, denoting
H = %@Tq) € R4 the Hessian matrix (equal for all #, denoted T in Chapter 3),
minimizers n, are characterized by

1
Hn, ==®"y.
n

Since %Q)Ty € R? is in the column space of H, there is always a minimizer, but unless H
is invertible, the minimizer is not unique. But all minimizers 7, have the same function
value F'(n.), and we have, from a simple exact Taylor expansion (and using F”(n.) = 0):

F(0) = F(p.) = F'(n) (0~ ) + 50— n.) HO — ) = 50— n.) H@ ~.).

Two quantities will be important in the following developments: the largest eigenvalue L
and the smallest eigenvalue p of the Hessian matrix H. As a consequence of the convexity
of the objective, we have 0 < p < L. We denote by k = % > 1 the condition number.

Note that for least-squares, u is the lowest eigenvalue of the non-centered empirical
covariance matrix and that it is zero as soon as d > n, and, in most practical cases, very
small. When adding a regularizer %HGH% (like in ridge regression), then p > A (but then A
typically decreases with n, often between % and %, see Chapter 7 for more details).

1See, e.g., https://en.wikipedia.org/wiki/Line_search.
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Closed-form expression. Gradient descent iterates with fixed step-size vz = 7 can be
computed in closed form:

0= b1 7 (Br2) = b1 — 1[0 (@01 — )] = 61— H (B2 — ),

leading to
O =1 =01 =N = YH(Or—1 —mi) = (I —vH)(0r—1 — n4),
that is, we have a linear recursion, and we can unroll the recursion and now write
O — e = (I = yH)" (0 — n2).
We can now look at various measures of performance:
10 = n:l3 = (60— )" (I = vH)* (b0 — 1s)
F(6)~ F(n) = 50— n.) (I —~H H(Bs ~1.).

The two optimization performance measures differ by the presence of the Hessian ma-
trix H in the measure based on function values.

Convergence in distance to the minimizer. If we hope to have ||6; — 7.]|3 going
to zero, we need to have a single minimizer 7,, and thus H has to be invertible, that
is u > 0. Given the form of ||6; — .3, we simply need to bound the eigenvalues of
(I —vH)* (since for a positive semi-definite matrix M, u" Mu < Apax(M)||u||3 for all
vectors u).

The eigenvalues of (I —~yH)?! are exactly (1 —y\)?! for A an eigenvalue of H (all of
them are in the interval [y, L]). Thus all the eigenvalues of (I — vH)?" have magnitude
less than

1- A)
(A§§§| YAl

We can then have several strategies for choosing the step-size ~:

. Optimal choice: one can check that minimizing maxy¢/,, L] |1 —~A| is done by setting
= 2/(p+ L), with an optimal value equal to =5 l=1- K+1 € (0,1). See geometric
proof” below.

max{[1 - 7L|, |1 — 7}

|1 —~L|

1/L 1/u v
2/(L+ p)
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e Choice independent of p: with the simpler (slightly smaller) choice v = 1/L, we
get maxye(,,r) |1 — YAl = (1 — £) = (1 — 1), which is only slightly larger than the
value for the optimal choice. Note that all step-sizes strictly less than 2/L will lead
to exponential convergence.

For example, with the weaker choice v = 1/L, we get:

2 12t 2
100 =l < (1= 2) 1100 = mall3,

which is often referred to as exponential, geometric, or linear convergence.

/\ The denomination “linear” is sometimes confusing and corresponds to a number of
significant digits that grows linearly with the number of iterations.

We can further bound (1 — %)% < exp(—1/k)?" = exp(—2t/k), and thus the char-
acteristic time of convergence is of order k. We will often make the calculation ¢ =
exp(—2t/k) < t = Slogl. Thus, for a relative reduction of squared distance to the
optimum of €, we need at most ¢t = § log% iterations.

For k = 400, the result remains true but simply says that for all minimizers ||6; —
n«|3 < |60 — n«]|3, which is a good sign (the algorithm does not move away from min-
imizers) but not indicative of any form of convergence. We will need to use a different
criterion.

Convergence in function values. Using the same step-size v = 1/L as above, and
using the upper-bound on eigenvalues of (I —~H)?' (which are all less than (1 —1/x)%"),
we get
12t
F(0r) = Fn.) < (1= =) [F(60) = F(n.)] < exp(=2t/m)[F(60) = F(n.))-  (5.4)

When x < co (that is, g > 0), we also obtain linear convergence for this criterion, but
when k = oo, this is non-informative.

To obtain a convergence rate, we will need to bound the eigenvalues of (I —vH)* H
instead of (I —yH)?'. The key difference is that for eigenvalues A of H which are close
to zero, (1 —yA)? does not have a strong contracting effect, but they count less as they
are multiplied by A in the bound.

We can make this trade-off precise, for v < 1/L, as
ML =A% < Aexp(—yA)* = Nexp(—2tyA)

1 1 1 1
= —2Aydexp(—2ty)) < — —a)=— < —,
2ty TAexp(=2t7) 2ty ig%anp( @) 2ety 4ty

where we used that ce™ is maximized over Ry at o = 1 (as the derivative is e~%(1 —@)).

This leads to, with the largest step-size v = 1/L:

1 L
F(6y) = F(n.) < =10 — n:13 = gl\%—mll%- (5.5)

8ty
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We can make the following observations:

o /\ The convergence results in exp(—2t/k) in Eq. (5.4) for invertible Hessians or
1/t in general in Eq. (5.5) are only upper-bounds! It is good to understand the gap
between the bounds and the actual performance, as this is possible for quadratic
objective functions.

For the exponentially convergent case, the lowest eigenvalue i dictates the rate for
all eigenvalues. So, if the eigenvalues are well-spread (or if only one eigenvalue is
very small), there can be quite a strong discrepancy between the bound and the
actual behavior.

For the rate in 1/¢, the bound in eigenvalues is tight when ¢y is of order 1, namely
when A is of order 1/(¢). Thus, to see an O(1/t) convergence rate in practice, we
need to have sufficiently many small eigenvalues. As t grows, we often go to a local
linear convergence phase where the smallest non-zero eigenvalue of H kicks in. See
the simulations and the exercise below.

Exercise 5.1 Let uy be the smallest non-zero eigenvalue of H. Show that gradient
descent is linearly convergent with the contracting rate (1 — py/L).

e From errors to numbers of iterations: as already mentioned, the bound in Eq. (5.4)
says that after ¢ steps, the reduction in suboptimality in function values is multiplied
by ¢ = exp(—2t/k). This can be reinterpretated as a need of t = glog% iterations
to reach a relative error €.

e Can an algorithm having the same access to oracles of F' do better?

If we have access to matrix-vector products with the matrix ®, then the conjugate
gradient algorithm can be used with convergence rates in exp(—t/y/k) and 1/t2
(see Golub and Loan, 1996). With only access to gradients of F' (which is a bit
weaker), Nesterov acceleration (see Section 5.2.5 below) will also lead to the same
convergence rates, which are then optimal (for a sense to be defined later in this
chapter and in more details in Chapter 15).

e Can we extend beyond least-squares? The convergence results above will generalize
to convex functions (see Section 5.2.2) but with less direct proofs. Non-convex
objectives are discussed in Section 5.2.6.

Experiments. We consider two quadratic optimization problems in dimension d =
1000, with two different decays of eigenvalues (Ax)re(1,...,qy for the Hessian matrix H,
one as 1/k (in blue below) and one in 1/k? (in red below), and for which we plot in
Figure 5.1 the performance for function values, both in semi-logarithm plots (left) and
full-logarithm plots (right). For slow decays (blue), we see the linear convergence kicking
in (line in the left “semi-log” plot), while for fast decays (red), we obtain a polynomial
rate that is not exponential (line in the right “log-log” plot). Note that the bound in
Eq. (5.5) is very pessimistic and does not lead to the correct power of ¢ (which, as can
be checked as an exercise, should be 1/+/¢ for ¢ small enough compared to d).
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Figure 5.1: Gradient descent on two least-squares problems with step-size v = 1/L, and
two different sets of eigenvalues (Ax)requ,...,qy of the Hessian, together with the bound
from Eq. (5.5). Left: semi-logarithmic scale. Right: joint logarithmic scale.

Exercise 5.2 (ezxact line search &) For the quadratic objective in Eq. (5.3), show that

IF' (6113
F’(et,l)THlF'(%t,l)' Show that when

F is strongly-convez, F(0;) — F(n,) < (:—:)Q[F(Ht,l) — F(n.)], and compare the rate

with constant step-size gradient descent.

the optimal step-size vy in Eq. (5.2) is equal to v, =

(L+m)?
4pL

Hint: prove and use the Kantorovich inequality sup|,),— 2" Hzz "H 'z =

5.2.2 Convex functions and their properties

We now wish to analyze GD (and later its stochastic version SGD) in a broader setting.
We will always assume convexity, although these algorithms are also used (and can some-
times also be analyzed) when this assumption does not hold (see Section 5.2.6). In other
words, convexity is most often used for analysis rather than to define the algorithm.

Definition 5.1 (Convex function) A differentiable function F : R? — R is said con-
vex if and only if

F(n) > F@O)+F'©®)"(n—0), vn, 0 € RY. (5.6)

This corresponds to the function F' being above its tangent at 6, as illustrated below.
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If f is twice-differentiable, this is equivalent to requiring F"'(x) %= 0, Vo € R?; here =
denotes the semidefinite partial ordering—also called the Lowner order—characterized
by A = B < A — B is positive semidefinite, see Boyd and Vandenberghe (2004); Bhatia
(2009).

An important consequence that we will use a lot in this chapter is, for all § € R? (and
using 1 = n.)

F(n) 2 FO)+ F'(0) (. = 0) & F(O)—F(n) <F'O) (0 -n),  (57)

that is, the distance to optimum in function values is upper bounded by a function of the
gradient (note that it provides proof that F’(¢) = 0 implies that 6 is a global minimizer
of F).

A more general definition of convexity (without gradients) is that V6,17 € R? and
a € [0,1],

Flan+ (1= a)f) < aF(n) + (1 — a)F(6),

which generalizes to the usual Jensen’s inequality below.?

Proposition 5.1 (Jensen’s inequality) If F : R? — R is conver and i is a probability
measure on RY, then

F(/Rd 9du(9)) < /Rd F(0)du(0). (5.8)

In words: “the image of the average is smaller than the average of the images”.

/\ When using Jensen’s inequality, be extra careful in the direction of the inequality.

Exercise 5.3 Assume that the function F : R? — R is strictly convex, that is, V6,1 € R?
such that 8 # n, and o € (0,1), Flan + (1 — «)f) < aF(n) + (1 — a)F(0). Show that
there is equality in Jensen’s inequality in Eq. (5.8) if and only if the random variable 6
is almost surely constant.

The class of convex functions satisfies the following stability properties (proofs left

as an exercise); for more properties on convex functions, see Boyd and Vandenberghe
(2004):

. m
o If (Fj)jeq1,...my are convex and (a;)je(1,...,m} are nonnegative, then Ej:l o F;
and max;cyy,.. m) Fj are convex.

e If F:RY — Ris convex and A : RY — RY is linear then Fo A : RY — R is convex.

o If F: R4 — R is convex, so is the function zy — inf,, cga, F(z1,22) on R%.

Classical machine learning example. Problems of the form in Eq. (5.1) are convex
if the loss ¢ is convex in the second variable, fp(z) is linear in 6§, and  is convex.

2See several applications in https://francisbach.com/jensen-inequality/.
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Global optimality from local information. It is also worth emphasizing the follow-
ing property (immediate from the definition).

Proposition 5.2 Assume that F : R? — R is convex and differentiable. Then 1, € R?
is a global minimizer of F if and only if

F'(n.) = 0.

This implies that for convex functions, we only need to look for stationary points.
This is not the case for potentially non-convex functions. For example, in one dimension
below, all red points are stationary points that are not the global minimum (which is in
green).

=0

The situation is even more complex in higher dimensions. Note that without convexity
assumptions, optimization of Lipschitz-continuous functions will need exponential time
in dimension in the worst case (see Section 15.2.2).

Exercise 5.4 Identify all stationary points in the function in R? depicted below.

1 : :
0
-0.5
-0.5
0
-1
0.5 15
]
-1 -0.5 0 0.5 1

5.2.3 Analysis of GD for strongly convex and smooth functions

The analysis of optimization algorithms requires assumptions on the objective functions,
like the ones introduced in this section. From these assumptions, additional properties are
derived (typically inequalities), and then most convergence proofs look for a “Lyapunov
function” (sometimes called a “potential function”) that goes down along the iterations.
More precisely, if V' : RY — R, is such that V(6;) < (1 — )V (6;_1), then V(6;) <
(1 —a)'V(hy) and we obtain linear convergence. The art is then to find the appropriate
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Lyapunov function; for slower convergence rates, weaker forms of decrease for Lyapunov
functions will be considered.

We first consider an assumption allowing exponential convergence rates.

Definition 5.2 (Strong convexity) A differentiable function F is said p-strongly con-
vez, with p > 0, if and only if

F(n) > F(6) + F'(6) (1= 6)+ Slln— 0|3, .6 € R (5.9)

The function F' is strongly-convex if and only if the function F' is strictly above its tangent
and the difference is at least quadratic in the distance to the point where the two coincide.
This notably allows us to define quadratic lower bounds on F. See below.

F(0) + F'(0)" (n — 0) + 5lln — 013

F(n)

l F(6) + F'(0)"(n—0)

0 o

For twice differentiable functions, this is equivalent to F"(6) = pl for all 0, that is, all
eigenvalues of F”(6) are greater than or equal to u (see Nesterov, 2018), but non-smooth
functions can be strongly-convex, since, as a consequence of the exercise below, we can
add £1|-]13 to any (potentially non-smooth) convex function to make it -strongly-convex.

Exercise 5.5 Show that F : R® — R is p-strongly-convez if and only if the function
0 — F(0) — £]0]|3 is convex.

Exercise 5.6 Show that if F : R? — R is p-strongly-convex, then it has a unique mini-
mizer.

Exercise 5.7 Show that the differentiable function F : RY — R is u-strongly convex if
and only if for all 8, € RY, |F'(8) — F'(n)ll2 > pllf — nla.

Strong convexity through regularization. When an objective function F' is convex,
then F 4 4] - [|3 is p-strongly convex (proof left as an exercise). In practice, in machine
learning problems with linear models, so that the empirical risk is convex, strong convexity
most often comes from the regularizer (and thus p decays with n), leading to condition
numbers that grow with n (typically in v/n or n). While the regularizer was added in
Section 3.6 to improve generalization, we see in this section that it also leads to faster
optimization algorithms, showing that statistical and optimization performances are often
aligned.
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Lojasiewicz inequality. Strong convexity implies that F' admits a unique minimizer 7,
which is characterized by F’(n.) = 0. Moreover, this guarantees that the gradient is large
when a point is far from optimal (in function values):

Lemma 5.1 (Lojasiewicz inequality) If F is differentiable and p-strongly convex with
unique minimizer 1y, then we have:

IF'(0)II3 > 2u(F(6) — F(n.)), V6 €R%

Proof The right-hand side in Definition 5.2 is strongly convex in 7 and minimized with
n=406- %F’(G). Plugging this value into the bound and taking 1 = 7, in the left-hand
side, we get F(n,) > F(0)— i ||F’(9)||§+%HF’(9)||§ = F(0)— ﬁHF’(@)H% The conclusion
follows by rearranging. |

Note that while strong convexity is a sufficient condition for the Lojasiewicz inequality,
it is unnecessary (see, e.g., Section 12.1.1).

To obtain exponential convergence rates, strong-convexity is typically associated with
smoothness, which we now define.

Definition 5.3 (Smoothness) A differentiable function F is said L-smooth if and only
if

(Fn) ~ FO)~ F'6) (- 6)| < 26— nlP, v0,n R (510)

This is equivalent to F' having a L-Lipschitz-continuous gradient with respect to the fo-
norm, i.e., |[F'(6) — F'(n)||2 < L?||0 — 1|3, V8,1 € RY. For twice differentiable functions,
this is equivalent to —LI < F"(0) < LI (see Nesterov, 2018). If the function is also
p-strongly convex, then all eigenvalues of all Hessians are in the interval [u, L].

Note that when F is convex and L-smooth, we have a quadratic upper bound that is
tight at any given point (strong convexity implies the corresponding lower bound with L
replaced by p). See below.

F(0) + F'(0)"(n—0) + 5ln — 0lI3

F(n)

| F(0)+ F'(6)"(n— 0)

»
>

0 n

When a function is both smooth and strongly convex, we denote by x = L/pu > 1 its
condition number (we recover the definition of Section 5.2.1 for quadratic functions). See
examples below of level sets of functions with varying condition numbers: the condition




5.2. GRADIENT DESCENT 115

number impacts the shapes of the level sets.

. W4

(small kK = L/p) (large Kk = L/p)

The performance of gradient descent will depend on this condition number (see steep-
est descent below, that is, gradient descent with exact line search): with a small condition
number (left), we get fast convergence, while for a large condition number (right), we get
oscillations.

Exercise 5.8 (#) We consider the angle a between the descent direction —F'(0) and the
T

deviation to optimum 6 — 1., defined through cosa = %. Show that for a

u-strongly-convezx, L-smooth quadratic function, cosa > 2‘/“7 (hint: prove and use the

Kantorovich inequality supj, |, 2THzz"H 1z = L+“) ) (00) Show that the same
result holds without the assumption that F' is quadmtzc ( hint: use the co-coercivity of the
function 0 — F(0) — £|\013, from Prop. 5.4).

Y4

(small K = L/p) (large k = L/p)

For machine learning problems, such as linear predictions and smooth losses (square
or logistic), we have smooth problems. If we use a squared fy-regularizer 4| - |3 , we
get a p-strongly convex problem. Note that when using regularization, as explained in
Chapters 3 and 4, the value of p decays with n, typically between 1/n and 1/4/n, leading
to condition numbers between /n and n.
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In this context, gradient descent on the empirical risk is often called a “batch” tech-
nique because all the data points are accessed at every iteration.

In the next proposition, we show that gradient descent converges exponentially for

such

smooth and strongly-convex problems, thus extending the result for quadratic func-

tions from Section 5.2.1.

Proposition 5.3 (Convergence of GD for smooth strongly-convex functions)
Assume that F' is L-smooth and p-strongly convex. Choosing v = 1/L, the iterates (6¢)1>0
of GD on F satisfy

F(0) ~ Fn) < (1= 1) (F(00) ~ (1)) < exp(~t/s)(F(0) ~ F(n.)).

Proof By the smoothness inequality in Eq. (5.10) applied to 6;—1 and 6;—1—F'(6;—1)/L,
we have the following descent property, with v = 1/L,

F(6:) = F(0;-1—F'(6:-1)/L) < F(Ht_1)+F’(9t_1)T(—F’(et_l)/L)+§|\—F’(9t_1)/LH§

1 1
= F(O1) = ZIIF 005 + S 1 (05

Rearranging, we get

F(0) ~ F(n.) < F(0-1) — F(1.) = 5= | F' 0 )l

Using Lemma 5.1, it follows

F(0r) = F(n.) < (1= p/L)(F(0-1) = F(n.)) < exp(—=p/L)(F(01-1) — F(1.)).

We conclude by recursion and with the definition k = L/p. |

We can make the following observations:

As mentioned before, we necessarily have u < L; the ratio k := L/u is called the
condition number. It is a property of the objective function, which may be hard or
easy to minimize. It is not invariant by linear changes of variables § — A#, where A
is an invertible linear map; finding a good A to reduce the condition number is the
main principle behind “preconditioning” techniques (see, e.g., Nocedal and Wright,
1999 for more details and the end of Section 5.2.5).

If we only assume that the function is smooth and convex (not strongly convex),
then GD with constant step-size v = 1/L also converges when a minimizer exists,
but at a slower rate in O(1/t). See Section 5.2.4 below.

Choosing the step-size only requires an upper bound L on the smoothness constant
(if it is over-estimated, the convergence rate only degrades slightly).
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e Writing the update (6; — 6;_1)/y = —F’(6:—1), this algorithm can be seen, under
the smoothness assumption, as the discretization of the gradient flow

Sonle) = ~F'(),

where 7n(ty) = 6;. This analogy can lead to several insights and proof ideas (see,
e.g., Scieur et al., 2017).

e For this class of functions (convex and smooth), first-order methods exist that
achieve a faster rate, showing that gradient descent is not optimal. However, these
improved algorithms also have drawbacks (lack of adaptivity, instability to noise,
etc.). See below.

Exercise 5.9 Compute all constants for {2-regularized logistic regression and for ridge
TEGresSion.

Adaptivity. Note that gradient descent is adaptive to strong convexity: the exact same
algorithm applies to both strongly convex and convex cases, and the two bounds apply.
This adaptivity is important in practice, as often, locally around the global optimum,
the strong convexity constant converges to the minimal eigenvalue of the Hessian at .,
which can be significantly larger than p (the global constant).

Fenchel conjugate (¢). Given some convex function F : R? — R, an important
tool is the Fenchel-Legendre conjugate F* defined as F*(a) = supgepa ' 6 — F(0). In
particular, when we allow extended-value functions (which may take the value +00), we
can represent functions defined on a convex domain, and we have, under simple regularity
conditions, that the conjugate of the conjugate of a convex function is the function itself.
Thus, any convex function can be seen as a maximum of affine functions. Moreover,
suppose the original function is not convex. In that case, the bi-conjugate is often referred
to as the convex envelope and is the tightest convex lower-bound (this is often used
when designing convex relaxations of non-convex problems). Moreover, using Fenchel
conjugation is crucial when dealing with convex duality (which we will not cover in this
chapter). See Boyd and Vandenberghe (2004) for details.

Exercise 5.10 Let F be an L-smooth convex function on RZ. Show that its Fenchel
conjugate is (1/L)-strongly convez.

Exercise 5.11 Let F be an L-smooth convex function on R%, and F* its Fenchel conju-
gate. Show that for any 0,z € R, we have F(0)+F*(2)—z"60 > 0, if and only if z = F'(0)
(this is the Fenchel-Young inequality). (%) Show in addition that F(0) + F*(z) — 2760 >
spllz = F'(0)]3.

5.2.4 Analysis of GD for convex and smooth functions ()

To obtain the 1/¢ convergence rate without strong-convexity (like we got in Section 5.2.1
for quadratic functions), we will need an extra property of convex, smooth functions,
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sometimes called “co-coercivity”. This is an instance of inequalities we need to use to
circumvent the lack of closed form for iterations.

Proposition 5.4 (co-coercivity) If F is a conver L-smooth function on R?, then for
all 0,1 € R, we have:

LIFO) ~ o)l < [F'6) - F'on)] (6 - n).

Moreover, we have: F(0) > F(n) + F'(n) (6 —n) + 5= [|F'(6) — F'(n)||*.
Proof We will show the second inequality, which implies the first one, by applying it
twice with 7 and 6 swapped and summing them.

e Define H() = F(6) — 07T F'(n). The function H : R? — R is convex with global
minimum at 7, since H'(0) = F'(0) — F'(n), which is equal to zero for § = n. The
function H is also L-smooth.

e From the definition of smoothness, we get H(0—+ H'(0)) < H(0)+H'(6) " (—1 H'(9))
+L||—=1H'(0)|]3, which is less than H(0) — 2 || H'(8) |3

e This leads to F(y) —n'F'(n) = H(n) < H(0—1H'(0)) < H(0) — 5 |[H'(9)]3 =
F(9) — 0T F'(n) — 5=||[F'(8) — F'(n)||3, which leads to the desired inequality by
shuffling terms.

We can now state the following convergence result for gradient descent with potentially
no strong-convexity. Up to constants, we obtain the same rate for quadratic functions in
Eq. (5.5).

Proposition 5.5 (Convergence of GD for smooth convex functions) Assume that
F is L-smooth and convez, with a global minimizer n.. Choosing v = 1/L, the iterates
(0¢)t>0 of GD on F satisfy, fort >0,

L
F(8) = F(1.) < 550 — nel3

Proof Following Bansal and Gupta (2019), the Lyapunov function that we will choose
is

Vi(0r) = HF (@) ~ F()] + 5 16— nel3

and our goal is to show that it decays along iterations (the requirement is thus weaker
than for exponential convergence). We can split the difference in Lyapunov functions into
three terms (each with its own color):

Vi(0¢) — Vi1 (04—1) ; .
= t[F(0:) — F(0—1)] + F(0r—1) — F(n.) + 5\\@ —nll3 — §||9L71 — 1l3-

To bound it:
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o We use F(0;)—F(6;—1) < — 57 ||F'(6;—1)||3 like in the proof of Prop. 5.3.
o We use F(0; 1) — F(n.) < F'(0;—1)" (0:—1 —1.), as a consequence of convexity
(function above the tangent at 6;—1), as in Eq. (5.7).
o Weuse £10; = 7.[|3 = 5110:—1 — nul13 = =Ly (01 — 0.) TF'(0—1) + £ || F'(0s-1)I3
by expanding the square.
This leads to, with the step-size v = 1/L:

1
Vi0) = Viea(Bi-1) <t = gl FO)l3] + F/(6-1) (61 = n2)
2L
L 2
—Ly(Br-1 = 1) F/(6:-1) + S| F(0e1) I3
t—

1
= —THF/(@tfl)Hg <0,

which leads to t[F(6;) — F(n.)] < Vi(6;:) < Vo(6o) = /60 — 1.]|3,, and thus the desired

bound F(6;) — F(n.) < %H@O — 1413 .

The proof above is on purpose mysterious: the choice of Lyapunov function seems
arbitrary at first, but all inequalities lead to nice cancellations. These proofs are some-
times hard to design. For an interesting line of work trying to automate these proofs, see
https://francisbach.com/computer-aided-analyses/.

Exercise 5.12 (alternative convergence proof ) We consider an L-smooth convex func-
tion with a global minimizer n., and gradient descent with step-size vz = 1/L.

(a) Show that ||0; — n.||3 < ||0i—1 — 1|13 for all t > 1.

(b) Show that F(0;) < F(0;—1) — 5= || F'(6:—1)|13 for all t > 1.

(¢) Denoting Ay = F(0;) — F(n.), show that Ay < A¢_q —
Conclude that Ay < ti—i”@g — 0|2

1 2
WAt—l for allt > 1.

Early stopping for machine learning (#4). An inspection of the proof of Prop. 5.5
shows that throughout the proof, a minimizer 7, can be replaced by any n € R¢, leading
to

L L
tF(0:) — F(n)] + §||9t—77||§ < §||9o—77||§- (5.11)

When F(6) = R(6) = LS (yi, 0" o(x;)), for a smooth loss function (with con-
stant G3), for linear predictions with feature fo-norms smaller than R, we have L < G R%.
Moreover, if the loss is non-negative, less than G at zero predictions, and also Lipschitz-
continuous (with constant Gy), such as the logistic loss, we showed in Section 4.5.4 that
for any D,

4G1RD
T

IE{ sup ’R(G)—ﬁ(@)” <

llell2<D


https://francisbach.com/computer-aided-analyses/

120 CHAPTER 5. OPTIMIZATION FOR MACHINE LEARNING

Then from Eq. (5.11), assuming we initialize with 6y = 0, we get for n = 0, G22R2 116:13 <
tGo, leading to for any n € R%:

B[R] < %0+ 22 (Il + (Got) )

showing that if ¢ = o(n) (we do not make too many steps), the testing error is controlled.
In particular, if 6, is a minimizer of the expected risk R, then wit ¢ = /n, we obtain
E[R(6;)] — R(6.) = O(n~'/*), which will be improved using a different analysis at the
end of Section 5.3.

5.2.5 Beyond gradient descent (¢)

While gradient descent is the simplest algorithm with a simple analysis, there are multiple
extensions that we will only briefly mention (see more details by Nesterov, 2004, 2007):

Nesterov acceleration. For strongly-convex functions, a simple modification of gra-
dient descent allows for obtaining better convergence rates. The algorithm is as follows
and is based on updating the following iterates:

1
b = ntfl_zgl(ﬁtfl) (5.12)

1-Vu/L
1+\/W (0r — 01-1), (5.13)

and the convergence rate is then F(6;) — F(n.) < L||6o — n.||*(1 — \/p/L)*, which is
equal to L||fy — n.||*(1 — 1/y/k), that is the characteristic time to convergence goes
from k to v/k. If k is large (typically of order \/n or n for machine learning), the
gains are substantial. In practice, this leads to significant improvements. See a detailed
description and many extensions by d’Aspremont et al. (2021).

N = 9t+

For convex functions, we need the extrapolation step to depend on ¢ as follows:

1
0y = -1 — EFI(nt—l) (5.14)
= 9+§(9 —0,_1) (5.15)
e = bt 1ot t—1)- .
This simple modification dates back to Nesterov in 1983 and leads to the following con-
2
vergence rate F'(0;) — F(n.) < %. See exercise below, and d’Aspremont et al.

(2021) for more details.

Moreover, the last two rates are known to be optimal for the considered problems.
For algorithms that access gradients and combine them linearly to select a new query
point, it is impossible to have better dimension-independent rates. See Nesterov (2007)
and Chapter 15 for more details.
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Exercise 5.13 (#4) For the updates in Eq. (5.12) and Eq. (5.13), show that for L(0,n) =
14++/u/L 2

£0) = £1) + i ln =+ ZEEE@ =) then L) < (1= V/R/D)L(Ber ).

Show that this implies a convergence rate proportional to (1 — \/u/L).

Exercise 5.14 (44) For the updates in Fq. (5.14) and Eq. (5.15), show that for L+(0,n) =

2 2
(5517 [f0) = F(ne) + 5|n—ne + £ = 0)|[5], then Li(0,m) < Li—1(61—1,m-1). Show
that this implies a convergence rate proportional to tiz

Newton method. Given 6;_;, the Newton method minimizes the second-order Taylor
expansion around 6;_; (or, equivalently, finds a zero of F’ by using a first-order Taylor
expansion of F’ around 6;_1):

FOi_1)+F'(0,-1)" (0 —0;_1) + %(9 — 0, 1) "F"(6,_1)T (0 —0,_1).

The gradient of this quadratic function is @ — 6;_1 + F”(6;_1) " (6 — 6;_1), and setting it
to zero leads to 0y = ;1 — F""(0;_1) "' F’(6;_1), which is an expensive iteration, as the
running-time complexity is O(d?) in general to solve the linear system. It leads to local
quadratic convergence: If ||#;_1 — 6, small enough, for some constant C, one can show
(C||0; — 04]]) = (C||8;—1 — 6.]])*. See Boyd and Vandenberghe (2004) for more details and
conditions for global convergence, in particular through the use of “self-concordance”,
which is a property that relates third and second-order derivatives.

/\ The denomination “quadratic” is sometimes confusing and corresponds to a number
of significant digits that doubles at each iteration.

Note that for machine learning problems, quadratic convergence may be overkill com-
pared to the computational complexity of each iteration since cost functions are averages
of n terms and naturally have some uncertainty of order O(1//n).

Exercise 5.15 (¢) Assume the function F is u-strongly convez, twice differentiable, and
such that the Hessian is Lipschitz-continuous, i.e., || f"(6)— f"(n)|lop < M||0—n||2. Using
the Taylor formula with integral remainder, show that for the iterates of Newton’s method,
(IVE(6,)]2 < %HVF(Ht_l)H%. Show that this implies local quadratic convergence.
Proximal gradient descent (¢). Many optimization problems are said “composite”,
that is, the objective function F' is the sum of a smooth function G and a non-smooth
function H (such as a norm). It turns out that a simple modification of gradient descent
allows us to benefit from the fast convergence rates of smooth optimization (compared to
the slower rates for non-smooth optimization that we would obtain from the subgradient
method in the next section).

For this, we need to first see gradient descent as a proximal method. Indeed, one may
see the iteration 6; = 61 — +G'(6;—1), as

. L
by = argmin - G(0y-1) + (9 - 0r-1) "G (0r1) + 110 = 03,
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where, for a L-smooth function G, the objective function above is an upper-bound of
G(6) which is tight at 6;_1 (see Eq. (5.10)).

While this reformulation does not bring much for gradient descent, we can extend this
to the composite problem and consider the following iteration, where H is left as is,

. L
0 = arg min G(Oi—1)+ (0 —0,_1) G/ (0,—1) + 5”9 — 0,12+ H().

It turns out that the convergence rates for G + H are the same as smooth optimization,
with potential acceleration (Nesterov, 2007; Beck and Teboulle, 2009).

The crux is to be able to compute the step above, that is, minimize with respect to
functions of the form £||6 — n||3 + H(#). When H is the indicator function of a convex
set (which is equal to 0 inside the set, and +oo otherwise), we get projected gradient
descent. When H is the ¢1-norm, that is, H = A|| - ||1, this can be shown to be a soft-
thresholding step, as for each coordinate 6; = (|n;| — A\/L)+ |Zz| (proof left as an exercise).

See applications to model selection and sparsity-inducing norms in Chapter 8.

Pre-conditioning (¢). The convergence rate of gradient descent depends crucially on
the condition number &, which is not invariant by linear rescaling of the problem. That is,
if we (equivalently) aim to minimize G(f) = F(Af) for some invertible matrix A € R%*%
and a twice differentiable function F, the gradient of G is G’ 0)=ATF (Aé) and thus
gradient descent on G can be written 6, = 6;_1 — 7G’(6‘) =0, 1 — WATF’(AHt 1), which
can be rewritten as 0; = ;1 —yAAT F'(0;_1) with the change of variable 6 = Af. This is
thus equivalent to pre-multiplying the gradient of F' by the positive definite matrix AAT.

This will be advantageous when the condition number of G is smaller than that of F.
For example, for a quadratic function F with constant Hessian matrix H € R%*?, taking
A as an inverse square root of H leads to the minimal possible value of the condition
number, and thus the pre-conditioned gradient iteration (here equal to the Newton step)
converges in one iteration. Such a value of A optimizes the condition number but is not
computationally efficient, and various conditioners can be used in practice, based on di-
agonal approximations of the Hessian, random projections (Martinsson and Tropp, 2020)
or incomplete Cholesky factorizations (Golub and Loan, 1996). Such preconditioning is
also useful in non-smooth situations (see Section 5.4.2 in the context of SGD).

5.2.6 Non-convex objective functions (¢)

For smooth, potentially non-convex objective functions, the best one can hope for is
to converge to a stationary point 6 such that F’(6) = 0. The proof below provides the
weaker result that at least one iterate has a small gradient. Indeed, using the same Taylor
expansion as the convex case (which is still valid), we get, using the L-smoothness of F:

F(6:) < F(0:- 1)——||F(9t V3,
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leading to, summing the inequalities above for all iterations between 1 and ¢:

t
1 S E 2 F(6o) — F(n.)
_ < — 7
2Lt ~ ||F (65_1)H2 = t .

Thus, there is one s in {0,...,t — 1} for which |[F’(6,)||3 < O(1/t). Without further
assumptions, this does not imply that any of the iterates is close to a stationary point.

5.3 Gradient methods on non-smooth problems

We now relax our assumptions and only require Lipschitz continuity in addition to con-
vexity. The rates will be slower, but extending stochastic gradients will be easier.

Definition 5.4 (Lipschitz-continuous function) A function F : R? — R is said
B-Lipschitz-continuous if and only if

|F(n) = F(0)] < Blln—0]2,  V8,neR%
This setting is usually referred to as non-smooth optimization.

Exercise 5.16 Show that if F is differentiable, B-Lipschitz-continuity is equivalent to
the assumption ||F'(0)|2 < B, V8 € R,

From gradients to subgradients. We can apply non-smooth optimization to objec-
tive functions that are not differentiable (such as the hinge loss from Section 4.1.2). For
convex Lipschitz-continuous objectives, one can show that the function is almost every-
where differentiable (see, e.g., Nekvinda and Zajicek, 1988). In points where it is not,
one can define the set of slopes of lower-bounding tangents as the subdifferential and any
element of it as a subgradient. That is, we can define the subdifferential as (see illustration
below):
OF() ={zeR* VneR?, Fn) > F(O)+z"(n—0)}.

For a convex function defined on R¢, the subdifferential happens to be a non-empty
convex set at all points §. Moreover, when F' is differentiable with gradient F’(f), the
subdifferential is reduced to a point, that is, OF () = {F’(0)}. For example, the absolute
value 6 — |6| has a subdifferential equal to [—1, 1] at zero. See more details by Rockafellar
(1997).

fF------
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The gradient descent iteration is then meant as using any subgradient z € OF(0;_1)
instead of F’(0;_1), for which we will only need that the function is above the tangent
defined by this subgradient. The method is then referred to as the subgradient method
(it is not a descent method anymore, that is, the function values may go up occasionally).

Exercise 5.17 Compute the subdifferential of @ + |0 and 6 — (1—y0 " x), for the label
y € {—1,1} and the input x € R?,

Convergence rate of the subgradient method. We can prove convergence of the
gradient descent algorithm, now with a decaying step-size and a slower rate than for
smooth functions.

/\ Like for stochastic gradient descent in the next section, and as opposed to gradi-
ent descent for smooth functions in the previous section, the objective function for the
subgradient method for non-smooth functions may not go down at every iteration.

Proposition 5.6 (Convergence of the subgradient method) Assume that F is con-
vex, B-Lipschitz-continuous, and admits a minimizer n, that satisfies ||n. — 6pll2 < D.
By choosing v = BL\/E then the iterates (0;)1>0 of GD on F satisfy

min  F(0,) — F(n,) < DB21280)

[ Jnin_ NG (5.16)

Proof We look at how 6; approaches 7., that is, we try to use ||@; — n.||3 as a Lyapunov
function. We have:

10 =null3 = 01 — 7 F" (0r-1) — 1.3
= -1 = 0ll3 = 29 F (Br-1) T (Brmr — 1) + 27| F (B |15.
Combining this with the convexity inequality F(6;—1) — F(n.) < F'(6i—1) " (01—1 — nx)

from Eq. (5.7), using the boundedness of the gradients (that is, ||[F'(6;-1)||3 < B?), it
follows:

10 = m:ll3 < 10e—1 = 013 — 29 [F(Oe—1) — F ()] + 77 B>

We are in a situation where the Lyapunov function @ ~ || — 1.||3 is not decreasing along
iterations because of the term 72 B? above. It is then classical to isolate the negative term
—2%[F(0t—1) — F(n«)] and sum inequalities. Thus, by isolating the distance to optimum
in function values, we get:

1
W(FB1) = F) < 5 (10— nl3 = 16— mal3) + 302B% (517)

It is sufficient to sum these inequalities to get (in fact, for any 7. € R¢ and not only the
minimizer),

0 « :
ZFYS s 1 F(T]*)) H 0o—T7 ||2 +B2 Zs 17
=17s s=1 22 =17s 22 175
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As a weighted average, the left-hand side is larger than mingcs<i—1(F(0s) — F(n+)),
and also larger than F(6;) — F(n,) where §; = (22:1 759571)/(2221 vs) by Jensen’s
inequality.

The upper bound goes to 0 if Zi:l s goes to oo (to forget the initial condition,
sometimes called the “bias”) and v — 0 (to decrease the “variance” term). Let us
choose v; = 7/4/s for some 7 > 0. By using the series-integral comparisons below, we
get the bound

. 1
oJun (F(Bs) = F(n) < S 37
We choose 7 = D/B (which is suggested by optimizing the previous bound when log(t) =
0), which leads to the result. In the proof, we used the following series-integral compar-
isons for decreasing functions:

(D— + TB2(1+ log(t))).

NN

a'ndZs 15 1+Zs 2% 1+ftd55_1+10g(t) u

The proof scheme above is very flexible. It can be extended in the following directions:

S|
§| —

e There is no need to know in advance an upper-bound D on the distance to optimum;
we then get, with an arbitrary D, with the same step-size v, = %ﬁ a rate of the

W(HGODZ*M + (1 + log(t))). Moreover, a slightly modified version of the
subgradient method removes the need to know the Lipschitz constant. See the
exercise below.

form

Exercise 5.18 We consider the iteration 0; = 0;_1 — mF’(ﬁt_l). Show
that with the step-size v, = D//t, we get the guarantee ming<s<;—1 F(0s)—F(n.) <
DB 2+1?(t)

> .

e The algorithm applies to constrained minimization over a convex set by insert-
ing a projection step at each iteration (the proof, which uses the contractivity of
orthogonal projections, is essentially the same; see the exercise below).

Exercise 5.19 Let K C R? be a convex closed set, and denote by I (0) he orthog-
onal projection of 6 onto K, defined as Il (0) = argming,e i ||n— 0||3.Show that the
function Ik is contractive, that is, for all 0,7 € RY, | (0) — Tk (n)|2 < |0 — 72
For the algorithm 0y = Mg (0:—1 — v F'(6:—1)), and 0. a minimizer of F on K,
show that the guarantee of Prop. 5.6 still holds.

e The algorithm applies to non-differentiable convex and Lipschitz objective functions
(using sub-gradients, i.e., any vector satisfying Eq. (5.6) in place of F’(6;)).

e The algorithm can be applied to “non-Euclidean geometries”, where we consider
bounds on the iterates or the gradient with different quantities, such as Bregman
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divergences. This can be done using the “mirror descent” framework, and for
instance, can be applied to obtain multiplicative updates (see, e.g., Juditsky and
Nemirovski, 2011a,b; Bubeck, 2015). See more details in the online stochastic case
in Section 11.1.3.

Exercise 5.20 (¢) Let F : RY — R be a differentiable function, and ¢ : R - R a
strictly convex function:

(a) Show that the minimizer of F(0) + F'(6)T (n — 6) + %Hn — 0|3 is equal to
n=0-—~F(0).

(b) Show that the Bregman divergence Dy (n, 0) defined as Dy (n,0) = 1(n)—¢(0)—
Y'(0)T (n — 0) is non-negative, and equal to zero if and only if n = 6.

(c) Show that the minimizer of F(0)+ F'(0)" (n—0)+ %Dw(n, 0) satisfies ¢’ (n) =
P'(0) — ~vEF'(0). Show that the same conclusion holds if ¢ is only defined on

an open convex set K C RY, and so that the gradient v is a bijection from K
to R?.

(d) Apply to p(0) = Y0, 6, log ;.

Often the uniformly averaged iterate is used, as %ZZ;E fs. Convergence rates
(without the logt factor) can be obtained with a slightly more involved proof using
the Abel summation formula (see also Section 11.1.1).

Exercise 5.21 (¢) We consider the same assumptions as Exercise 5.19 and the
same algorithm with orthogonal proyectzons With D the diameter of K, show that

for the average iterate 0, = 1 Zs —o0s, we have: F(6;) — F(0,) < 32{3})

The algorithm with the decaying step-size v; is an “anytime” algorithm; that is, it
can be stopped at any time ¢, and the bound in Eq. (5.16) then applies. Computa-
tions are often easier when considering a constant step-size + that depends on the
number of iterations 7" that the user wishes to perform, T being usually referred to
as the “horizon”. Starting from Eq. (5.17), we get the bound:

D? ~B?
F(6 F(0, — 5.18
T Z -1) )< 7T T2 (5.18)
where the optimal v can be obtain as v = BL\;T and an optimized rate of D—\/% We

gain on the logarithmic factor, but we no longer have an anytime algorithm (since
the bound only applies at time T'). This applies as well to SGD in Section 5.4. In
these situations, a “doubling trick” can be used, leading to an anytime algorithm
with the same guarantee but undesired practical behavior as the algorithm makes
substantial changes at each iteration, which is a power of two (see the exercise
below).

Stochastic gradients can be used, as presented below (one interpretation is that the
subgradient method is so slow that it is robust to noisy gradients).
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Exercise 5.22 (doubling trick for subgradient method) We consider an algorithm

that successively applies the SGD iteration with step-size v = B\[/)Tk during 2% iterations,

for k=0,1,.... Show that after t subgradient iterations, the observed best value of F is
less than a constant times DB/\/E.

Exercise 5.23 Compute all constants for {o-regularized logistic regression and the sup-
port vector machine with linear predictors (Section 4.1).

Machine learning with linear predictions and Lipschitz-continuous losses. For
specialized machine learning problems, we can now close the loop on the discussion out-
lined in Section 5.1 regarding the need to take into account the optimization error on top
of the estimation error. For convex Lipschitz-continuous losses (with constant G) such
as the logistic loss or the hinge loss, for linear predictions with feature f2-norms smaller
than R, a parameter bounded in fs-norm by D, we showed in Section 4.5.4 that the
estimation error was upper-bounded by a constant times G\%D . The optimization error

after t iterations of the subgradient method is upper-bounded by a constant times G\}}ZD ,

since the Lipschitz constant of the objective function is B < GR.

Adding these two bounds, there is no need to have the number of iterations ¢ larger
than the number of observations n. However, since each gradient computation requires
n gradient computations for the individual loss functions associated with a single data
point, the total number of such gradient computations is tn ~ n?, which is not scalable
when n is large. We now show how stochastic gradient descent can turn this number to
n with the same upper-bound on the generalization performance.

5.4 Convergence rate of stochastic gradient descent

(SGD)

For machine learning problems, where F(6) = 1 3% U(y;, fo(x;)) + Q(6), at cach itera-
tion, the gradient descent algorithm requires computing a “full” gradient F’(6;_1), which
could be costly as it requires accessing the entire data set (all n pairs of observations).
An alternative is to instead only compute unbiased stochastic estimations of the gradient
g+(0:-1), i.e., such that

Elg:(01-1)10:—1] = F'(6;-1), (5.19)
which could be much faster to compute, in particular by accessing fewer observations.

A\ Note that we need to condition over #;_; because 0;_1 encapsulates all the randomness
due to past iterations, and we only require “fresh” randomness at time ¢.

/\ Somewhat surprisingly, this unbiasedness does not need to be coupled with a vanishing
variance: while there are always errors in the gradient, the use of a decreasing step-size
will ensure convergence. If the noise in the gradient is not unbiased, then we only get
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convergence if the noise magnitudes go to zero (see, e.g., d’Aspremont, 2008; Schmidt
et al., 2011 and references therein).

This leads to the following algorithm.

Algorithm 5.2 (Stochastic gradient descent (SGD)) Choose a step-size sequence
(Y)t>0, pick 0y € RY and for t > 1, let

Or = 0r—1 — 79t (0:-1),
where gi(0:—1) satisfies Eq. (5.19).

SGD in machine learning. There are two ways to use SGD for supervised machine
learning:

(1) Empirical risk minimization: If F(0) = 23"  ((y;, fo(z:)) then at iteration ¢

T n

we can choose uniformly at random i(¢) € {1,...,n} and define g, as the gradient
of 6 — £(yit), fo(xir))). Here, the randomness comes from the random choice of
indices.

There exist “mini-batch” variants where, at each iteration, the gradient is averaged
over a random subset of the indices (we then reduce the variance of the gradient
estimate, but we use more gradients, and thus the running time increases, see
Exercise 5.25). We then converge to a minimizer n. of the empirical risk.

Note here that since we sample with replacement, a given function will be selected
several times, even within n iterations. Sampling without replacement can also
be studied, but its analysis is more involved (see, e.g., Nagaraj et al., 2019, and
references therein).

(2) Expected risk minimization: If F(0) = E[{(y, fo(x))] is the expected (non-
observable) risk, then at iteration ¢ we can take a fresh sample (x4, y:) and define g;
as the gradient of 6 — £(yt, fo(x:)), for which, if we swap the orders of expectation
and differentiation, we get the unbiasedness. Note here that to preserve the unbi-
asedness, only a single pass is allowed (otherwise, this would create dependencies
that would break it) and that the randomness comes from the observations (¢, y;)
themselves.

Here, we directly minimize the (generalization) risk. The counterpart is that if we
only have n samples, then we can only run n SGD iterations, and when n grows,
the iterates will converge to a minimizer 0, of the expected risk.

Note that in practice, multiple passes over the data (that is, using each observation
multiple times) lead to better performance. To avoid overfitting, either a regular-
ization term is added to the empirical risk, or the SGD algorithm is stopped before
its convergence (and typically when some validation risk stops decreasing), which
is referred to as regularization by “early stopping”.

We can study the two situations above using the latter one by considering the empirical
risk as the expectation with respect to the empirical distribution of the data (and we thus
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use the notation 6, for the global minimizer).

Stochastic gradient descent is not a descent method: the function values often
A go up, but they go down “on average”. See, for example, an illustration in
Figure 5.2.

Under the same usual assumptions on the objective functions, we now study SGD
with the following extra assumptions:

e (H-1) unbiased gradient: E[g:(0:—1)[0:—1] = F'(0:—1), Vt > 1,
e (H-2) bounded gradient: ||g;(f:—1)||3 < B? almost surely, V¢t > 1.

Assumption (H-2) could be replaced by other regularity conditions (e.g., Lipschitz-
continuous gradients). Assumption (H-1) is crucial and is often obtained by considering
independent gradient functions g, for which we have E[g:(-)] = F’(:). See Exercise 5.26
for SGD for smooth functions.

Proposition 5.7 (Convergence of SGD) Assume that F is convex, B-Lipschitz and
admits a minimizer 0, that satisfies ||0. —6pl|2 < D. Assume that the stochastic gradients
satisfy (H-1) and (H-2). Then, choosing v, = (D/B)/\/t, the iterates (0;)i>0 of SGD
on F satisfy

- 2 + log(?)
E[F(8;) — F(6.)] < DB=

where 0; = (22:1 %95—1)/(2221 Vs)-

We state our bound in terms of the average iterates because the cost of finding the best
iterate could be higher than that of evaluating a stochastic gradient (since we cannot
compute F' in general).

Proof We follow essentially the same proof as in the deterministic case, adding some
expectations at well-chosen places. We have:

E[16; — 0.115] = E[|16:—1 — 719:(0e—1) — 0.13]
= E[[|6i-1 — 0.115] = 2%E[9:(61—1) " (=1 — 6.)] +17E[llg9:(6:—1)13]-
We can then compute the expectation of the middle term as:
E[gi(0i=1) " (0i=1 — 6.)] = E[E[ge(6e—1) " (Br—1 — 0.)]0:—1] ]
E[E[gi(01-1)[8-1] (611 = 0.)] = E[F'(6,1)T (611 — 6.)],

where we have crucially used the unbiasedness assumption (H-1). This leads to

E[16: — 0.115] < E[16:—1 — 6.]13] — 2%E[F'(61—1) " (0:—1 — 0.)] + v B*.

Thus, combining with the convexity inequality F(6;_1) — F(6.) < F'(6;_1) T (6;_1 — 0)
from Eq. (5.7), we get

VEIF(61) — F(6.)] < 5 (10—~ 6.13] ~ E[I6 — 6.13]) + 302B%  (5:20)

N | =
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Except for the expectations, this is the same bound as Eq. (5.17), so we can conclude as
in the proof of Prop. 5.6. |

We can make the following observations:

e Averaging of iterates is often performed after a certain number of iterations (e.g.,
one pass over the data when doing multiple passes): having such a “burn-in” period
speeds up the algorithms by forgetting initial conditions faster.

e Many authors consider the projected version of the algorithm where after the gra-
dient step, we orthogonally project onto the ball of radius D and center 6y. The
bound is then exactly the same.

e Like for the subgradient method in Eq. (5.18), we can consider a constant step-
size 7, to obtain

T
1 D2 ~B?
T E —1)| = F(0s) € 50—+ —,
t:1E[F(9t V] = F6.) 291 2

from which we get, E[F(6;)] — F(6,) < 2’3—; + 'YTBQ = %, for the specific choice

v = D/(BVT) (that depends on the horizon T, and for the uniformly average
iterate.

e The result that we obtain, when applied to single pass SGD, is a generalization
bound; that is, after the n iterations, we have an excess risk proportional to 1//n,
corresponding to the excess risk compared to the best predictor fp.

This is to be compared to using results from Chapter 4 (uniform deviation bounds)
and non-stochastic gradient descent. It turns out that the estimation error due
to having n observations is exactly the same as the generalization bound obtained
by SGD (see Section 4.5.4 in Chapter 4). Still, we need to add on top of the
optimization error proportional to 1/y/¢ (with the same constants). The bounds
match if £ = n, that is, we run n iterations of gradient descent on the empirical
risk. This leads to a running time complexity of O(tnd) = O(n?d) instead of O(nd)
using SGD, hence the strong gains in using SGD.

/\ We are still comparing upper bounds.

e The bound in O(BD/+/t) is optimal for this class of problem. That is, as shown for
example by Agarwal et al. (2009), among all algorithms that can query stochastic
gradients, having a better convergence rate (up to some constants) is impossible.
See Section 15.3 for a detailed proof.

e As opposed to the deterministic case, the use of smoothness does not lead to sig-
nificantly better results (see Exercise 5.26).

e An inspection of the proof shows that we can replace the almost sure bounds
l9:(6:~1)[I3 < B? by bounds in expectation E[||g;(6;—1)[|3] < B? For machine
learning problems with linear predictions with feature ¢o-norm bounded by R and
a G-Lipschitz-continuous loss, the gradient g¢(6;—1) is the gradient of the func-
tion 0 — L(y;, o(x:)"0) taken at 6,1, and thus its squared norm is less than
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G? - ||¢(x4)]|3. An almost sure bound is therefore G?R?, while a bound in expecta-
tion is G* - E[|¢(2)|13], which is stronger.

e We can obtain a result in high probability, using an extension of Hoeffding’s in-
equality to “differences of martingales”, as shown in the exercise below.

Exercise 5.24 (high-probability bound for SGD (#)) Using the same assumptions
and notations as in Prop. 5.7, we consider the projected iteration: 0 = I p(6:—1 — e g¢t),
where Ilp is the orthogonal projection on the £2-ball of center 0 and radius D. Denoting
2 = (01 — 0.) " [ge — F'(0,_1)], show that E[z;|F;_1] = 0 and |z| < 4v.BD almost
surely, and that

1

1
Ve[F(0r-1) — F(0.)] < §(E[|I9t_1 —0.]3] —E[ll6: — 9*@) + 5% B + 2

Show that with probability at least 1 — &, then, for the weighted average 0, defined in
Prop. 5.7, for any step-sizes ~y;:

_ 2D2 to2 t 22 1
F(0) < ———— + B Zsfl % 4 4pp{Zs=1 ) 25;1 %) 2log 5.
Zs:l Vs 2 Zs:l Vs Zs:l Vs

and that for a constant-step size, v, = v, F(0;) < Q,YATQ + 7—]232 + %‘/Mog%.

SGD or gradient descent on the empirical risk? As seen above, the number of
iterations to reach a given precision will be larger for stochastic gradient descent than for
smooth deterministic gradient descent, but with a complexity that is typically n times
faster. Thus, for high precision, that is, low values of F'(¢) — F(n.) (which is not needed
for machine learning), the number of iterations of SGD may become prohibitively large,
and deterministic full gradient descent could be preferred. However, for low precision and
large n, SGD is the method of choice (see also recent improvements in Section 5.4.4).

In particular, for the linear prediction case described at the end of Section 5.3, we
obtain the exact same rate in Prop. 5.7 as for non-stochastic gradient descent on the
empirical risk. If sampling from the n observations with replacement, after ¢ = n steps,
the sum of optimization error and optimization error is of the same order O(%), with
now only n accesses to individual loss gradients (instead of n? with batch methods, thus,
with a big improvement). Moreover, with a single pass over the data, Prop. 5.7 is directly

a generalization performance result with the same rate.

Exercise 5.25 We consider the mini-batch version of SGD, where at every iteration, we
replace g¢(0:—1) by the average of m independent samples of stochastic gradients at ;1.
Extend the convergence result of Prop. 5.7.

Exercise 5.26 (4) We consider independent and identically distributed convex L-smooth
random functions f; : R — R, t > 1, with expectation F : R* — R, that has a minimizer
0. € RY. We consider the SGD recursion 0y = 0;_1 — v f1(0:_1), with ¢ a deterministic
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step-size sequence. Using co-coercivity (Prop. 5.4), show that
E[[|6: —0.[13] <E[6—1—6.]13] =23 (L =% L)E[F'(B1-1) " (-1 —0.)] +27E[|| f{(8)]3]-
Extend the proof of Prop. 5.7 to obtain an explicit rate in O(1/\/t).

Exercise 5.27 (non-uniform sampling (#)) We consider functions F : R x Z — R,
which are conver with respect to the first variable, with a subgradient F'(6, z) with respect
to the first variable which is bounded in £2-norm by a constant B(z) that depends on z. We
consider a distribution p on Z, and we aim to minimize E,,F (0, z), but we sample from
a distribution q, with density dq/dp(z) with respect to p to get independent and identically
distributed random zg, t > 1. We consider the recursion 0; = 0;_1 — mF’(@t,l, 2t)-
Provide a convergence rate for this algorithm and show how a good choice of q leads to
significant improvements over the choice ¢ = p when B(z) is far from uniform in z. Apply

this result to the support vector machine when applying SGD to the empirical risk.

5.4.1 Strongly convex problems (#4)

We consider the regularized problem G(0) = F(6) + £|6]|3, with the same assumption
as above, and started at 8y = 0. The SGD iteration is then, with g¢(0;—1) a stochastic
(sub)gradient of F at 6;_:

Or = 01 — Ye[ge(Be—1) + pbi—1]. (5.21)
We then have an improved convergence rate in O(1/t) with a different decay for the
step-size.

Proposition 5.8 (Convergence of SGD for strongly-convex problems) Assume that
F is convex, B-Lipschitz and that F + % - |3 admits a (necessarily unique) mini-
mizer 0. Assume that the stochastic gradient g satisfies (H-1) and (H-2). Then, choosing

ve = 1/(ut), the iterates (0;)i>0 of SGD from Eq. (5.21) satisfy

< 2B%(1 + logt)

E[G(6;) — G(6.)] "

3

= t
where 0, = %25:1 Os_1.

Proof The beginning of the proof is essentially the same as for convex problems, leading
to (with the new terms in blue):

E[]16: — 6.]13] E[[16:—1 — ve(g¢ (Bs—1)+ubs—1) — 0.]13]

E[l61-1 = 0.118] =2 E [(gu(B-1)+16,-1) T (011~ 6]
+7§E[|‘gt(9t71>+ﬂ9t71 H%} .

From the iterations in Eq. (5.21), we see that 6; = (1 — y:p)0:—1 —l—%u[ — igt(&g_l)} is a

convex combination of gradients divided by —pu, and thus ||g¢(0;—1) + pfs_1]|3 is always
less than 4B2. Thus

E[[16: = 6.113] < E[[|6:—1 — 03] = 2%E[G' (6:-1) " (Bs—1 — 6.)] + 477 B>,
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Therefore, combining with the inequality coming from strong convexity G(6;—1) —
G(0.)+50;-1 — 0.]13 < G'(61—1) " (61 — 0.) (see Eq. (5.9)), it follows

NE[G(0r-1) — G(02)] < 5 ((1=7)E[0—1 — 0.]1* — |6y — 0.]1%) + 247 B2,

N =

and thus, now using the specific step-size choice vz = 1/(ut):

1 - —
BIG(01-1) = GO < (07" — wBlO-s = 6] = BN = 6.]%) + 2B
1 232
= 5 (e =~ VB0 — 0. — puor — 0.%) + =7

Thus, we get a telescoping sum: summing between all indices between 1 and ¢, and using
the bound Zi:l % < 1+ logt, we get the desired result. |

We can make the following observations:

e For smooth problems, we can show a similar bound of the form O(k/t). For
quadratic problems, constant step-sizes can be used with averaging, leading to im-
proved convergence rates (Bach and Moulines, 2013). See the exercise below.

Exercise 5.28 (#) We consider the minimization of F(0) = 10" H — c" 0, where
H € R4 is positive definite (and thus invertible). We consider the recursion 0, =
01 —[F'(01—1)+et], where all e;’s are independent, with zero mean and covariance
matriz equal to C. Compute explicity E[F(Gt)—F(G* )} , and provide an upper-bound

ofE[F(ét) — F(G*)} , where 0, = % EZ;E 0.

e The bound in O(B?/ut) is optimal for this class of problems. That is, as shown for
example by Agarwal et al. (2009), among all algorithms that can query stochastic
gradients, having a better convergence rate (up to some constants) is impossible
(see Section 15.3).

e We note that for the same regularized problem, we could use a step size proportional
to DB/+/t and obtain a bound proportional to DB/+/t, which looks worse than
B?/(ut) but can, in fact, be better when p is very small.

Note also the loss of adaptivity: the step-size now depends on the problem’s diffi-
culty (this was different for deterministic gradient descent). See experiments below
for illustrations.

Exercise 5.29 With the same assumptions as Prop. 5.8, show that with the step-size

. n = 2
V= ﬁ, and with 0; = ﬁ St 8051, we have: E[G(6;) — G(6.)] < %.

Experiments. We consider a simple binary classification problem with linear predictors
in dimension d = 40 (inputs generated from a Gaussian distribution, with binary outputs
obtained as the sign of a linear function with additive Gaussian noise), with n = 400
observations, and observed features with ¢5-norm bounded by R. We consider the hinge
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Figure 5.2: Comparison of step-sizes for SGD for the support vector machine, for two
values of the regularization parameter p (top: large u, bottom: small u). The performance
is measured with a single run (hence the variability) on the excess training objective (left:
regular plot, right: “log-log” plot).

loss with a squared (o-regularizer £|| - [|3 (that is, the support vector machine presented
in Section 4.1.2). We measure the excess training objective. We consider two values of p,
and compare the two step-sizes 7, = 1/(R?\/t) and 74 = 1/(ut) in Figure 5.2. We see
that for large enough p, the strongly-convex step-size is better. This is not the case for
small p.

The experiments above highlight the danger of a step-size equal to 1/(ut). In practice,
it is often preferable to use v; = m, as shown in the exercise below.
Exercise 5.30 (44) With the same assumptions as in Prop. 5.8, with v = m,
provide a convergence rate for the averaged iterate.

5.4.2 Adaptive methods (¢)

The discussion on pre-conditioning for gradient descent on smooth functions at the end
of Section 5.2.5 can be adapted to stochastic gradient methods for non-smooth problems.
In this section, we highlight the potential gains and give references for precise results.
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We focus on a linear prediction problem with i.i.d. features bounded in ¢s-norm by R,
and a convex G-Lipschitz-continuous loss function, in the setting of Prop. 5.7. For a
constant step-size 7, in the proof of Prop. 5.7, we obtained an expected excess-risk equal
to, starting from 6y = 0,

VG®

1
— 116,112 + = [,
3 1013 + 5 ()

where ¥ = E[p(x)¢(x) "] is the covariance matrix of the features. Optimizing over

G0+
leads to the overall rate of %\/t [X].

Like done at the end of Section 5.2.5, pre-multiplying each gradient by the matrix AAT
is equivalent to minimizing the expectation of £(y, p(x) " Af), which itself corresponds to
replacing the feature map ¢ by AT¢, and 6, by A7'6,. The complexity bound above

then becomes )

1 G
— 0] (AAT) 10, + Z tr[nAAT.
279t 2

The matrix M = (yAAT)~!, which is the inverse of the matrix multiplying the gradient
in the SGD iteration, can be optimized in the specific situation where we restrict the
matrix M to be diagonal with diagonal m € R%. We then obtain the bound

d d
1 2y
—110,/? E 4 =93
ot 10+l j:1m3+ 2 ij’

j=1

1/2 Gll0ullos x~d  $o1/2
i GVt/]|0. o and an overall rate equal to =T

which can be substantially smaller than the corresponding rate with uniform m, propor-
tional to %dw / Z?:l Y;;; this in particular the case, where the 3;;’s have heteroge-

neous values.

with optimal m; equal to X

In practice, we can estimate before running the learning algorithm the required ele-
ments of 3, the (non-centered) covariance matrix of the features, and, more generally,
the covariance of the gradients. These quantities can be estimated online, leading to the
algorithms Adagrad (Duchi et al., 2011), or Adam (Kingma and Ba, 2014), which come
with specific complexity bounds (see, e.g., Défossez et al., 2022).

5.4.3 Bias-variance trade-offs for least-squares (¢)

In this section, we consider the least-squares learning problems studied in Chapter 3, that
is, we assume that we have i.i.d. observations (z;,y;) € X X R, for ¢ > 1, assuming that
there exists a feature map ¢ : X — R? and 6, € R? such that Y = gp(a:l-)TH* +e&;, where ¢;
has mean zero and variance o2, and is independent of ;. The goal of this section is to
relate the performance of single-pass SGD to (regularized) empirical risk minimization
studied in Section 3.3 and Section 3.6, and to study the impact of noise in SGD precisely.

The SGD recursion, often referred to as the least-mean-squares (LMS) recursion, can
be written as, with a constant step-size:

0 = 01— (0 10(xe) — ye)p(ae) = i1 — (0 1o(xe) — 0. (1) — 1 )p(ay),
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leading to
0 — 0. = (I — 7@(%)90(551&)T)(9t—1 —0.) + verp(xt). (5.22)

Thus, like in the deterministic case in Section 5.2.1, we obtain a linear dynamical system,
this time with random coefficients.

Classical analysis. We can first use a similar proof as in previous sections, that is,
expanding Eq. (5.22),
100 = 0.1 = N16i—1 — Oull3 + [lre(z)p(ze) T (-1 — 6.3
=29(0-1 = 0.) "o () p(e) T (Br1 — 0.) + |venp(a) |3
+2yeup(x) T (I = yp(ae)p(we) ) (0r—1 — 6.,

leading to, with F;_; the information up to time t—1 (generated by x1,y1, ..., t—1,Yt—1),
and using that [|¢(z;)[|3 < R? almost surely, and the inequality ¥ = E[p(z,)p(z:) "],

and E[[|o(ze)l[30(ze)p(ae) ] < 2
E[[16: — 6.15]F-1] < 16e-1 — 0.15 + (P R* = 29) (611 — 6.) " S(6:-1 — 6.) + 7*0>R>.
This leads to, with F(0) — F(6.) = (0 — 6.)T2(0 — 6.), for v < 1/R?,

1 vo?R?
E[F () ~ F(0)] < - (B0~ 0.13] ~ E[llo — 0.13)) + 75—,

t
s=1

and thus, for the average 6; = % > oy 0s—1, using Jensen’s inequality,

1 yo? R?
E[F(@)] = F(8.)] < 551180 = 0ull3 + —5—

which is a similar result to the non-smooth case but with an explicit bias/variance de-
composition where the noise variance o2 explicitly appears, as well as the norm of ..
Note that it requires the step-size to depend on the number of total iterations to obtain
convergence.

However, for least-squares, a finer analysis can be performed, allowing explicitly for
constant step-sizes and a clear relationship with generalization bounds for least-squares
outlined in Chapter 3.

Finer analysis of the LMS recursion (#4). A detailed analysis of the LMS recursion
in Eq. (5.22) is out of the scope of this textbook. However, a simplified recursion with
essentially the same behavior can be analyzed with simple linear algebra tools. To obtain
this simplified recursion, we rewrite Eq. (5.22) as

O — 0. = (I = ¥X)(01-1 — 0.) + yero(m) + (2 — pla) (@) ) (01 — 0.),

which is the recursion of the expected risk, corresponding to the term (I —~vX)(0;—1 —6.),
plus additional stochastic terms with zero conditional mean. One of them, veyp(z;) is
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purely “additive” (i.e., it does not depend on 6;_;) and has a constant non-zero variance,
while the other one, v(X — ¢(x;)p(z¢) " )(f:—1 — 0) is multiplicative and has a variance
that will go to zero as iterates converge to 6,.. The simplified recursion ignores that term,
and we now study the recursion (started at 7y = 6p):

ne—0s = (I —yX) (-1 — 0s) + veup(ze), (5.23)
which also corresponds to replacing ¢(x;)e(x;) " in Eq. (5.22) by its expectation ¥ .

We can then explicitly unroll the recursion as:

me— 0o = (I—75) (no—0.)+ > veuld — vE) "p(za),

u=1

with two parts, one which only depends on the initialization, that is, (I — )" (no — 60.),
which is precisely the deterministic recursion from Section 5.2.1, and we refer to it as the
“bias” part, and a part that depends on the noise variables ¢,, u = 1,...,t, which we
refer to as the “variance” part. Assuming these noise variables are independent from x,
the two parts can be considered totally independently when taking expectations.

We then have, for the averaged iterates:

_(bias 1_ v 1 —

e -6, = 7 2= m = 62) = 6D = (=920~ 62)
tlv ”yt 1¢-1

A =0 = 3 S el =) elw) = Y0 (T~ ) ()
v=1u=1 u=1v=u

- ZZ (I —5) ] ewp(zu),

leading to
15 02 = 5l — 607 (R~ (T =72 Sl —0.)
< %;%—mfrﬂw—&x
o? =1 o2d

B[l - 0.]2]

We thus obtain two terms, the variance term in @, which is present because the optimal
prediction is not equal to the response, and the bias term in ,Yz_ltz(no —0.) TS (o — 6.),
which corresponds to the forgetting of initial conditions. It is worth comparing to the
same quantities for the non-averaged iterates: the bias term is upper-bounded by (using
the same constants) 2 (o — 0+) TS (o — 0.), but it is typically faster when the lowest

- Zt [22 — (- yz)f—“ﬂ <zt

eigenvalue of ¥ is str1ct1y positive. The variance term is only of order yo? tr[X] for the
variance term (thus. with no convergence). This is illustrated in Figure 5.3.
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Figure 5.3: The iterates of SGD form a Markov chain, which is homogeneous when the
step-size 7 is constant. It typically converges to a stationary distribution with expec-
tation 97, which happens to be the global minimum 6. for quadratic costs (and with a
deviation of 42 in general). The non-average iterates go from the initial condition 6y to
the vicinity of 57, while the averaged iterates converge to that expectation 57.

When ¢ = n iterations are performed, these should be compared to the excess risk for
the least-squares estimators defined in Section 3.3 obtained by minimizing the empirical
risk (only with the fixed design assumption). The variance term is the same as o?d/n =
O(1/n), while the bias term is in O(1/n?) and seems smaller in the dependence in n.
However, in high-dimensional problems, it can start to be larger for small n, highlighting
the impact of forgetting initial conditions (see, e.g., Défossez and Bach, 2015).

The analysis provided in this section can be extended in several ways, for the “true”
multiplicative noise, with similar results (Bach and Moulines, 2013; Défossez and Bach,
2015), to obtain dimension-free results akin to Section 3.6 (Dieuleveut and Bach, 2016;
Dieuleveut et al., 2017), and to go beyond least-squares regression by studying logistic
regression (Bach, 2014).

5.4.4 Variance reduction (¢)

We consider a finite sum F(0) = 2 37" | fi(6), where each f; is R?-smooth (for example,
logistic regression with features bounded by R in ¢2-norm), and which is such that F
is pi-strongly convex (for example by adding £[|0]|3 to each f;, or by benefitting from
the strong convexity of the sum). We denote by x = R?/u the condition number of the
problem (note that it is more significant than L/p, where L is the smoothness constant
of F).

Using SGD, the convergence rate has been shown to be O(k/t) in Section 5.4.1, with
iterations of complexity O(d), while for GD, the convergence rate is O(exp(—t/k)) (see
Section 5.2.3), but each iteration has complexity O(nd). We now present a result allowing
exponential convergence with an iteration cost of O(d).

The idea is to use a form of variance reduction, made possible by keeping in memory
(t)

The SAGA algorithm (Defazio et al., 2014), which combines the earlier algorithms
SAG (Schmidt et al., 2017) and SVRG (Johnson and Zhang, 2013; Zhang et al., 2013),

works as follows: at every iteration, an index i(t) is selected uniformly at random in

past gradients. We denote by z,’ € R? the version of gradient i stored at time ¢.
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{1,...,n}, and we perform the iteration
Oy =01 —~ [f Y Z (t=1) _ (t 1)},

with 21(8) = fl4)(fi—1) and all others zi(t) left unchanged (i.e., the same as zi(t_l)). In
words, we add to the update with the stochastic gradient fi’(t) (0¢—1) the corrective term

% Py zi(t_l) — zi(gt_)l), which has zero expectation with respect to i(t). Thus, since the
expectation of fi’(t) (0¢—1) with respect to i(t) is equal to the full gradient F’(6), the update

is unbiased like for regular SGD. The goal is to reduce its variance.

The idea behind variance reduction is that if the random variable zl(ft_) b (only consid-

ering the source of randomness coming from i(t)) is positively correlated with fi'(t) (Oe—1),
then the variance is reduced, and larger step-sizes can be used.

®

As the algorithm converges, then z;”’ converges to f/(n) (the individual gradient at

optimum). We will show that simultaneously 6; converges to 7. and zi(t)

f1(ns) for all i, all at the same speed.

converges to

Proposition 5.9 (Convergence of SAGA) If initializing with zi(o) = fl(6y) at the

initial point 6y € RY, for alli € {1,...,n}, we have, for the choice of step-size v = #:
1 3u t n 9
E[0: —n.3] < (1 —min { =, =E ) (14 2 160 — el (5.24)

Proof (44) The proof consists in finding a Lyapunov function that decays along itera-
tions.

Step 1. We first try our “usual” Lyapunov function, making the differences Hz(t) —
F/(1.)|13 appear, with the update 6, = 0,y —wy, with w; = [ [, (Bi—1)+2 320, 27—

=1 2
(t—1)
Zi(t) ]v

[16: — .3
2 2 T
Einll0: —nellz = [[0—1 = nullz = 29(0r—1 — ns) F(01—1)

Fleo(601) Zz(t N (t 1)

2 .
16:—1 — mall3 = 27(0i—1 — ms) Ty + ”ysztHQ by expanding the square,

+vEiq)

)

2

using the unbiasedness of the stochastic gradient. We further get

Eiwl16: — nell3 < 1161 — null3 — 29(0e-1 — 1) T F' (6:1) :
2 t-1) , L _@-1))2
27 Eio) || iy (Oe—1) = Fioy (0)||5 + 207 By || Ficay () — z((t) - - E 2 )|
i=1

27
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. 2
using fla + b3 < 2[al} + 2[bl3. To bound By £ (6r-1) — £y (1.)])% we use co-
coercivity of all functions f; (see Prop. 5.4), to get:

1 n
B | £y (00) ~ Fomll2 = = S0~ £
i=1

< LSRG - F] O~ 6.)
i=1
< R?F'(6-1)" (6:-1 —7.) since Zfi’(n*) =0. (5.25)

i=1

t—1 1
To bound E;) || /) (n+) — z<(t) '+ i 2t )sz
We thus get

Eiwl16: — nell3 < 1161 — nall3 — 29(0e-1 — 1) T F' (6:1) +27 R*(0i—1 — ) T F'(61-1)
L)
+27-§:Hf () I+

< |01 —n4]3 — 29(1=vR*) (-1 —1mu) ' F (9t—1)

2 n
#2252 s ==V
=1

we use Ei(t) ||Z—Ei(t)ZH§ < Ei(t) ||Z||%

Step 2. We see the term ., Hfl'(n*) — zi(tfl) Hi appearing, so we try to study how it

varies across iterations. We have, by definition of the updates of the vectors zi(t):

S lHm) =005 = S Ifm) ==
i=1 i=1
_Hfil(t)(n*) z(t H2+||fz(t 77* fz(t)(et_l)H;'

Taking expectations with respect to i(t), we get

B[ 3 ) ==l = (1-2)
=1

< (1-

- 2

£ m) ==V + Z\lf n)—10:-1)];

S|

=1

Hf M) — 1)H§+R2(6‘t—1_n*)TF/(et—l)a

3|*—‘

HM:

).

where we use the bound in Eq. (5.25). Thus, for a positive number A to be chosen later,

B 10— .13+ 83 [1£16r) — =7}

=1
< |0m1 —mull3 — 29(1 —yR* —

R2A
o Y(Or—1 — ) T F (0:-1)

2 n
21+ (= 1w A i) -2V

=1
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_ 2 R A 3 v _ 2 :
With A =3v2 and v = 4R2, we get 1 —yR* — = g and 2.3 = 5= Moreover, using
the identity (0;—1 — ns) T F'(0;—1) > p||0r—1 — 77*||2 as a consequence of strong convexity,
we then get:

2 S )12 . 1 3p 5
E;) H9t—77*||2+A;||f{(77*)—3i M < (1_mm{%aw})[||9t71—77*||2

SN VATREE A o]
=1
Thus
9 1 3u t 9 3 , (02
E[10: —n.13] < (1 = min { o, 225 1) (160 = m 13+ 1oz 2 177ne) = 2|5
=1

) _

If initializing with z;’ = f/(6p), we get the desired bound by using the Lipschitz-
continuity of each f/, which leads to (1 + 32)[|6p — 7.][3 < (1 + %)[|60 — 7.]|3. This
leads to the final bound in Eq. (5.24). [ ]

We can make the following observations:

e The contraction rate after one iteration is (1 — min {%, 12’% }), which is less than

exp ( — min {Bin, 1g%}). Thus, after an “effective pass” over the data, that is, n
iterations, the contracting rate is exp (— min {%, 136*;;?2 }) It is only an effective pass
because after we sample n indices with replacement, we will not see all functions

(while some will be seen several times).

In order to have a contracting effect of ¢, that is, having [|6; — 7.]|3 < ¢]|60 —
n«|3, we need to have exp( - tmin{gln, 121*%2 })Qn < &, which is equivalent to
t > max {3n 16R }log 2n Tt just suffices to have t > (3n + 1352) log = 20 and thus
the running tlrne complex1ty is equal to d times the minimal number, that is

16 R? 2
d(3n + ) log il
€
This is to be contrasted with batch gradient descent with step-size v = 1/R? (which
is the simplest step-size that can be computed easily), whose complexity is

2 1
dn— log —.
I €

We replace the product of n and condition number x = %2 by a sum, which is
significant where « is large.

e Multiple extensions of this result are available, such as a rate for non-strongly-
convex functions, adaptivity to strong-convexity, proximal extensions, and accel-
eration. It is also worth mentioning that the need to store past gradients can be
alleviated (see Gower et al., 2020, for more details).
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Figure 5.4: Comparison of stochastic gradient algorithms for logistic regression. Top:
n = 1000, bottom: n = 10000. Left: training objective in semi-log plot, right: expected
risk estimated with n test points.

e Note that these fast algorithms allow very small optimization errors and that the
best testing risks will typically be obtained after a few (10 to 100) passes.

Experiments. We consider /s-regularized logistic regression, and we compare GD,
SGD, and SAGA, all with their corresponding step-sizes coming from the theoretical
analysis, with two values of n. We use a simple binary classification problem with linear
predictors in dimension d = 40 (inputs generated from a Gaussian distribution, with bi-
nary outputs obtained as the sign of a linear function with additive Gaussian noise), with
two different numbers of observations n, and regularization parameter u = R?/n. See
Figure 5.4 (top: small n, left: large n). We see that for early iterations, SGD dominates
GD, while for larger numbers of iterations, GD is faster. This last effect is not seen for
large numbers of observations (right), where SGD always dominates GD. SAGA gets to
machine precision after 50 effective passes over the data in the two cases. Note also the
better performance on the testing data.
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5.5 Conclusion

Convex finite-dimensional problems. We can now provide a summary of conver-
gence rates below, with the main rates we have seen in this chapter (and some that
we have not seen) for convex objective functions. We separate between convex and
strongly convex, and between smooth and non-smooth, as well as between deterministic
and stochastic methods. Below, L is the smoothness constant, p the strong convexity
constant, B the Lipschitz constant, and D the distance to optimum at initialization.

convex strongly convex
nonsmooth | deterministic: BD/v/t | deterministic: B2/ (tu)
stochastic: BD/+/t stochastic: B2/ (tu)

smooth deterministic: LD?/t? | deterministic: exp(—ty/u/L)
stochastic: LD?/+/t stochastic: L/(tu)
finite sum: n/t finite sum: exp(— min{1/n, u/L}t)

The convergence rates are often written as a number ¢ of accesses to individual gra-
dients to achieve excess function values of €. This corresponds to inverting each formula
for € as a function of ¢ to a formula for ¢ as a function of €. This leads to the following
table:

convex strongly convex

nonsmooth | deterministic: (BD)?/e? | deterministic: B?/(eu)
stochastic: (BD)?/&? stochastic: B%/(ep)

smooth deterministic: vLD/\/e | deterministic: exp(—t\/u/L)
stochastic: (LD?)?/e? stochastic: L/(ep)

finite sum: n/e finite sum: max{n, L/u}log(1/e)

Like in the rest of the book, where we obtain explicit convergence rates, the
homogeneity of all quantities can be checked (see exercise below). In the

/ : \ context optimization, this ensures that algorithms are invariant by change of
variable  — af for a # 0.

Exercise 5.31 Check the homogeneity of all quantities of this section (step-size and con-
vergence rates).

Note that many important themes in optimization have been ignored, such as Frank-
Wolfe methods (presented in Chapter 9), coordinate descent, or duality. See Nesterov
(2018); Bubeck (2015) for further details. See also Chapter 7 and Chapter 9 for opti-
mization methods for kernel methods and neural networks.

For strongly-convex smooth problems, the following toy figure also provides a good
summary, with gradient descent being along a line in a semi-log plot (that is, exponential
convergence) but with a staircase effect due to the lack of progress while computing
the full gradient, SGD starting fast but having trouble reaching low optimization error,
with variance reduction getting the best of both worlds, together with a faster rate of
convergence than regular GD.
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gradient descent

stochastic gradient descent

log(excess cost)

variance reduction

\J

running time

Beyond finite-dimensional problems. Supervised machine learning problems lead-
ing to finite-dimensional convex objective functions are essentially problems with pre-
diction functions that are linear in their parameters, with a feature map that can be
explicitly computed. In Chapter 7, we extend some of the algorithms seen in this chapter
to features that are only available through dot-products ¢(z) " ¢(2').

Beyond convex problems. Complexity bounds can be obtained beyond convex prob-
lems, as shown briefly in Section 5.2.6. However, they only certify that the gradient norm
will go to zero, not that a global optimum has been approximately reached. Objective
functions obtained from neural network training provide an important class of non-convex
objective functions that we consider in Chapter 9.

Generalization bounds: Rademacher or SGD? In the last chapter, we have shown
how to obtain generalization bounds for the constrained or regularized empirical risk min-
imizer. They relied on Rademacher complexities, which apply to all Lipschitz-continuous
loss functions (not necessarily convex). However, they leave open how to obtain algo-
rithmically such minimizers. In this section, we have not only seen algorithms to obtain
such minimizers through gradient-based techniques but also single-pass SGD that directly
provides the same generalization bound on unseen data for an efficient algorithm. We
will see in Section 11.1.3 how this extends to the mirror descent framework to account
for non-Euclidean geometries.

These two ways of obtaining generalization bounds will also be compared for multi-
category classification in Chapter 13, where SGD-based bounds will lead to better bounds.



Chapter 6

Local averaging methods

Chapter summary

First chapter on non-parametric methods that are not based on parametric models
and can adapt to complex target functions.

“Linear” estimators: These are based on assigning weight functions to each obser-
vation so that each observation can vote for its label with the corresponding weight
(typically non-linear in the input variables).

Partitioning estimates: the input space is cut into non-overlapping cells, and the
predictor is piecewise-constant.

Nadaraya-Watson estimators (a.k.a. kernel regression): each observation assigns a
weight proportional to its distance in input space.

k-nearest-neighbors: each observation assigns an equal weight to its k nearest neigh-
bors.

Consistency: All of these methods can provably learn complex Lipschitz-continuous
non-linear functions with a convergence rate of the form O(n=2/(4+2)) where d is
the underlying input dimension, leading to the curse of dimensionality.

6.1 Introduction

Like in previous chapters, we consider the supervised learning set-up, where we are being
given a training set: observations (x;,y;) € X x Y, ¢ = 1,...,n, of inputs/outputs,
features/variables are assumed independent and identically distributed (i.i.d.) random
variables with common distribution p. We consider a loss function £: Y x Y — R, where
L(y, z) is the loss of predicting z while the true label is y.

Our goal is to minimize the expected risk, that is, the generalization performance of

145




146 CHAPTER 6. LOCAL AVERAGING METHODS

a prediction function f from X to Y:

R(f) =E[l(y, f(2))],

where the expectation is taken with respect to the distribution p.

/\ Like in the rest of the book, we assume that the testing distribution is the same as
the training distribution.

/\ Be careful with the randomness or lack thereof of f: The estimator f we will use

depends on the training data and not on the testing data, and thus R(f) is random
because of the dependence on the training data.

As seen in Chapter 2, the two classical cases are:

e Binary classification: Y = {0,1} (or often Y = {—1,1}), and £(y,2) = 1y, (“0-1"
loss). Then R(f) =P(f(z) # y).

e Regression: Y = R and £(y, z) = (y — 2)? (square loss). Then R(f) = E(y — f(x))?.

As seen in Chapter 2, minimizing the expected risk leads to an optimal “target func-
tion,” called the Bayes predictor f* € argminR(f) = E[ﬂ(y, f(ac))] As shown in Sec-
tion 2.2.3, the optimal predictor can be obtained from the conditional distribution of y|x
as

fi(@) € argmin E(((y, 2)|z).

Note that (a) the Bayes predictor is not unique but that all Bayes predictors lead to
the same Bayes risk, and (b) the Bayes risk is usually non-zero (unless the dependence
between x and y is deterministic). The goal of supervised machine learning is thus to
estimate f*, knowing only the training data D = {(z1,y1),.-., (Zn,yn)} and the loss ¢,
with the goal of minimizing the risk or the excess risk R(f) — R*. We have the following
special cases:

e For binary classification: Y = {0,1} and (y, z) = 1,-., the Bayes predictor is equal
to f*(r) € argmax;eqo,13 P(y = i|z). This extends naturally to multi-category
classification with the Bayes predictor f*(z) € arg fnaxk} P(y = i|x).

ie{1,...,

If a convex surrogate from Section 4.1.1 is used, such as the logistic loss £(y, z) =
P(y=1|z)

log(1 + exp(—yz)) for z € R, then the target function is f*(z) = log Bly=—1T1)"

e For regression: Y = R and £(y, 2) = (y — 2)?, the Bayes predictor is f*(z) = E(y|z).
Moreover, we have R(f) — R* = [ (f(z) — f*(2))*dp(@) = [|f — F*I17, ap(a))-

In Chapter 3 and Chapter 4, we explored methods based on empirical risk minimiza-
tion, with explicit finite-dimensional models (often linear in their parameters) that may
not be flexible enough to adapt to complex target functions. We now explore methods
that can, starting with local averaging methods, which are not based on empirical risk
minimization. In subsequent chapters, we will study kernel methods (Chapter 7) and
neural networks (Chapter 9).
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6.2 Local averaging methods

In local averaging methods, we aim at approximating the target function f* directly
without any form of optimization. This will be done by approximating the conditional
distribution p(y|z) of y given z, by some p(y|x). We then replace the target function

f*(x) € argmin.ey [, €(y, 2)dp(y|z) by f(z) € argmin,cy Jy £y, 2)dp(y|x). These are
often called “plug-in” estimators.

In the usual cases, this leads to the following predictions:

e For classification with the 0-1 loss: f(x) € arg glax P(y = j|x).

e For regression with the square loss: f(z) = fy y dp(y|z).

6.2.1 Linear estimators

In this chapter, we will consider “linear” estimators, where the conditional distribution

is of the form .
plylr) = Z

where 4, is the Dirac probability distribution at y; (putting a unit mass at y;), and the
weight functions w; : X = R, i = 1,...,n, depends on the input data only (for simplicity)
and satisfy (almost surely in x):

Vo eX, Vie{l,...,n}, bi(z) >0, and Y () = 1.

i=1
These conditions ensure that for all z € X, p(y|z) is a probability distribution.

/A\ Some references allow for the weights not to sum to 1.

For our running examples, this leads to the following predictions:

e For classification: f(z) € arg ?ax }Zwl 1y,—;, that is, each observation
k

.....

(z4,y;) votes for its label with welght w;(z), a strategy often called “majority vote”.

e For regression: Y = R: f Zwl x)y;. This is why the terminology “linear

estimators” is sometimes used, smce as a function of the response vector in R™, the
estimator is linear (note that this is the case as well for kernel ridge regression in
Chapter 7). If we only consider predictions f (z;) at the observed inputs, the vector
§ € R™ of predictions §; = f(z;), for i € {1,...,n} is of the form § = Hy, where
the matrix H € R"*™, often called the smoothing matrix or the “hat matrix”, is
such that H;; = w;(x;).

Note that on top of being a linear estimator, the estimator satisfies additional
properties: if the same constant is added to all outputs, the exact same constant
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Figure 6.1: Weights of linear estimators in d = 1 dimension for the three types of local
averaging estimators. The n = 8 weight functions x — w;(x) are plotted with the
observations in black.

is added to the prediction function; moreover, given two vectors of outputs y and
y' € R™, with two prediction functions f and f', if y; < y. for all ¢ € {1,...,n},
then f(x) < f/(z) for all z € X.

Construction of weight functions. In most cases, for any i, the weight function
w;(z) is close to 1 for training points x; which are close to . We now show three
classical ways of building them: (1) partition estimators, (2) Nearest-neighbors, and (3)
Nadaraya-Watson estimator (a.k.a. kernel regression). See examples in Figure 6.1.

6.2.2 Partition estimators

If X = ;e A4; is a partition (such that for all distinct j,j' € J, A;N Ay = &) of X with
a countable index set J (which we will assume finite for simplicity, equal to {1,...,|J|}),
then we can consider for any x € X the corresponding element A(x) of the partition (that
is, A(z) is the unique A;, j € J, such that € A;), and define

N 1mi€A(:c)
Wi(1) = =S4 6.1

(@) 23:1 1xi/€A(r)’ (61)
with the convention that if no training data point lies in A(x), then w;(x) is equal to 1/n
for each ¢ € {1,...,n}. This implies that each w; is piecewise constant with respect to the
partition, that is, for any non-empty cell A; (that is, for which at least one observation
falls in Aj), for any x € Aj;, the vectors (;(x));e1,... n} has weights equal to 1/n4; for
i € Aj, where n 4, is the number of training points in the set A;, and 0 otherwise.

Equivalence with least-squares regression. When applied to regression where the
estimator is f(z)=Y_"_, w;(x)y;, then using a partition estimator can be seen as a least-

squares estimator with feature vector (?(*)) = ((1”6*‘1]‘)”'6") e RIVI*1 as we now show.
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Indeed, we then aim to estimate (z) € RII*1 for the prediction function
f(z) = ZejlzeAj + 7.

jeJ

From training data (21,91), ..., (Zn, Yn), as shown in Chapter 3, we can directly estimate
the constant term as n = y = %Z?:l y;, while for the other components, we need to
solve the normal equations

n n

D el@)e(@) 0 ="y (v — p)plas).

i=1 =1

It turns out that the matrix nS = S o(zi)p(z;) T is diagonal where for each j € J,
nf]jj is equal to n4, the number of data points lying in cell A;. This implies that for a
non-empty cell A;, §; is the average of all y; — ¥, for all ¢ such that x; lies in A;. Thus,
for all x € Aj;, the prediction is exactly 6; + §, as obtained from weights in Eq. (6.1). For
empty cells, §; is not determined by the normal equations above, and if we set it to zero,
we recover our convention of predicting as the mean of all labels.

/A\ Other conventions exist (such as all zero weights when no data point lies in A(x)).

This equivalence with least-squares estimation with a diagonal (empirical or not) non-
centered covariance matrix makes it attractive for theoretical purposes, as the inversion
of the population and expected covariance matrices could be done in closed form.

Choice of partitions. There are two standard applications of partition estimators:

e Fixed partitions: for example, when X = [0, 1]¢, we can consider cubes of length
h, with |J| = h™? (see example below in d = 2 dimension with |J| = 25). Note
here that the computation time for each x € X is not necessarily proportional to |J|
but to n (by simply considering the bins where the data lie). This estimator is
sometimes called a “regressogram”. We need then to choose the bandwidth h (see
analysis in Section 6.3.1). See Figure 6.2 for an illustration in one dimension.

Ap |Ag [As | Ay | As
Ag | A7 | Ag | Ag | Arg
An| Ao | Ajs| Al Ars
Al Arr| Ais| Avo| Agg
Ag1| Agg| Agz| Ags| Ass

e Decision trees: for data in a hypercube, we can recursively partition it by se-
lecting a variable to split, leading to a maximum reduction in errors when defining
the partitioning estimate.! A model selection criterion is then needed to control

1See more details in https://en.wikipedia.org/wiki/Decision_tree_learning.
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the number of cells in the partition (see, e.g., Friedman et al., 2009, Section 9.2).
Note here that the partition depends on the labels (so the analysis below does not
apply unless the partitioning is learned on data different from the one used for the

estimation).
MI=5 || =15
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Figure 6.2: Regressograms in d = 1 dimension, with three values of |J| (the number of
sets in the partition). The n = 100 input data points are distributed uniformly on [0, 1],
and, for ¢ € {1,...,n}, the outputs y; are equal to % —|a;— %|+Ei, where ¢; is a Gaussian
with mean zero and variance 02 = 5. We can observe both underfitting (|J| too small)
and overfitting (|J| too large). Note that the target function f* is piecewise affine and
that on the affine parts, the estimator is far from linear; that is, the estimator cannot
take advantage of extra-regularity (see Section 6.5 for more details).

6.2.3 Nearest-neighbors

Given an integer k > 1, and a distance d on X, for any = € X, we can order the n
observations so that

d(x;, (2), ) < d(Tip(g), ) < -+ < d(24, (2), 2),

where {i1(x),...,in(2)} = {1,...,n}, and ties are broken randomly?® (that is, for all
x € X, by sampling randomly once, which indices should come first for each ). See the

illustration below. 5

x Lig()
X

20ther conventions share the weights among all ties.
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We then define
wi(x) =1/k if i € {i1(x),...,ix(x)}, and 0 otherwise.

Given a new input « € R?, the nearest neighbor predictor looks at the k nearest points z;
in the data set {(z1,41),. .., (zn, yn)} and predicts a majority vote among them (for clas-
sification) or simply the averaged response (for regression). The number of nearest neigh-
bors is the hyperparameter, which needs to be estimated (typically by cross-validation);
see Section 6.3.2 for an analysis. See a one-dimensional example in Figure 6.3. For k = 1,
the prediction function is piecewise constant, with each constant piece corresponding to
a region where a given observation is the nearest neighbor, leading, in two dimensions to
the Voronoi diagram below, with all regions displayed.

Algorithms. Given a test point « € X, the naive algorithm looks at all training data
points for computing the predicted response. Thus the complexity is O(nd) per test point
in R%. When n is large, this is costly in time and memory. Indexing techniques exist for
(potentially approximate) nearest-neighbor search, such as “k-d-trees”,* with typically a
logarithmic complexity in n (but with some additional compiling time), with a memory
footprint that can grow exponentially in dimension (see, e.g., Shakhnarovich et al., 2005).

Exercise 6.1 What is the pattern of non-zeros of the smoothing matric H € R™*™?

6.2.4 Nadaraya-Watson estimator a.k.a. kernel regression (4)

Given a “kernel” function k : X x X — R, which is pointwise non-negative, we define

k(x, ;)
Zzzl k(xv xi’)7
with the convention that if k(z,x;) = 0 for all ¢ € {1,...,n}, then w;(z) is equal to

1/n for each i (which is the same convention used for estimators based on partitions in
Section 6.2.2).

3See https://en.wikipedia.org/wiki/K-d_tree.
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Figure 6.3: k-nearest neighbor regression in d = 1 dimension, with three values of k (the
number of neighbors), with the same data as Figure 6.2. We can observe both underfitting
(k too large) and overfitting (k too small).

In most cases where X C R?, we take k(z,2') = h™%(+ (z—2')) for a certain function

q : R — R, that has large values around 0, and h > 0 a “bandwidth” parameter to
be selected (see analysis in Section 6.3.3). If we assume that ¢ is integrable with an
integral equal to one, then k(-,2") is a probability density with mass around ', which
gets more concentrated as h goes to zero. See the illustration below for the two typical
kernel functions (sometimes called “windows”).

Box kernel Gaussian kernel
A

qn, h small qn, h small

qn, h large

qn, h large

A J

Typical examples are:

e Box kernel: g(x) o< 1jz|,<1, which leads to a weight functions ; with many zeros.

See below for an illustration in d = 2 dimensions.
X
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e Gaussian kernel ¢(z) e~ll=1?/ 2, where we use the fact it is non-negative pointwise,
as opposed to positive-definiteness in Chapter 7.* See a one-dimensional experiment
in Figure 6.4.

In terms of algorithms, with a naive algorithm, for every test point, all the input data
have to be considered, that is, a complexity proportional to n. The same techniques
used for efficient k-nearest-neighbor search (e.g., k-d-trees) can also be applied here.
Algorithms based on the fast Fourier transform can also be used (Silverman, 1982).

h =0.005 h =0.050 h =0.250

{—target 0.6 —target 06l x| —target
Nadaraya-W. . x x|l Nadaraya-W. . —Nadaraya-W.
b- X

Xy X X
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X
X
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Figure 6.4: Nadaraya-Watson regression in d = 1 dimension, with three values of h (the
bandwidth), for the Gaussian kernel, with the same data as Figure 6.2. We can observe
both underfitting (h too large), or overfitting (h too small).

6.3 Generic “simplest” consistency analysis

We consider for simplicity the regression case. For classification, convex surrogate tech-
niques such as those used in Section 4.1 can be used, with, for example, the square loss or
the logistic loss (with then a square root calibration function on top of the least-squares
excess risk, see Exercise 6.2 below). Still, better rates can be obtained directly (see, e.g.,
Chen and Shah, 2018; Biau and Devroye, 2015; Audibert and Tsybakov, 2007; Chaudhuri
and Dasgupta, 2014).

We make the following generic simplifying assumptions (weaker ones could be consid-
ered with more involved proofs):

(H-1) Bounded noise: There exists o > 0 such that (y — E(y|z))? < o? almost surely.
We could also consider a weaker assumption that the conditional variance E[(y —
E(y|z))?|z] is bounded by o? almost surely.

(H-2) Regular target function: The target function f*(z) = E(y|z) is B-Lipschitz-continuous
with respect to a distance d. For weaker assumptions, see Section 6.4.

We have, with the target function f*(x) = E(y|z), at a test point z € X (and using that

4See also https://francisbach.com/cursed-kernels/
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the weights ;(x) sum to one):
f(‘r) - f*(l') = Zyzwz y|£L')

- Zﬁ)i(x) E(yila:)] +sz E(yilz:) — E(yl)]

n

- sz yi — Blyila)] + 3 i) [£* (@) — £(2)].
i=1
Given z1,...,x, (and because we have assumed the weight functions do not depend

on the labels), the left term has zero expectation, while the right term is deterministic.
We thus have, using the independence of all (x;,y;), ¢ = 1,...,n, and for x fixed:

E[(f(2) = [ (2))?|a1, ... 2]

= (E(f(aj)‘ajl, cxn) — ()2 —|—Var[f(3:)‘3:1, . ,xn}

= [ e @) - r@]] + Y o E (v - Ele)’ |
=1 i=1

= bias + variance,

with a “bias” term which is zero if f* is constant,” and a “variance” term which is zero,
when y is a deterministic function of z (i.e., 0 = 0). Note that at this point, we only had
equalities in the argument; we can now upper-bound as:

[( () |3:1,...,:17n}
[Zw () — f* :E)HQ + 02 Zwl(xﬁ using (H-1), (6.2)
i=1

e, )Bd(xi,x)ﬂ 0% Y i (@)? using (H-2),

&M: i

< [2
n
< B? Z i (x)d(z;, )% + o? Z ;(x)? using Jensen’s inequality.

Note that in the last inequality, having the weight vector @w(z) in the simplex is crucial.
We then have for the expected excess risk this generic bound we will use for all three
cases (partitions, k-nn, and Nadaraya-Watson):

| Bl @1 @)lan(o) < 5[ B [i d(ai,2) | dp(a +”22/ o

(6.3)

5What we call bias in this book is sometimes referred to as the squared bias.
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/\ The expectation is with respect to the training data. The expectation with respect
to the testing point x is kept as an integral to avoid confusion.

This upper bound can be divided into two terms:

e A variance term 02 Y7 | [, E[;(2)?]dp(z), that depends on the noise on top of the
optimal predictions. Since the weights sum to one, we can write > . E[w; (2)?] =
S E[(wi(x) —1/n)?)4+2/n—1/n?, that is, up to vanishing constant, the variance
term measures the deviation to uniform weights.

e A bias term B2 foE[Ele w; (z)d(z4, a:)Q]dp(x), which depends on the regularity
of the target function through the constant B. It will be small if the weight vectors
w(x) put most of its mass on observations z; that are close to x.

This leads to two conditions: variance and bias have to go to zero when n grows, cor-
responding to two simple expressions that depend on the weights. For the variance, the
worst case scenario is that @;(z)? ~ w;(z), that is, weights are putting all the mass into a
single label (usually different for different testing point), thus leading to overfitting. For
the bias, the worst-case scenario is that weights are uniform (leading to underfitting).

In the following, we will specialize it for X a subset of R?, with a distribution with a
density with some minor regularity properties (all will have compact support, that is, X
compact), where we show that a proper setting of the hyperparameters leads to “good”
predictions. This will be done for all three cases of local averaging methods.

We look at universal consistency in Section 6.4, where we will list assumption (H-2).

Exercise 6.2 For the binary classification problem, with Y = {—1,1}, assume that
f*(x) = E(y|x) is B-Lipschitz-continuous. Using Section 4.1.4, show that the excess
risk of the majority vote is upper-bounded by

< / [Zwl e }dp +022/ [t ()?]dp( )>1/2.

6.3.1 Fixed partition

For the partitioning estimate defined in Section 6.2.2, we can prove the following conver-
gence rate.

Proposition 6.1 (Convergence rate for partition estimates) Assume bounded noise
(H-1) and a Lipschitz-continuous target function (H-2), and a partition of the bounded
support X of p, as X = UjeJ Aj; then for the partitioning estimate f, we have:
2

B= . 2\ /] 2 . N2
leam(I)C) )7 +B I}leag(dmm(AJ) . (6.4)

/ E[(f(x) = 1 (@))?)dp(x) < (80° +
X

Optimal trade-off between bias and variance. Before we look at the proof (which
is based on Eq. (6.3)), we can look at the consequence of the bound in Eq. (6.4). We

need to balance the terms (up to constants) max;e s diam(A;)? and ‘—i‘ In the simplest
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Regressogram k-nn Nadaraya-Watson
0.04 _egressogram. 0.04 ‘ ‘ ‘ : 0.04 ——adaraya-yralson
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Figure 6.5: Learning curves for all three local averaging methods as a function of the
corresponding hyperparameter. Left: regressogram (hyperparameter = number |J| of sets
in the partition), middle: k-nearest-neighbors (hyperparameter = number of neighbors
k), right: Nadaraya-Watson (hyperparameter = bandwidth k). In all three cases, we see
a trade-off between under-fitting and over-fitting.

A
— = —7 and

situation of the unit-cube [0, 1], with [.J| = h=% cubes of length h, we get T
max;e s diam(A4;)? = h?, which, with h = n~1/(2+d) to make them equal, leads to a rate
proportional to n=2/(+4) As shown by Gyorfi et al. (2006), this rate is optimal for the

estimation of Lipschitz-continuous functions (see Chapter 15).

While optimal, this is a very slow rate and a typical example of the curse of dimen-
sionality. For this rate to be small, n has to be exponentially large in dimension. This is
unavoidable with so little regularity (only bounded first-order derivatives). In Chapter 7
(and also in Section 6.5), we show how to leverage the smoothness of the target func-
tion to get significantly improved bounds (local averaging cannot take strong advantage
of such smoothness). In Chapter 8, we will leverage dependence on a small number of
variables.

Experiments. For the problem shown in Section 6.2, we plot in Figure 6.5 (left plot)
training and testing errors averaged over 32 replications (with error bars showing the
standard deviations), where we clearly see the trade-off in the choice of |.J|.

Proof of Proposition 6.1 (4) We consider an element A; of the partition with at least
one observation in it (a non-empty cell). Then for € A;, and ¢ among the indices of the
points lying in Aj, w;(x) = 1/na, where ny; € {1,...,n} is the number of data points
lying in A;.

Variance. From Eq. (6.3), the variance term is bounded from above by 2 times
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If A; contains no input observations, then all weights are equal to 1/n, and this sum is
equal to n x n% =1/nfor all z € A;. Thus, we get

n

/DCE[Zwi(:r)z}dp(x) = /leGAE " nAj>0+%1nAj:0}dp($)

i=1 JjeJ

1
ZP [ ‘ nAj>0+ElnAj:0}'

jeJ A;

Intuitively, by the law of large numbers, n4,/n tends to P(A;), so the variance term is

2\J\

expected to be of the order o2 > jes P4 )nP(A 7 =0 , which is to be expected as this

is essentially equivalent to least-squares regression Wlth |J | features (1zc4,)jes-

More formally, we have P(na, = 0) = (1 —P(4;))", and, using Bernstein’s inequality
(see Section 1.2.3) for the random variables 1;,¢4,, which have mean and variance upper
bounded by P(A;), we have: P("22 < 1P(4;)) = P(L < P(A4;) — 3P(4;)) < exp (-

nP(A;)?/4 5 —a
QP(AJ_)+(2(P2A€)/2)/3) < exp(—nP(4;)/10) < TR where we have used ae™® < 1/2 for
any « > 0. This leads to the bound

ln >0 ln =0 11<n KDP(A; ln S P(A 1'n, —0
ZP(AJ‘)E[ A5 L ]<ZP(Aj)IE[ A, SHP( J)+ a;>5P( J)+ Y ]

ey, na, n na, na, n

Bias. We have, for z € A; and a non-empty cell,
sz d(z,z;)* < diam(A;)?,

with 7 @i (z)d(z, ;) = L Y0 | d(z, 2;)? < diam(X)? for empty-cells. Thus, separat-
ing the cases na; = 0 and ng; > 0:

/x B[ i(2)d(z, 2:)2]dp(x) < 3 P(A;)E[diam(4;) Ly, 50 + Lns, odiam(X)?]
i=1 jeJ
< ZIP’ [dlam P+ —P(Aj))"diam(fXJ)ﬂ
jed

= ) P(A))diam(4;)?+> " P(A;)(1-P(A4;))" - diam(X)?.

jeJ jeJ
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Using that u(1 — u)™ < 1/(2n) for u > 0, we get

- 1J .
E bi(x)d(z, x;) P(A;)di 24— x diam(X)?
/Dc [Zw (z)d(x, x;)* Z iam(A4;)* + 5 X iam(X)*,
=1 jeJ
which leads to the desired term. [ |

6.3.2 k-nearest neighbor

Here, since all Weights are equal to zero except k of them, which are equal to %, we have
S wi(w)? = %, so the variance term will go down as soon as k tends to infinity. For
the bias term, the needed term ", w;(z)d(z;, z)? is equal to the average of the squared
distances between x and its k-nearest neighbors within {1, ..., z,}, and this is less than
the expected distance to the k-th nearest neighbor x;, (,), for which the two following
lemmas, taken from Biau and Devroye (2015, Theorem 2.4), give an estimate for the
{~o-distance, and thus for all distances by equivalence of norms on R,

Lemma 6.1 (distance to nearest neighbor) Consider a probability distribution with
compact support in X C R, Consider n+1 points 1, ..., Tpn, Tny1 sampled i.i.d. from X.
Then the expected squared loo-distance between x,11 and its first-nearest-neighbor is less

than 4“?217%)2 for d =2, and less than 2diam(X)? for d = 1.

Proof We denote by z(;) a nearest neighbor of z; among the other n points. Since all
n+ 1 points are i.i.d., we can permute the indices without changing the distributions, and

all ||x; — :C(l |2, have the same distribution as ||p41 — @(n41)|%; thus, we can instead

compute ? "+1 E(||lzi — z;)l|A%]. We denote by R; = ||#; — ()|l and assume for
simplicity R; > O for all ¢ (the general case is left as an exercise). Then the sets B; =
{z € RY, ||z — 2|0 < £t} are disjoint since for i # j, [|z; — 2|ls > max{R;, R;}. See
the illustration below in two dimensions, with squares representing the sets B; centered
as x; (represented as dots).
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Moreover, their union has diameter less than diam(X) + diam(X) = 2diam(X). Thus,
the volume of the union of all sets B;, which is equal to the sum of their volumes, is

less than (2diam(f)C))d. Thus, we have: Z;:ll R? < (2diam(f)€))d. Therefore, by Jensen’s
inequality, for d > 2,

( 1 §R2)d/2< 1 7§(Ri)d<2ddiam(3®d

n—i-li:l = n+1

leading to the desired result. For d = 1, we have (%4—12;:11 R?) <diam(X) (%4—127;11 R;),

which is less than 24 diam(X)?. [ |

Lemma 6.2 (distance to k-nearest-neighbor) Letk > 1. Consider a probability dis-
tribution with compact support in X C R, Consider n+1 points x1, ..., %y, Tpp1 sampled
i.5.d. from X. Then the expected squared l-distance between x,y1 and its k-nearest-

neighbor is less than 8diam(X)2(3l—k)2/d for d > 2, and less than 2diam(X)? for d = 1.

Proof (#) Without loss of generality, we assume 2k < n (otherwise, the proposed bounds
are trivial). We can then divide randomly (and independently) the n first points into 2k
sets of size approximately 5. We denote xzk) a l-nearest neighbor of z,; within the
j-th set. The squared distance from z,41 to the k-nearest neighbor among all first n
points is less than the k-th smallest of the distances ||z,+1 — :C%k)Hgo, Jje{l,...,2k},
because we take a k-nearest neighbor over a smaller set. This k-th smallest distance is
less than + Zfil |2n+1 —xi 0 |2, (this is a general fact that the k-smallest element among
non-negative p elements, is less than their sum divided by p — k, applied here for p = k).

n

Thus, using the lemma above on the 1-nearest-neighbor from points, we get that

2k
the desired averaged distance is less than, for d > 2:
2k
1 diam(X)? diam(X)? . 5/4
=y 4 =8 (2k)%/4.
A ; (&)2/d n2/d
A similar argument can be extended to d =1 (left as an exercise). |

Putting things together, we get the following result for the consistency of k-nearest-
neighbors.

Proposition 6.2 (Convergence rate for k-nearest-neighbors) Assume bounded noise
(H-1) and a Lipschitz-continuous target function (H-2) with an input distribution with
bounded support X. Then for the k-nearest-neighbor estimate f with the ls-norm, we
have, for d > 2:

2

[ Bl ) - 1 @) dpo) < T + 8B im0
X

%)Q/d. (6.5)

n

Balancing the two terms above is obtained with k oc n?/(>*9)and we get the same result
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as for the other local averaging schemes. See more details by Chen and Shah (2018) and
Biau and Devroye (2015).

Exercise 6.3 Show that if the Bayes rate is 0 (that is, o = 0), then 1-nearest-neighbor
18 consistent.

Experiments. For the problem shown in Section 6.2, we plot in Figure 6.5 (middle)
training and testing errors averaged over 32 replications (with error bars showing the
standard deviations), where we clearly see the trade-off in the choice of k.

6.3.3 Kernel regression (Nadaraya-Watson) (¢)

In this section, we assume that X = R, and for simplicity, we assume that the distribution
of the inputs has a density (also denoted p) with respect to the Lebesgue measure. We
also assume that the kernel is of the form k(z, ') = gn(z — 2’) = h=%($(z — 2’)) for a
probability density ¢ : R — R,. The function ¢ is also a density, which is the density
of hz when z has density ¢(z) (it thus gets more concentrated around 0 as h tends to
zero). With these notations, the weights can be written:

i) = an(x — )
@)= )

Smoothing by convolution. When performing kernel regression, quantities of the
form 13" gn(x — x;)g(x;) naturally appear. When the number n of observations
goes to infinity, and z is fixed, by the law of large numbers, it tends almost surely to

/ an(z — z)g(z)p(z)dz, which is exactly the convolution between the function g and
Rd

the function = — p(x)g(x), which we can denote [(pg) * gn](z). The function g is a
probability density that puts most of its weights at a range of values of order h, e.g., for
kernels like the Gaussian kernel or the box kernel. Thus, convolution will smooth the
function pg by averaging values at range h. Therefore, when h goes to zero, it converges
to the function pg itself. See an example below for g = 1.

p(z)

smoothed(p)(x)

»
! o

x
Note that for this limit to hold, we need to ensure the factors in n and h¢ are present.

We can now look at the generalization bound from Eq. (6.3) and see how it applies
to kernel regression. We now consider the fo-distance for simplicity and consider the
variance and bias terms separately, first with an asymptotic informal result where both
h tends to zero and n tends to infinity, and then a formal result.



6.3. GENERIC “SIMPLEST” CONSISTENCY ANALYSIS 161

Variance term. We have, for a fixed z € X:

N 1 qn (T — @)
nZwi(x)2 = = = .
i=1 (H > i1 Gn(w — xz))
Using the law of large numbers and the smoothing reasoning above, this sumn Y .- ; (7)?
is converging almost surely to

Jpa an(x = 2)’p(2)dz (g} *pl(x
(Jga an(z — z)p(z)dz)2 [gn * p)(2)?
When h tends to zero, then the denominator above [gp, * p](z)? tends to p(z)? because
the bandwidth of the smoothing goes to zero. The numerator above corresponds, up to
2
a multiplicative constant, to the smoothing of p by the den51ty x — W
thus asymptotically equivalent to p(z) [ga gn(w)*du = p(x)h™? [o. q(u)?du.

and is

Overall, when n tends to infinity, and h tends to zero, we get, asymptotically for z

fixed:
1 2
Z wl 'n,h,d ( ) ‘/]Rd Q(U’) du7

and thus, still asymptotically,

/ [sz } w)da ~ %VOI(Supp(p))/dq(u)Qdu,

R

where vol(supp(p)) is the volume of the support of p in R? (the closure of all z for which
p(x) > 0), which we assume bounded.

Bias. With the same intuitive reasoning, we get when n tends to infinity:

n

(o Ja Wz = 2) |z — 2lI3p(2)dz
z; o - fRd qn(x — 2)p(z)dz ‘

The denominator has the same shape as for the variance term and tends to p(z) when
h tends to zero. With the change of variable u = #(z — 2), the numerator is equal
to f aqn(T — z)Hx — z|3p(2)dz = R? [pa q(u)||ull3p(z — uh)du, which is equivalent to

f]Rd q(u)|lul|3du when h tends to zero. Overall, when n tends to infinity, and h

tends to zero, we get:

/. [sz (@)t ~ 1 [ atw)ula

Therefore, overall we get an asymptotic bound proportional to (up to constants depending
on q):

2
g 2,92
g+ B,

leading to the same upper bound as for partitioning estimates by setting h oc n=1/(d+2),



162 CHAPTER 6. LOCAL AVERAGING METHODS

Formal reasoning (¢4). We can make the informal reasoning above more formal using
concentration inequalities, leading to non-asymptotic bounds of the same nature (simply
more complicated) that make explicit the joint dependence on n and h. We will prove
the following result:

Proposition 6.3 (Convergence rate for Nadaraya-Watson estimation) Assume
bounded noise (H-1) and a Lipschitz-continuous target function (H-2), and a function
q : R = R such that [4,q(2)dz = 1, and ||qllc = sup,egra q(2) is finite. Moreover,
assume that p has bounded support X and density upper-bounded by ||p|loo. Then for the
Nadaraya- Watson estimate f , we have:

| Bl@) - £ @) inte) < 8%&%1+§mmmxfy+ﬂ%wmuﬁ~cm (6.6)

where ¢ = [ q(w)|ul3du and Cy = [, 2

h*p](w)
With additional assumptions, we can show that the constant C} remains bounded when
h tends to zero (see exercise below). Before giving the proof, we note that the optimal
bandwidth parameter is indeed proportional to h oc n=/(4+2) with an overall excess risk
proportional to n=2/(4+2) like the two other types of estimators.

Proof of Proposition 6.3 (#) As for the proof for partitioning estimates, to deal with
the denominator in the definition of the weights, we can first use Bernstein’s inequality
(see Section 1.2.3), applied to the random variables g (x — x;) which is almost surely in
[0, 7~ ?|q|l ], to bound

( th z— ;) <Elgn(z - 2)] — 5) S exp ( - 2E[g2(z — Z)]nj 2thHooh*d€/3)'

We get with e = $E[g;(z — 2)], using E[¢} (z — 2)] < ||q|loch ™ @E[gn(z — 2)], for the event
Ax) = {3 iz an(@ — i) < 3E[gn(@ — 2)]}:

2 (Elgn (x — 2)))?
PAE) < o0 (=~ SEEm =T Bt~ T TaTT5)
)

. (_ %E[qh(I—Z)) llalloo 128 4lglls
- (7/3)h=%qllec/ ~ nhE[gn(z — 2)] e 3 = nhiElgn(x — 2)]’

where we have used ae™ < 1/e for a > 0. We can now bound bias and variance.

(6.7)

Variance. For a fixed z € X, we get

E[Zn:wi(x)ﬂ - E[lm) Zn:wi(x)ﬂ +1E[1A(x)c Zn:wi(:c)ﬂ
=1 =1 L

s P (TLE[Qh(i - 2)])2E[i_1 q(%(x B xi)f]
_ e Bl =27 Sl
= nhiE[gy(a — 2)] n[Eqn(z — z)]2 = nhiEgy(z — 2)]
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Moreover, we have Elgn(z—2)] = [pa dp(z—hu)q(u)du = [pxqy](x). This leads to an over-

. — 8||q||oo
all bound on the variance term as / IE{ w; (T Q}p <
X ; @) |p(=) [P *qn)(

Bias term. We have a similar reasoning for the bias term. Indeed, we get for a given
x € X, using the bound in Eq. (6.7):

[sz Wz — ;|5 ]
= [1A m)ZwZ |z — 4| } +E|:1A(m)ci i(z)le — i3

- diam(X)? #n z—2)||z — 2|3
< P(A(z)) - diam(X) T T Ean@ =) Elgn(z — 2)|| 2]
Ualoo gm0 + —2 [ ot ulZn(z — wh)du
< g S0 g [ e zpte - i

Ml ey 4 220 [
nha[gy * p)(x) diam(X)” + [an * p|(2) /qu( Mullzdu.

This leads to an overall bound on the bias term equal to / [ Z Wi ()| z—24|5 } (x)dz <

/x[qhi(;])(x)dx [ th”doodm (X)2+2h2|p|oo(/qu(U)Hqudu)}

Putting things together, we get that the excess risk [, E[(f(z) — f*(2))?]dp() is less
than

8 (14 gaiomn(02) 4 28020l ([ atlatdan)| - [ 2O a,

x lan * ()
which is exactly the desired bound. |

Exercise 6.4 Assume that the support X of the density p of inputs is bounded and that
p is strictly positive and continuously dzﬁerentzable on X. Show that for h small enough
(with an explicit upper-bound), then Cy, = [y [q} )( yd < 1vol(X).

Experiments. For the problem shown in Section 6.2, we plot in Figure 6.5 (right)
training and testing errors averaged over 32 replications (with error bars showing the
standard deviations), where we clearly see the trade-off in the choice of h.

6.4 Universal consistency (#)

Above, we have required the following conditions on the weights:
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o / E [ Z w;(x)d(z;, x)? |dp(z) — 0 when n tends to infinity, to ensure that the bias
X =

goes to zero.

n
. / ZE[wi(x)z]dp(:r) — 0 when n tends to infinity, to ensure that the variance
Xi=1

goes to zero.

This was enough to show consistency when the target function is Lipschitz-continuous
in R%. This also led to a precise rate of convergence, which turns out to be optimal for
learning with target functions that are Lipschitz-continuous and for which the curse of
dimensionality cannot be avoided (see Chapter 15).

To show universal consistency, that is, consistency for any square-integrable func-
tions, we need an extra (technical) assumption, which was first outlined in Stone’s the-
orem (Stone, 1977), namely that there exists ¢ > 0 such that for any non-negative inte-
grable function h : X — R, then

/x ;E[wi(a:)h(xi)]dp(x) <ec- / h(z)dp(z). (6.8)

X

Below, h will be the squared deviation between two functions.

A Above, we only take the expectation with respect to the training data, while we use
the integral notation to take the expectation with respect to the training distribution.

Then for any & > 0, and for any target function f* € Lo(dp(z)), we can find a function
g which is B(e)-Lipschitz-continuous and such that [|f* — g||7,(ap(z)) < €, because the
set of Lipschitz-continuous functions is dense in Lo(dp(z)) (see, e.g., Ambrosio et al.,
2013)).

Then we have, for a given z € X:

< 3E([iwi(x)‘f*(;pi) - g(aji)|}2) n 3E([iwi(x)B(s)d(x,xi)}2)
E

1
() —f *(x)ﬁ) since weights sum to one, and g is Lipschitz-continuous.

_|_
w
~
e}
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We can further upper-bound E([E:z:l W () [ f*(zi) — f*(x)}ﬁ) by

3E[Zwl )| f* (i) — g(z)] }+3B (sz d(x, ;) )

+3E(’g f*(x)ﬁ) using Jensen’s inequality on the second term,
< 3¢ E[|f*(2) — g(x)|’] + 3B(e (Zw d(z, ;) )+3]E(|g(a:) _f*(x)‘z),

using Eq. (6.8). We can now integrate with respect to x to get

Ik ([sz v) £ @)]] )dp(a)
<3c-e? +3B(e / (sz d(x,x;) )dp(m)+352_ (6.9)

Proving universal consistency. We can then combine the bound above (which gives a
bound on the bias) with Eq. (6.2), starting from the excess risk [, E[(f(x)— f*(2))?]dp(x)
less than

/xE([émw)\f*(xi) - @] Yt +o* [ B Zwl

which is the sum of a bias term and a variance term, and for which, together with
Eq. (6.9), we can use the same tools for consistency as for Eq. (6.3).

To prove universal consistency, we fix a certain € > 0, from which we obtain some
Lipschitz constant B( ). For such a B(e), we know how to make the (squared) bias

term B(e)? [ E ( " 1wi(x)d(:v,:vi)2>dp(x) + 0% [y E[ Y1, wi(z)?]dp(x) less than e,
by choosing appropriate hyperparameter and number of observations n (see previous
sections). Thus, if the extra condition in Eq. (6.8) is satisfied, these three methods are

universally consistent. Note that, in general, n has to grow unbounded when € tends to
zero without any a priori bound.

We can now look at the three cases:

e Partitioning: We have then ¢ = 2, and we get universal consistency. Indeed, using
the same notations as in Section 6.2.2, we have for any fixed z € A;, j € J, and f
a non-negative function:

SB[ 0] = Bl ors 3 S + dumor 3 1)
=1 na; is.t. x;€A; s
= E{lmjwi Z E[f(z;)|x; € Aj] Ln,,—0— Zf (x4 }
nA; is.t. x;€A;

< E[f(2)]z € 4;] +E[f(2)],
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where z is distributed as . Thus, integrating with respect to x and summing over
7 € J, we get:

[ Sl @n]ane) < 3 (BABFE: € 4] +P(4) L)) = 2B[7(2)]

JjEJ
which is exactly Eq. (6.8) with ¢ = 2.

e Kernel regression: it can be shown using the same type of techniques outlined for
consistency for Lipschitz-continuous functions.

e k-nearest neighbor: the condition in Eq. (6.8) is not easy to show and is often
referred to as Stone’s lemma. See Biau and Devroye (2015, Lemma 10.7).

6.5 Adaptivity (¢4)

As shown above, all local averaging techniques achieve the same performance on Lipschitz-
continuous functions, which is an unavoidable bad performance when d grows (curse of
dimensionality). One extra order of smoothness, that is, on R¢, two bounded derivatives,
can be leveraged to lead to a convergence rate proportional to n—4/(4+d) (Wasserman,
2006, Section 5.4). However, the higher smoothness of the target function does not
seem to be easy to leverage, that is, even if the target function is very smooth, the local
averaging techniques will not be able to attain better convergence rates. The impossibility
comes from the bias term which is the square of }_" | @;(x) [ f*(2;)— f*(z)] in Section 6.3:
when f* is once differentiable, f*(z;) — f*(x) = O(||x; —z||) and this is what we leveraged
in the proofs; when f* is twice differentiable, by a Taylor expansion, f*(z;) — f*(z) =
(z;—2) T (f*) (z;) +O(||zi —2||?), and we can choose weights so that 7| ;(z)(z—z;) =
O(||z — x;||?) (this is possible because the components of x — z; may take positive and
negative values, leading to potential cancellations, see exercise below); but when f is
three-times differentiable or more, obtaining a term O(||z; — z||*) that would come from
a Taylor expansion, is only possible if the weights satisfy Y"1 | ;(2)(x — z;)(z —2;) T =
O(||lz; — ||?), which is not possible when the weights are non-negative as no cancellations
are possible.

Positive-definite kernel methods will provide simple ways in Chapter 7, as well as
neural networks in Chapter 9, to leverage smoothness. Among local averaging techniques,
there are, however, ways to do it. For example, using locally linear regression, where one
solves for any test point x,

n

inf Z Wi (z)(yi — By T — Bo)>.

B1ERY, BoER “
=1

(note that the regular regressogram corresponds to setting 81 = 0 above). In other words
we solve

B1ER, BoeR

inf /é (y — BTz — Bo)2dp(ylx).
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The running time is now O(nd?) per testing point as we have to solve a linear least-
squares (see Chapter 3), but the performance, both empirical and theoretical (Tsybakov,
2008), improves. See an example with the regressogram weights in Figure 6.6.

=5 =15 |J] =30
06 —target —target 06 —target
. —regressogram-aff. . —regressogram-aff. . —regressogram-aff.
7 ! 0.4
. X
>

0.2

O x| _L
-0.2

. 0 1

X X X

Figure 6.6: Locally linear regression, on the same data as Figure 6.2, for three values of
the number |J| of sets within in the partition. Notice the difference with Figure 6.2.

Exercise 6.5 (#) For the Nadaraya Watson estimator, show that when the target func-
tion and the kernel are twice continuously differentiable, then the bias term is bounded by

a constant times h*. Show that the optimal bandwidth selection leads to a rate proportional
to n—4/(4+d),

6.6 Conclusion

In this chapter, we have explored local averaging methods, which leverage the explicit
formula for the Bayes predictor and explicitly aim at approximating it, without the need
for optimization (as opposed to all other methods presented in this book). While they
can potentially adapt to complex prediction functions, they suffer from the curse of di-
mensionality, that is, the number of observations has to be exponential in dimension for
good predictions. Without further assumptions, this is unavoidable, but in the following
chapters, we will see that other learning techniques can take advantage of extra assump-
tions, such as the smoothness of the prediction function (kernels in Chapter 7 and neural
networks in Chapter 9), and dependence only a linear projection of the inputs (this will
only be possible for neural networks).

Like all techniques presented in this book, local averaging methods can also be used
within “ensemble methods” that combine several predictors learned on modifications of
the original dataset (see Chapter 10).
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Chapter 7

Kernel methods

Chapter summary

Kernels and representer theorem: learning with infinite-dimensional linear models
can be done in a time that depends on the number of observations using a kernel
function.

Kernels on R%: such models include polynomials and classical Sobolev spaces (func-
tions with square-integrable partial derivatives).

Algorithms: convex optimization algorithms can be applied with theoretical guar-
antees and many dedicated developments to avoid the quadratic complexity of
computing the kernel matrix.

Analysis of well-specified models: When the target function is in the associated
function space, learning can be done with rates that are independent of dimension.
Analysis of misspecified models: if the target function is not in the function space,
the curse of dimensionality cannot be avoided in the worst-case situations of few
existing derivatives of the target function, but the methods are adaptive to any
amount of intermediate smoothness.

Sharp analysis of ridge regression: for the square loss, a more involved analysis
leads to optimal rates in various situations in R%.

of t

In this chapter, we consider positive-definite kernel methods, with only a brief account
he main results. For more details, see Scholkopf and Smola (2001); Shawe-Taylor and

Cristianini (2004); Christmann and Steinwart (2008), and teaching slides from Jean-
Philippe vert (available from https://jpvert.github.io/).
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7.1 Introduction

In this chapter, we study empirical risk minimization for linear models, that is, prediction
functions fg : X — R which are linear in their parameters 6, that is, functions of the form
fo(x) = (0, p(x))3c, where ¢ : X — 3 and H is a Hilbert space (essentially a Euclidean
space with potentially infinite dimension)!, and § € H. We will often use the notation
(0, (x)) in this chapter instead of (0, ¢(z))g¢ when this is not ambiguous.

The key difference with Chapter 3 on least-squares estimation is that (1) we are not
restricted to the square loss (although many of the same concepts will play a role, in
particular, in the analysis of ridge regression), and (2), we will explicitly allow infinite-
dimensional models, thus extending the dimension-free bounds from Chapter 3. The
notion of kernel function (or simply kernel) k(x,y) = (¢(z), ©(y))5c will be particularly
fruitful.

Why is this relevant? The study of infinite-dimensional linear methods is important
for several reasons:

e Understanding linear models in finite but very large input dimensions requires tools
from infinite-dimensional analysis.

e Kernel methods lead to simple and stable algorithms, with theoretical guarantees
and adaptivity to the smoothness of the target function (as opposed to local av-
eraging techniques). They can be applied in high dimensions, with good practical
performance (note that for supervised learning problems with many observations
in domains such as computer vision and natural language processing, they do not
achieve the state of the art anymore, which is achieved by neural networks presented
in Chapter 9).

e They can be easily applied when input observations are not vectors (see Sec-
tion 7.3.4).

e They are helpful to understand other models such as neural networks (see Chap-
ter 9).

ones here are “positive definite,” the ones from Chapter 6 are “non-negative”.

i The type of kernel we consider here is different from the ones in Chapter 6. The
See more details in https://francisbach.com/cursed-kernels/.

7.2 Representer theorem

Dealing with infinite-dimensional models initially seems impossible because algorithms
cannot be run in infinite dimensions. In this section, we show how the kernel function
plays a crucial role in achieving lower-dimensional algorithms.

IMore precisely, this is a vector space endowed with a inner product and which is complete for
the associated normed space topology. See https://en.wikipedia.org/wiki/Hilbert_space for more
details.
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As a motivation, we consider the optimization problem coming from machine learning
with linear models, with data (x;,y;)) e X xY,i=1,...,n

min Zéyu i),0)) + —||9||2 (7.1)

ocH n

assuming the loss function ¢ is already from Y x R — R and not from Y x Y — R (e.g.,
hinge loss, logistic loss or least-squares, see Chapter 4).

The key property of the objective function in Eq. (7.1) is that it accesses the input
observations x1,...,x, € X, only through dot-products (6, p(z;)), i =1,...,n, and that
we penalize using the Hilbertian norm ||@||. The following proposition is crucial and has an
elementary proof, due to Kimeldorf and Wahba (1971) for Corollary 7.1, and to Scholkopf
et al. (2001) for the general form presented below.

Proposition 7.1 (Representer theorem) Consider a feature map ¢ : X — H. Let
(x1,...,2,) € X", and assume that the functional ¥ : R"Tt — R is strictly increasing
with respect to the last variable, then the infimum of

({0, p(21)), .-, (0, 0(xn)), 10]%)

can be obtained by restricting to a vector 0 of the form

0= aip(w:),
=1

with o € R™.

Proof Let 6§ € H, and Hp = {E?:l a;p(z;), a € R”} C H, the linear span of the
observed feature vectors. Let p € Hp and 0, € ﬂ{% be such that 8 = 6p + 6,

a decomposition which is using the Hilbertian structure of H. Then Vi € {1,...,n},
0, p(x;)) = (Op, p(z;))+(01L, p(x;)) with (81, p(z;)) = 0, by definition of the orthogonal.
0
Op
0 Hp

From the Pythagorean theorem, we get: [|0]|?> = [|6p]|? + ||0L||*. Therefore, we have:
V({0 p(21)), -, (0, 0(zn)), [07) = (B, 0(z1)), .., (0, (n)), [0 + 102]1%)
> U((0p, (1)), .., (Bp, p(zn)), [62]1%),

with equality if and only if 8, = 0 (since ¥ is strictly increasing with respect to the last
variable). Thus

inf U({0,0(21)), -, (0, 0(z)) 01%) = inf T({0,p(21)),- (0, (an), [16]),

0cIH



172 CHAPTER 7. KERNEL METHODS

which is exactly the desired result. |

This implies that the minimizer of Eq. (7.1) can be found among the vectors of the form
0= Z _1 aip(i):

Corollary 7.1 (Representer theorem for supervised learning) For A > 0, the in-
fimum of 2377 0(y;, (0, ¢(x:))) + 3116]|* can be obtained by restricting to a vector 6 of
the form 0= St aip(w;), with o € R™.

It is important to note that there is no assumption on the loss function £. In particular,
no convexity is assumed. This is to be contrasted to the use of duality in Section 7.4.4,
where convexity will play a major role and similar «’s will be defined (but with some
notable differences).

Given Corollary 7.1, we can reformulate the learning problem. We will need the kernel
function k, which is the dot product between feature vectors:

k(x,2') = (p(x), p(a')).

We then have:
Vi€ {l,...,n}, (0,0(z) = aik(zi,z;) = (Ka);,

where K € R™*™ is the kernel matriz, such that K;; = (¢(z:), o(z;)) = k(z;,z;), and

n

I = 323 2o ol e, = 3 3 e Ky = o K

i=1 j=1

We can then write:

Nz oo 1o P
eléljf{ - Zﬁ Yi, (0, 0(x4))) + §H9|| = alélﬂgn - ;6(%, (Ka);) + Pha Ka. (7.2)
For a test point € X, we have f(z Z aik(x, x;).

Thus, the input observations are summarlzed in the kernel matrix and the kernel
function, regardless of the dimension of H. Moreover, explicitly computing the feature
vector (x) is never needed! This is the kernel trick, which allows to:

e replace the search space H by R”™; this is interesting computationally when the
dimension of K is very large (see more details in Section 7.4),

e separate the representation problem (design of kernels on a set X) and the design
of algorithms and their analysis (which only use the kernel matrix K); this is in-
teresting because a wide range of kernels can be defined for many data types (see
more details in Section 7.3).
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Minimum norm interpolation. The representer theorem can be extended to an in-
terpolating estimator with essentially the same proof (see proposition below).

Proposition 7.2 Given x1,...,x, € X, and y € R™ such that there exists at least one
0 € H such that y; = (0, p(x;)) for all i € {1,...,n}, then among all these § € H that
interpolate the data, the one of minimum norm can be expressed as 0 = Y .| a;p(x;),
with o € R™ is such that y = K« (this system must then have a solution).

7.3 Kernels

In the section above, we have introduced the kernel function & : X x X — R as obtained
from a dot product k(x,z") = (p(x), p(2’)). The associated kernel matrix is then a matrix
of dot-products (often called a “Gram matrix”) and is thus symmetric positive semi-
definite (see proof below), that is, all of its eigenvalues are non-negative, or, equivalently,
Va € R", a' Ka > 0. It turns out that this simple property is enough to impose the
existence of a feature function.

AT H = R? and ® € R™*? is the matrix of features (design matrix in the context of
regression) with i-th row composed of ¢(x;), then K = ®®T € R"*" is the kernel matrix,
while %@be € R is the empirical covariance matrix.

Definition 7.1 (Positive definite kernels) A function k : X x X — R is a positive
definite kernel if and only if all kernel matrices are symmetric positive semi-definite.

The following important proposition dates back to Aronszajn (1950) and comes with
an elegant constructive proof. Note the total absence of assumptions on the set X.

Proposition 7.3 (Aronszajn, 1950) k is a positive definite kernel if and only if there
exists a Hilbert space H, and a function ¢ : X — H such that for all z, 2’ € X, k(z,2') =
(o(z), p(2"))ac.

Partial proof We first assume that k(x,z') = (¢(z), o(a’))sc. Then for any o € R”,
and points z1,...,z, € X, we have:

n n 2

a'Ka= Z ;o (o), o(x)))gc = H Zaigﬁ(xi) ’}c > 0.
i,j=1 i=1

Thus, k is a positive definite kernel.

For the other direction, we consider a positive-definite kernel, and we will construct a
space of functions explicitly from X to R with a dot-product. We define the set H’' C R*
as the set of linear combinations of kernel functions > ; a;k(-,x;) for any integer n,
any set of n points, and any o € R™. This is a vector space on which we can define a
dot-product through

<Zaik(.7xi), Zﬁjk(-7x;)> =33 aiBik(ai ). (7.3)
=1 Jj=1 =1 j=1

We first check that this is a well-defined function on H’' x H', that is, the value does not
depend on the chosen representation as a linear combination of kernel functions. Indeed,
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if we denote f = >3i", a;k(-,x;), then the dot-product is equal to >, B;f(x}) and
depends only on the values of f, and not on its representation (and similarly for the

function on the right of the dot-product).

This dot-product is bi-linear and always non-negative when applied to the same func-
tion (that is, in Eq. (7.3) above, when a = $ and the points (z;) and () are the
same, we get a positive number because of the positivity of the kernel k). To obtain a
dot-product, we only need to show that (f, f) = 0 implies f = 0. This can be shown
using Cauchy-Schwarz inequality,? leading to for any = € X, to the sequence of bounds
f(@)? = (f, k(,2))? < (f, F){k(,2),k(-,2)) = (f, fk(z,x), leading to f = 0 as soon as
(. F) =0.

Moreover, this dot product satisfies the two properties for any f € H', z, 2’ € X:

<k(-,:17), f> = f(x) and <k(,:17), k(,I/» = k(:E,CC/).

These are called “reproducing properties” and correspond to an explicit construction of
the feature map p(z) = k(-, z).

The space H’ is called “pre-Hilbertian” because it is not complete.® It can be “com-
pleted” into a Hilbert space H with the same reproducing property. See Aronszajn (1950);
Berlinet and Thomas-Agnan (2004) for more details. ]

We can make the following observations:

e J is called the “feature space,” and ¢ the “feature map,” that goes from the “input
space” X to the feature space H.

e No assumption is needed about the input space X, and no regularity assumption is
needed for k. Up to isomorphisms, the feature map and space happen to be unique.
The particular space of functions we built is called the reproducing kernel Hilbert
space (RKHS) associated with k, for which ¢(x) = k(-, z).

e A classical intuitive interpretation of the identity (k(-,z), f) = f(x) is that the
function evaluation is the dot-product with a function (this is, in fact, another
characterization, see the exercise below). This implies that not all Hilbert spaces
of real-valued functions on X are RKHSs. Indeed, for example, if Lo(R?) was an
RKHS, this would mean that there exists a function £ : X x X — R such that
Jpa E(z,2") f(2')de’ = f(x). In other words, k(z,z’)dz’ would be a Dirac measure
at z, which is impossible (as Dirac measures have no density with respect to the
Lebesgue measure). Thus Lz(R9) is a Hilbert space that is too large to be an
RKHS. We will see below that smaller spaces of functions, with square-integrable
derivatives of sufficiently high order, will be RKHSs.

e Given a positive-definite kernel k, we can thus associate it to some feature map ¢
such that k(x,y) = (¢(z), ©(y))gc, but also to a space of functions on X with a given

2Cauchy-Schwarz inequality applies to bilinear forms that are symmetric positive semi-definite, but
may not be positive defiite, that is, such that (f, f) = 0 may not imply f = 0.
3See https://en.wikipedia.org/wiki/Complete_metric_space for definitions.
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norm, either directly through the RKHS above or by looking at all functions fy of
the form fp(x) = (0, o(x))s¢, with a regularization term ||0]|3;. These two views are
equivalent.

/\ From now on, we will denote elements of the Hilbert space H through the
notation f € J to highlight the fact that we are considering a space of functions
from X to R, except for optimization algorithms in Section 7.4, where will use the
notation (6, p(z))g¢ instead of f(z).

Exercise 7.1 () Let 3 be a Hilbert space of real-valued functions on X, such that for
any x € X, the linear form x — f(x) is bounded (that is, supeqc, |f),c<1 |f(@)] is finite).
Using the Riesz representation theorem, show that this is a reproducing kernel Hilbert
space.

Kernel calculus. The set of positive definite kernels on a set X is a cone, that is, it
is closed under addition and multiplication by a positive constant. In other words, if k;
and ko are two positive definite kernels and A1, As > 0, then so is A\1k1 + Agks. A simple
proof follows from considering two feature maps @1 : X — H; and g : X — Hy, and
121 ()
2P pa ()

Moreover, positive definite kernels are closed under pointwise multiplication, that is,
if k1 and ks are positive definite kernels on the set X, so is, (x,2’) — ki (z,2")ka(z,2"). For
finite-dimensional kernels, where we can consider feature spaces H; = R% and Hy = R%,
the product kernel is associated with a feature space of dimension d;ds and the feature

noticing that = — (i ) is a feature map for A\1k1 + Aoks.

,,,,,,,,,,

Exercise 7.2 Show that if k : X x X — R is a positive definite kernel, so is the function
(z,2") — k@),

Kernels = features and functions. A positive-definite kernel thus defines a feature
map and a space of functions. Sometimes, the feature map is easy to find, and sometimes
it isnot. In the next section, we will look at the main examples and describe the associated
spaces of functions (and the corresponding norms).

We now look at different ways of building the kernels, by starting first from the feature
vector (e.g., linear kernels), from the kernel and explicit feature map (polynomial kernel),
from the norm (translation-invariant kernel on [0, 1]), or from the kernel without explicit
features (translation-invariant kernel on R9).

7.3.1 Linear and polynomial kernels

We start with the most obvious kernels on X = R?, for which feature maps are easily
found.
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Linear kernel. We define k(z,2') = 2" 2’. It corresponds to a function space composed
of linear functions fy(z) = 67z, with an fo-penalty |€||3. The kernel trick can be useful
when the input data have huge dimension d but are quite sparse (many zeros), such as
in text processing, so that the dot-product ="z’ can be computed in time o(d).

Polynomial kernel. For s a postive integer, the kernel k(z,2’) = (2" 2')® is positive-
definite as a integer power of a kernel and can be explicitly expanded as (with the binomial
theorem?):

d
k(xz,2") = (lex;) = Z <al s ad) (x12))* - (zgaly) ¥,
P ey

a1+ toag=s o o
(ay o ag D) ()1 (2 )

where the sum is over all non-negative integer vectors (aq,...,aq) that sum to s. We

1
have an explicit feature map: o(x) = ((061 N ad) 2l -:Cg‘d)er___Jrad:S, and the set of

functions is the set of degree-s homogeneous® polynomials on R¢, which has dimension
(d+s—1)

S

When d and s grow, the feature space dimension grows as d°, an explicit representation
is not desirable, and the kernel trick can be advantageous. Note, however, that the
associated norm (which penalizes coefficients of the polynomials) is hard to interpret (as
a small change in a single high-order coefficient can lead to significant changes).

Exercise 7.3 Show that the kernel k(z,z') = (1 + x"2')* corresponds to the set of all
monomials " - - - x5 such that a1 +---+aq < s. Show that the dimension of the feature
space 1is (djs).

As an illustration, when using a polynomial kernel of degree 2, the set of functions
that are linear in the feature map is, therefore, the set of quadratic functions. Thus, in
a binary classification problem where data can be separated by an ellipsoid, this can be
obtained by linear separation in the feature space. See the illustration below.

A 22 A x%

°
° °
°
° .
o o o
00.0
o ® e
00 L ]
° o o
o L]
o o RN
> 2
T

4See https://en.wikipedia.org/wiki/Binomial_theorem .
5A function f : R — R is said homogeneous if there exists s € Ry such that for all z € R%, and
€ Ry, f(An) = A f(a).
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7.3.2 Translation-invariant kernels on [0, 1]

We consider X = [0,1], and kernels of the form k(z,z’) = ¢(x — ') with a function
q : [0,1] = R, which is 1-periodic. We will show how they emerge from penalties on the
Fourier coefficients of functions, which we now quickly review.

Fourier series. We will consider complex-valued functions and use complex exponen-
tials, but all developments could be carried out with cosines and sines. Fourier series cor-
responds simply to an orthonormal decomposition of square-integrable functions on [0, 1],
which are naturally extended to 1-periodic functions on R. More precisely, the set of func-
tions x — €™ for m € Z is an orthonormal basis of L2([0, 1]). Therefore, any squared
integrable functions which are 1-periodic can be expanded in this orthonormal basis, that
is, q(x) = 3,,c2 €™ G, With Gy, = fol q(z)e=2mm¢dy € C, for m € Z, obtained by
projection ¢ to the element of the basis. The function ¢ is real-valued if and only if
for all m € Z, §_., = ¢, (the complex conjugate of G,,). We will also need Parseval’s
identity, which is exactly the Pythagorean theorem in the orthonormal basis, that is,

i la(@)Pde = 3,5 ldm .

Translation-invariant kernels. When presenting translation-invariant kernels, we
can choose to start from the kernel or the associated squared norm. In this section,
we start from the squared norm, while in the next one, we start from the kernel.

Given a 1-periodic function f decomposed into its Fourier series as

f(:E) — Z eQimﬂzfm7

meZ

Z Cm|fm|2;

meZ

we consider the penalty

with ¢ € R%; this penalty can be interpreted through a feature map and the ¢5-norm on
CZ (the space of functions from Z to C). Indeed, it corresponds to the feature vector
(X)) = 621'"”””/\/@7 and § € CZ, such that 6,, = fm\/@ (we can easily consider
complex-valued features instead of real-valued features if Hermitian dot-products are
considered), so that f(z) = (0, ¢(x)) and Y, o, |0m|* is equal to the norm y- ., o fim?-

Thus the associated kernel is

k(z,2') = Z o(T)m Z

meZ meZ

21m7‘rz 72im7rx

E 21m7‘rz z')
\/Cm ’

mGZ

which is thus of the form ¢(z — ') for a 1-periodic function g.

What we showed above is that any penalty of the form » . ¢y fim|? defines a

squared RKHS norm as soon as ¢, is strictly positive for all m € Z, and ), = is

6See https://en.wikipedia.org/wiki/Fourier_series for more details.
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finite. The kernel function is then of the form k(z,y) = ¢(x — y) with ¢ being 1-periodic,
and such that the Fourier series has non-negative real values §,, = c,}. In the other
direction, all such kernels are positive-definite (see an extension to R? in Section 7.3.3).

Penalization of derivatives. For certain penalties based on (¢ )m, there is a nat-
ural link with penalties on derivatives, as if f is s-times differentiable with squared in-
tegrable derivative, we have, by differentiating the Fourier series representation above,
@) (z) = Zmez(%mw)se%m”fm, and thus, from Parseval’s theorem (which states that
the squared Ls-norm of a function is equal to the sum of the square modulus of its Fourier
coefficients):

/1 1O (@) Pdx = (2m)> Y~ m® | fin.
0

meZ

In this chapter, we will consider penalizing such derivatives, leading to Sobolev spaces
on [0,1] (see extensions in sections below). The following examples are often considered:

e Bernoulli polynomials: we can consider ¢g = 1 and ¢, = |m|25 for m ;é 0, for
which the associated norm is || f||3, = # fol |f) (z)2dx + (fo d:E) . The
corresponding kernel k(z,2’) can then be written as

II) _ Z cr—nle2im7r(m—m') =1+ Z 2COS[27Tm(‘T - .’L'/)]

7n25

mEZ m21

In order to have an expression for ¢ in closed form we notice that if we define
{z} = = — |z] € [0,1) the fractional part of x, the function x — {z} has (by

integration by part) an m-th Fourier coefficient equal to f e rdr = 27;77

Similarly, the s-th power of {z} has an m-th Fourier coefficient which is an order s
polynomial in m~!. This implies that k(z,2’) has to be an order s polynomial in
{z — '}, which happens to be related to classical polynomials, as we now show.

—2immx

For s = 1, we have k(z,x) = 1+23 ., m~> = 1+ 7°/3; moreover by using the

. . . 2 sin[2wmt . .
Fourier series expansion {t} = § — -& m>1%, and integrating, we get
=

k(z,2') =2n*{x —2'}? - 27*{x — 2’} + 7%/3 + 1 = q(x — 2),

with ¢ plotted in Figure 7.1. For s > 1, we have the closed-form expression
k(z,2') =1+ (=1)*"! ((2”) "By, ({x — 2'}), where By, the (2s)-th Bernoulli polyno-
mial,” from which we can “check” the computation above since Ba(t) = 2 —t+1/6.

Exercise 7.4 Show that for s = 2, we have for all z, 2’ € [0,1], k(z,z’) = q(z—2')
with q(t) = 1 — Z25 ({1} = 2{)3 + {1)2 - ).

"See https://en.wikipedia.org/wiki/Bernoulli_polynomials.
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e Periodic exponential kernel: we can consider c,, = 1 + o?|m/|?, for which we
also have a closed-form formula, with the penalty ||f[|2, = % fol If/(z)Pdx +

o 1f(@)2da.

Exercise 7.5 (4#44) Show that we have k(x,2') = >, % =q(z —2')

cosh = (1—2|{t+1/2}—1/2 . :
forqt)=Z 2l ‘.‘{h ,r/ Y212D C Hing: use the Cauchy residue formula.®
(o7 Sin o
’ Bernoulli -s =1 1 Bernoulli - s =2 1 Exponential - a =1
0.8 0.8
06 05
06
T 04 5 5
0.4
02 0
0 0.2
-0.2 -05 0
4 05 0 05 1 4 05 0 05 1 4 05 0 05 1

t t t
Figure 7.1: Translation-invariant kernels on [0, 1], of the form k(z,2’) = g(z — 2’), with ¢
1-periodic, for the kernels based on Bernoulli polynomials, and the periodic exponential
kernel. Kernels are normalized so that k(z,z) = 1.

These kernels are mainly used for their simplicity and explicit feature map, which are
simpler than the kernels described below which are most used in practice (with similar
links with Sobolev spaces). Note also that for the uniform distribution on [0, 1], the
Fourier basis will be an orthogonal eigenbasis of the covariance operator with eigenval-
ues ¢! (see Section 7.6.6).

We saw that for the kernel ¢(z — z’) with Fourier series ¢, for ¢, the associated norm

£ o2
is) ez Ifé#‘. We now extend this to Fourier transforms (instead of Fourier series).

7.3.3 Translation-invariant kernels on R?

We consider X = R? and a kernel of the form k(z,2') = ¢(x — 2') with a function
q : RY = R, which we refer to as translation-invariant as it is invariant by the addition of
the same constant to both arguments. We start with a short review of Fourier transforms.”

Fourier transforms. The Fourier transform f : R4 — C of an integrable function
f : R4 = C can be defined through

flwy=[ fl)e ™ *dz,
Rd

8See https://francisbach.com/cauchy-residue-formula/.
9See https://en.wikipedia.org/wiki/Fourier_transform for more details.
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which is then a continuous function of w. It can naturally be extended to an operator on
all square-integrable functions, and under appropriate conditions on f, we can recover f
from its Fourier transform, that is,

1 R iw ! x
@) = gz | flw)e™"aw.

Moreover, Parseval’s identity leads to [, |f(z)[*dx = ﬁ Jpa 1f () Pdw.

Translation-invariant kernels. The following proposition gives conditions under which
we obtain a positive definite kernel.

Proposition 7.4 (Bochner’s theorem) The kernel k is positive definite if and only
if q is the Fourier transform of a mon-negative Borel measure. Consequently, if q is
integrable (for the Lebesgue measure) and its Fourier transform only has non-negative
real values, then k is positive definite.

Partial proof We only give the proof of the consequence, which is the only one we need.
Since ¢ is integrable, §(w) = fRd e‘i“’uq(ac)d:v is defined on R? and continuous, and we
have through the inverse Fourier transform formula:

1 ~ i(z—2') Tw
qlz —2') = @y /Rd G(w)e!@==) @iy,

Let z1,...,2, € R let ai,..., o, € R. We have:

- - 1 - iw' (zs—xj) 4
Z asok(zs, xj) = Z asojq(zs —xj) = 2 Z 50 /Rde @ =2) G(w) dw

s,=1 s,j=1 s,7=1

1 S iw! x iw @ik ) A
= Gt oo (22 s ey iyt
s,j=1

1 - iw'a 2
= W/Rd Zase G(w)dw > 0,

s=1

which shows the positive-definiteness. See Reed and Simon (1978) and Varadhan (2001,
Theorem 2.7) for a proof of the other direction. ]

Construction of the associated norm. We give an intuitive (non-rigorous) reason-
ing: if ¢ is integrable, then §(w) exists and, we have an explicit representation as

1 ~ iw ' ~ iw '\ * *
ko) = oz [V (V@ ) o= [ pteapta
(27T) R4 R4
which is of the form (p(z), ¢(y)), with ©(2), = =5 (j(w)e“TI (it is non rigorous

(2m)a/2
because the index w belongs to R?, which is not countable). If we consider a function
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[ defined as f(z) = [z ¢(2)wbudw = (@(z),0), then 6, = 27r)d/2f w)/+/q4(w), and the

squared norm of 6 is equal to ﬁ fRd ‘fq((L)ldw where f denotes the Fourier transform

of f. Therefore, the norm of a function f € H should be:

. [l
HfHJf_ (27T)d /]Rd (j(W) dw.

Given the candidate for the norm and the associated dot-product, we can simply check
that this is the correct one by showing the reproducing property (f, k(-,x)) for this dot-
product. Note the similarity with the penalty for the kernel on [0, 1] (see more similarity
below).

Link with derivatives. When f has partial derivatives, then the Fourier transform
of aaTjj is equal to iw; times the Fourier transform of f. This leads to, using Parse-

val’s theorem, ﬁ Joa w1 f (w)Pdw = [oa ]2 T | dx, which extends to higher order
derivatives:

L Pl = [ || (1.0
@m) Jpa 0T oo |

for a vector j € N%. This will allow us to find corresponding norms by expanding §(w)~*

as sums of monomials. We now consider the main classical examples.

Exponential kernel. This is the kernel ¢q(x —2') = exp(—||z—2'||2/r), where 7 is often

referred to as the kernel bandwidth (homogeneous to z), for which the Fourier transform
can be computed as §(w) = 2¢7@=1/21((d + 1)/2)W See Rasmussen and
Williams (2006, page 84). Thus, for d odd, §(w)~! is a sum of monomials, and looking at
their orders, we see that the corresponding RKHS norm (that is, the norm on the space
of functions on R¢ that our kernel defines) is penalizing all derivatives up to total order
(d+1)/2, that is, in Eq. (7.4), for all j € N such that j; + -+ + ja < (d + 1)/2, which

is a Sobolev space (fractional for d even).'%

In particular, for d = 1, we have §(w) = and thus

2r
1+7‘2w2 I

0 lfwe
R N et L
1 !
S LI / 7/ (@),

10See https://en.wikipedia.org/wiki/Sobolev_space.
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and we recover the Sobolev space of functions with squared-integrable derivatives.

The constant r is homogeneous to the input x, while the constant R will
be homogeneous to features ¢(z) (that is, square roots of kernel values). A
common rule of thumb is to choose r to be a quantile (such as the median) of
all pairwise distances ||z; — x;||2 of the training data.

Gaussian kernel. This is the kernel q(x — ') = exp(—||z — 2’||3/7?) (still with a
kernel bandwidth r), for which the Fourier transform can be explicitly computed as
Gw) = (nr?)¥/2 exp(—r?||w||3/4). By expanding ¢(w)~! through its power series as
Gw)™t = (ErH)¥2 ¥y, %, this corresponds to an RKHS norm which is penal-
izing all derivatives. Note that all members of this RKHS (the associated function space)
are infinitely differentiable and thus much smoother than functions coming from the ex-

ponential kernel (the RKHS is smaller).

Matern kernels and Sobolev spaces. More generally, one can define a series of
kernels so that §(w) is proportional to (1 + r?||wl||3)~* for s > d/2, to ensure integrability
of the Fourier transform. These so-called “Matern kernels” all correspond to Sobolev
spaces of order s and can be computed in closed form; see Rasmussen and Williams
(2006, page 84). A key fact is that to be an RKHS, a Sobolev space has to have many
derivatives when d grows; in particular, having only first-order derivatives (s = 1) only
leads to an RKHS for d = 1, and having s = 0 never does.

For s = 43, we have k(z,2') o (1 + v3|z — 2'||2/r) exp(—V3|z — '||2/r), and for
5§ = %, we have k(z, ') oc (1 4+ /5||z — 2/||o/r + %Hx —2||2/r%) exp(—V5|x — ' ||2/7).

General values s also lead to closed-form formulas (through Bessel functions).

Density in Ly(R?). For all the kernels below, the set 3 is dense in Ly(R?) (the set
of square-integrable functions with respect to the Lebesgue measure), meaning that all
functions in Ly(RY) can be approached (with respect to their corresponding norm) by a
function in H. This is made quantitative in Section 7.5.2.

/\ In this chapter, we will consider two spaces of integrable functions, with respect to
the Lebesgue measure (which is not a probability measure), which we denote Lo(R?), and
with respect to the probability measure of the input data, which we denote La(p). If p
has a density with respect to the Lebesgue measure and this density %(m) is uniformly

I

bounded, then La(R?) C La(p); more precisely, || f||r, ) < Hj—p 2||f||L2(Rd). However,

T
the converse is not true, simply because being an element of Ly(R?) imposes a zero limit at
infinity, which being an element of Lo(p) does not impose (moreover, non zero constants
are in Ly(p) but not in Ly(R?)). Note moreover that || g—;’ HOO is typically exponential in d,

and is homogeneous to 7~ (in terms of units), where, r is homogeneous to .

Examples of members of RKHS. Below, we sampled n = 10 random points in [—1, 1]
with 10 random responses, and we look for the function f € H such that f(x;) = y; for
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10 ‘
— Exponential (s=1)
—Matern (s=2)
—Matern (s=3)
St —Gaussian

v
> O’l/\\l EQ%’—‘C—

-10 1 I I

Figure 7.2: Examples of functions in the reproducing kernel Hilbert spaces (RKHS) for
several kernels. All functions are the minimum norm interpolators of the yellow points.

alli € {1...,n} and with minimum norm. Given the representer theorem, we can write
f(z) =>" | aik(x,2;), and the interpolation condition implies that Ko = y, and thus
a = K1y (see Prop. 7.2).

We consider several kernels in Figure 7.2, going from close to piecewise affine inter-
polation to infinitely differentiable functions (for the Gaussian kernel).

7.3.4 Beyond vectorial input spaces (¢)

While our theoretical analysis of kernel methods focuses a lot on kernels on R% and their
link with differentiability properties of the target function, kernels can be applied to a
wide variety of problems with various input types. We give below classic examples (see
more details by Shawe-Taylor and Cristianini, 2004)

e Set of subsets of a given set V: for example, the function k defined as k(A, B) =

|ANB|
[AUB|

is a positive definite kernel (classically referred to as the Jaccard index!!).

e Point clouds: a point cloud in R? is a finite subset of R?, thus with no particular
ordering. They occur, for example, in computer vision or graphics. To build a kernel
for such objects, a simple first idea is to compute the empirical average of a certain
feature vector ¢ : R? — H, and then use a kernel on 3. Other kernels may be
obtained as functions of the concatenation of the two point clouds (see more details
by Cuturi et al., 2005). These constructions extend to probability distributions.

e Text documents/web pages: with the usual “bag of words” assumption, we repre-
sent a text document or a web page by considering a vocabulary of “words” (this
could be groups of letters, single original words, or groups of words or letters), and
counting the number of occurrences of this word in the corresponding document.
This gives a typically high-dimensional feature vector ¢(x) (with dimension the

See https://en.wikipedia.org/wiki/Jaccard_index.
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vocabulary size). Using linear functions on this feature provides cheap and stable
predictors on such data types (better models that take into account the word or-
der can be obtained, such as neural networks, at the expense of significantly more
computational resources). See, e.g., Joulin et al. (2017) for examples.

Sequences: given some finite alphabet A, we consider the set X of finite sequences
in A with arbitrary length. A classical infinite-dimensional feature space is indexed
by X itself, and for y € X, ¢(z), is equal to 1 is y is a subsequence of = (we could
also count the number of times the subsequence y appears in x, or we could add
a weight that depends on y, e.g., to penalize longer subsequences). This kernel
has an infinite-dimensional feature space, but for two sequences = and z’, we can
enumerate all subsequences of x and z’ and compare them in polynomial time
(there exist much faster algorithms, see Gusfield (1997)). These kernels have many
applications in bioinformatics.

The same techniques can be extended to more general combinatorial objects such
as trees and graphs (see Shawe-Taylor and Cristianini, 2004).

Images: before neural networks took over in the years 2010s with the use of large
amounts of data, several kernels were designed for images, with often a “bag-of-
words” assumption that provides for free invariance by translation. The key is what
to consider as “words”, i.e., the presence of specific local patterns in the image and
the regions under which this assumption is made. See Zhang et al. (2007) for details.

7.4 Algorithms

In this section, we briefly mention algorithms aimed at solving

1 A
?glc o E Eys, (i) + §||f||:2}c, (7.5)
’ =1

for ¢ being convex with respect to its second variable. We assume that for all i €

(,.

conds k(i wi) = [le(a)]|* < B2

7.4.1 Representer theorem

We can directly apply the representer theorem, as done in Eq. (7.2) and try to solve

1< A
i — 14 iaK 1 o TK7
glﬂgn;(y (Ka)) + 5a' Ka

which is a convex optimization problem since £ is assumed convex with respect to the
second variable, and K is positive-semidefinite.

In the particular case of the square loss (ridge regression), this leads to

. 1 2 A T
min |y - Ka; + 5o Ka,



7.4. ALGORITHMS 185

and setting the gradient to zero, we get (K? + nAK)a = Ky, with a solution a =
(K + nAI)~ 'y, which is not unique as soon as K is not invertible.

However, in general (for the square loss and beyond), it is an ill-conditioned optimiza-
tion problem because K often has very small eigenvalues (more on this later). When the
loss is smooth, the Hessians are equal to %K Diag(h)K + MK, where h € R™ is a vector
of second-order derivatives of £, so that the Hessians are ill-conditioned.

A better alternative is to first compute a square root of K as K = ®® ', where
® € R"™™ and m the rank of K, and solve

1 & A
min —Zﬁ(yl,(‘bﬂ)z)*'g”ﬁ”ga
=1

BER™ 1N 4

with 3 = ®Ta. Note that this corresponds to an explicit feature space representation
(that is, the rows of ® correspond to features in R™ for the corresponding data point).
For ridge regression, the objective function’s Hessian is equal to %Q)be—l—/\l , which is well-
conditioned because its lowest eigenvalue is greater than A and is thus directly controlled
by regularization.

Computing a square root can be done in several ways (through Cholesky decomposi-
tion or SVD) (Golub and Loan, 1996), in running time O(m?n).

7.4.2 Column sampling

To approximate K, approximate square roots are a very useful tool, and among various
algorithms, approximating K € R™*"™ from a subset of its columns can be done as K =~
K(V,)K(I,1)"'K(I,V), where K (A, B) is the sub-matrix of K obtained by taking rows
from the set A C {1,...,n} and columns from B C {1,...,n}, and V ={1,...,n}. See
below for an illustration when I = {1,...,m} and a partition of the kernel matrix.

K(I,I)|  K(I,J)

K(J.D)|  K(J.J)

This corresponds to an approximate square root ® = K (V,I)K(I,I)"'/? ¢ R™*™,
with m = |I|, and it can be computed in time O(m?n) (computing the entire kernel
matrix is not even needed). Then, the complexity is typically O(m?n) instead of O(n?)
(e.g., when using matrix inversion for ridge regression, for faster algorithms, see below),
and is thus linear in n.

Exercise 7.6 (¢) Show that column sampling corresponds to approximating optimally
each p(x;), j ¢ I, by a linear combination of p(x;), i € I.
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This approximation technique, often called “Nystrom approximation,” can be ana-
lyzed when the columns are chosen randomly (Rudi et al., 2015).

7.4.3 Random features

Some kernels have a special form that leads to specific approximation schemes, that is,
Haa) = [ pla)ole! vydro)
v

where 7 is a probability distribution on some space V and ¢(z,v) € R. We can then
approximate the expectation by an empirical average

= (E’U (E , U4
m = ] J

where the v;’s are sampled i.i.d. from 7. We can thus use an explicit feature representation
- 1
o(z) = (_\/E@(I,vj))je{l)n.) » and solve

A
min Zé Yi, P 331 )+ 5”5”%

BER™ N

For this scheme to make sense, the number m of random features has to be significantly
smaller than n, which is often sufficient in practice (see an analysis by Rudi and Rosasco,
2017).

/\ Note that dimension reduction is here performed independently of the input data
(that is, the random feature functions ¢(-,v;) are selected before the data are observed,
as opposed to column sampling, which is a data-dependent dimension reduction scheme.

The two classic examples are:
e Translation-invariant kernels: k(z,y) = q(z —y) = ﬁ Jpad(w) i“’T(’”_y)dw

for which we can take gp(:z: w) = /q(0)e™ ' € C, where w is sampled from the dis-

tribution with density (%)d q((o) , which is a Gaussian distribution for the Gaussian

kernel. Alternatively, one can use a real-valued feature (instead of a complex-
valued one) by using v/2 cos(w "« + b) with b sampled uniformly in [0, 27] (Rahimi
and Recht, 2008).

e Neural networks with random weights: we can start from an expectation, for
which the sampled features are classical, e.g., ¢(x,v) = o(v'z) for some function
o : R — R. For the “rectified linear unit”, that is, o(«) = max{0,a}, and for v
sampled uniformly on the sphere, we have (proof left as an exercise) k(z,z') =
ll=]l2]l21l>

St [(w 1) cos n+sin 77] where cosn = W (Le Roux and Bengio, 2007).
Therefore, we can view a neural network with a large number of hidden neurons,
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with random input weights and not optimized as a kernel method. See a thorough
discussion in Chapter 9.

7.4.4 Dual algorithms (¢)

For the following two algorithms, we go back to the notation f(x) = (p(x),6) with § € H
because it is more adapted (and is a direct infinite-dimensional extension of the algorithms
from Chapter 5). To solve mingesc = >0 | £(ys, (0(x:),0)) + 3|0]|%, for a loss which is
convex with respect to the second variable, we can derive a Lagrange dual in the following
way (for an introduction to Lagrange duality, see Boyd and Vandenberghe, 2004). We
start by reformulating the problem as a constrained problem:

A
mm—nyz, (1), 0)) + 5161

0ecH n

A
= omin Ze Vi, i) 5|\19||2 such that Vi € {1,...,n}, (p(x:),0) = u,.
By Lagrange duality, this is equal to (with A added on top of the regular multiplier « for
convenience):

max min Zzyl,ul §||9H2+Azai(ui—<so<xi>,e>>

aER™ 0eH, ueR™ n

= max{ Zmln {€(yi, us) +nrogug]} +m1n{—|\9||2 )\Zai@(mi),@)}}
i=1

acR” u; ER
by reordering,

= max — Z min {£(y;, u;) + nAo;u;} — 5 H Z aip(z;) ‘2 with 6 = Zaigo(:vi),
' i=1

acR™ N u, €ER

A
= or}é%é - Z mln {6 yz,ul + n)\azul} - —a Ka

with 0=>"" | a;(x;) at optimum. Since the functions a; — min,,cr {f(yi, ;) +nia;u;
are concave (as minima of affine functions), this is a concave maximization problem.

Note the similarity with the representer theorem (existence of o € R™ such that 6 =
o, aip(w;)) and the dissimilarity (one is a minimization problem, one is maximization
problem). Moreover, when the loss is smooth, one can show that the function «;
min,,er {f(yi, u;) + nAa;u; } is a strongly concave function, and thus relatively easy to
optimize (in other words, the associated condition numbers of dual problems are smaller
than when using the representer theorem).

Exercise 7.7 (a) For ridge regression, compute the dual problem and compare the con-
dition number of the primal problem and the condition number of the dual problem; (b)
compare the two formulations to the use of normal equations as in Chapter 3, and relate
the two using the matriz inversion lemma (®® T +nAI)~1® = &(OTd + nAl)~!
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7.4.5 Stochastic gradient descent (#)

When minimizing an expectation
: Ao
min E[((y, (o(2),0))] + 5 0]

as in Chapter 5, the stochastic gradient algorithm leads to the recursion

Or = s—1 — Ve[ (e, (0(xt), 0e—1))p(@e) + A1),

where (¢, y:) is an i.i.d. sample from the distribution defining the expectation, and ¢’ is
the derivative with respect to the second variable.

When initializing at 6y = 0, 6, is a linear combination of all p(z;), i = 1,...,t, and
thus we can write

t
ot = Z Oéz('t)@(xi)v
=1

with a(®) = 0, and the recursion in « as

t—1
agt) =(1- ’yt/\)ozz(-t_l) forie {1,...,t — 1}, and agt) = -yl (yt, ; Zaz(-t_l)k(xt,xi)).

i=1

The complexity after ¢ iterations is O(t?) kernel evaluations. The convergence rates
from Chapter 5 apply. More precisely, if the loss is G-Lipschitz continuous, then, for
F(0) = E[l(y, (¢(x),0))] + 3||0||%, we have, for the averaged iterate 6; (from Prop. 5.8):

5 . 2G?R%(1 + logt
E[F(0)] ~ jnf F(9) < ZECHI080),

When doing a single pass with ¢ = n, then F(6) is the regularized expected
i'i risk, and we obtain a generalization bound, leading to E[R(fs,)] < G;fz +

infresc {R(f) + 3 fI|3c}- These bounds are similar to the ones in Section 7.5

below (which assume a regularized empirical risk minimizer is available).

7.4.6 “Kernelization” of linear algorithms

Beyond supervised learning, many unsupervised learning algorithms can be “kernelized,”
such as principal component analysis (as presented in Section 3.9), K-means, or canonical
correlation analysis.'? Indeed, these algorithms can be cast only through the matrices of
dot-products between observations and can thus be applied after the feature transforma-
tion ¢ : X — H, and run implicitly only using the kernel function k(x, ") = (p(x), p(z’)).
See Scholkopf and Smola (2001); Shawe-Taylor and Cristianini (2004) for details and ex-
ercises below.

12See https://en.wikipedia.org/wiki/Canonical_correlation.
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Exercise 7.8 (Kernel principal component analysis) We consider n observations
T1,...,Tn in a set X equipped with a positive definite kernel and feature map ¢ from X
to J. Show that the largest eigenvector of the empirical non-centered covariance operator
% Sor (@) @ () is proportional to Y. | cip(x;) where o € R™ is an eigenvector of
the n x n kernel matriz associated with the largest eigenvalue. Given the RKHS H asso-
ciated with the kernel k, relate this eigenvalue problem to the maximizer of% Dy f(x;)?
subject to || fllsc = 1.

Exercise 7.9 (Kernel K-means) Show that the K-means clustering algorithm'® can
be expressed only using dot-products.

Exercise 7.10 (Kernel quadrature) We consider a probability distribution p on a
set X equipped with a positive definite kernel k with feature map ¢ : X — H. For a
function f which is linear in @, we want to approzimate [, f(x)dp(x) from a linear com-
bination Y -, o f(z;) with a € R™.

(a) Show that

(b) Ezpress the square of the right-hand side with the kernel function and show how to
minimize with respect to o € R™.
(¢) Show that if the points x1,...,x, are sampled i.i.d. from p and a; = 1/n for all i,

then B|| [, p(z)dp(x) = S0, aip(@i)||” < 2E[k(z, 2)].

n Fa)dn(@) - Y ot <111 | / P@p(x) — Y e

Exercise 7.11 Consider a binary classification problems with data (z1,y1), ..., (Tn,Yn)
in X x {—1,1}, with a positive kernel k defined on X with feature map ¢ : X — H. Let
w4 (resp. p—) be the mean of all feature vectors for positive (resp. negative) labels. We
consider the classification rule that predicts 1 if [|p(z) — pi|l2e < (@) — p—||3 and —1
otherwise. Compute the classification rule only using kernel functions and compare it to
local averaging methods from Chapter 6.

7.5 Generalization guarantees - Lipschitz-continuous
losses

In this section, we consider a G-Lipschitz-continuous loss function, and consider a mini-
mizer fl()c ) of the constrained problem

1 n
in - ., f(x:)) such that <D, -
min n;:lé(y f(x:)) such that ||| (7.6)

13See https://en.wikipedia.org/wiki/K-means_clustering.
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and the unique minimizer fy) of the regularized problem

A
min —Zéyu z:)) + 511 f I3 (7.7)

ferH n

We denote by R(f) = E[{(y, f(z))] the expected risk, and by f* one of its minimizers
(which we assume to be square integrable). We assume k(z,r) < R? almost surely.

We can first relate the excess risk to the Lo-norm of f — f* as (using Jensen’s
inequality)

R(f) = R(f7) E[leCy, f(x)) = £y, f*(@))]] < GE[|f () — f*(2)]]

GVE[f(z) = F* @) = GIf = ]| )
that is, the excess risk is dominated by the La(p)-norm of f — f*. For X = R? and

probability measures with bounded density with respect to the Lebesgue measure, we
2|

<
<

have shown that || f||z,p) < Hd
quantity G| f — f*||L,p) by GHZPH

||f||L2(Rd), so we can replace in upper-bounds the
172 .
”f - f ||L2(Rd)'

7.5.1 Risk decomposition

We now assume that sup,cy k(z,z) < R?, compatible with the convention in earlier
chapters on linear models (e.g., Section 4.5.3) that ||p(z)|%; < R? for all z € X.

Constrained problem. Dimension-free results from Chapter 4 (Prop. 4.5), based on

Rademacher complexities, immediately apply, and we obtain that the estimation error is

bounded from above by 4%%]%, leading to:

(e .. _4GDR
E[RUEN] - RUT) < =2+ G inf 17 = 1 b

(the first term is the estimation error of using the empirical risk minimizer constrained
to the ball of RKHS norm less than D, the second term is the approximation error).
To find the optimal D (to balance estimation and approximation error), we can min-

imize the bound with respect to D, leading to (using |a| + |b] < v/2(a? + b?)):

4GRD AGR| f |l
f — jnf
1131120 \/ﬁ + Hf” <DHf f HLQ(;D n}f \/—

G\/jSggf{{|f—f*| 2(p)+ HfHJ{}

+GIf = Nram

16R2

Note that if we consider D equal to E\/lnffeg{ {If-r ||L2(p) + | £1I2:}, we can

obtain a bound proportional to what we obtained above.
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Overall, we need to understand how the deterministic quantity
Al %) = inf {If = 130 + 715}

goes to zero when p goes to zero (note that we define A(u, f*) above through a regularized
estimation problem to study trade-offs between estimation and approximation errors, and
that this is not a justification to use 16R?/n as a regularization parameter in practice).
A few situations are possible:

e If the target function f* happens to be in H (well-specified problem), then we have
A, f*) < pll f*1|3¢, and thus it tends to zero as O(u). This is the best-case scenario
and requires that the target function is sufficiently regular (e.g., with at least d/2
derivatives for X = R?). Then, using it with u = 16R?/n above, the overall excess
risk goes to zero as O(1/+/n). Moreover, the suggested value of D not surprisingly
is exactly || f*||g¢.

e The target function f* is not in H (mis-specified problem), but can be approached
arbitrary closely in Lo(p)-norm by a function in H; in other words, f* is in the
closure of H in La(p). In this situation, A(u, f*) goes to zero as u goes to zero, but
without an explicit rate if no further assumptions are made.

For X = R?, and the distribution p of inputs with a bounded density with respect to
the Lebesgue measure, and for the translation-invariant kernels from Section 7.3.3,
this closure includes all of Ly(IR?), so this case includes most potential functions.
See Section 7.5.2 for explicit rates.

e Otherwise, denoting IT5 (f*) the orthogonal projection in Ly(p) of f* on the closure
of 3(, by the Pythagorean theorem, A(u, f*) = A(p, Ly (f*)) +1f* =g (f)IIF, )
that is, there is an incompressible error due to a choice of function space which 1s
not large enough.

Note that we will use the same reasoning for neural networks in Section 9.4.

Regularized problem (¢). For the regularized problem, we can use the bound from
Chapter 4 (Prop. 4.6):

A(r . 32G%R?> . A
B[R] RO < S5 it {GIF = £l + 5115}
We can now minimize the bound with respect to A, with f fixed, as A\ = 0 f?lljfcj/ﬁ’ to

obtain the bound:

. % 8R . 12 64R2 2
G jof (1S = S lleai + 1 lacf < G% it {If = £ + 1)

which is the same bound as for the constrained problem but on a more commonly used
optimization problem in practice. Note that for well-specified problems, the suggested
regularization parameter is A = Hfflf%\/ﬁ'
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7.5.2 Approximation error for translation-invariant kernels on R?

We first start by analyzing kernel methods’ approximation error for translation invariant
kernels. Given a distribution p of inputs, the goal is to compute

Al f7) = jnf If = F g + 1l 3e,

where f* is the target function (e.g., the minimizer of the test risk), which we assume
is squared-integrable. If A(y, f*) tends to zero when u tends to zero for any fixed f*,
kernel-based supervised learning leads to universally consistent algorithms.

We assume that || f — f* ||L2 0 S 77 CNf—f ||L2(Rd) (e.g., with C' = r||dp/dz| s where
dp/dx is the density of p), where we have introduced a constant r to preserve homogeneity.
Moreover, for simplicity, we assume that || f *HL2(]Rd) is finite (which implies that f* has
to go to zero at infinity). We now give bounds on

Alps %) = b JlF = 11 sy + 13

keeping in mind that A(u, f*) < Cg(u/c,f*). Remember from Section 7.5.1 that if
J* € H (best case scenario), then both A(u, f*) and A(u, f*) are less than ul| f*[|2,.

Explicit approximation. We have, for translation-invariant kernels defined in Sec-

tion 7.3.3, an explicit formulation of the norm | - ||5¢ as || |3 = 7 L [ra |jq(“)| dw, and
thus
7 : 1 ; |f(w)?
Alp, f*) = inf —/ L *(Ww)]? + p dw.
([L f ) f'eLz(Rd) (27T)d Rd |: d|f( ) f ( )| H q(w) :|

The optimization can be performed independently for each w, which i 1s a quadratic prob-

lem. Setting the derivative with respect to f(w) to zero leads to 0 = 24 L (f(w) = f*(w) +

2u (( ) and thus f#( w) = % In terms of the objective function, we get:

1
A 1) (2mr)d /'f 1 prdg(w)t o= (2m)d /'f +/u°dd

When p goes to zero, we see that for each w, fu (w) tends to f*(w) By the dominated

convergence theorem, A(,u, f*) goes to zero when p goes to zero.

Without further assumptions, it is impossible to obtain a convergence rate (otherwise,
the no-free lunch theorem from Chapter 2 would be invalidated). However, this is possible
when assuming regularity properties for f*.

/\ Note that the universal approximation properties of translation-invariant kernels do
not require the kernel bandwidth r to go to zero (as opposed to smoothing kernels from
Chapter 6).
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Sobolev spaces (¢). If we assume that

1
(2m)d

for some ¢t > 0, that is, f* with squared integrable partial derivatives up to order ¢, then
we can further bound:

[ Il @) do < +oo (7.9)
Rd

T * 1 2 2\t fx 2 H 1
A(/Laf ) § W/Rd(l—i_T HWHQ) |f (w)| dw xjgngd{(j(w)'i‘ﬂrd (1+r2|\w||§)t}'

If we now assume §(w) oc r4(1 4+ r?||w||2)~* (Matern kernels), with s > d/2 to get
an RKHS, then with ¢ > s, f* € K, and have A(u, f*) = pl|f*||2,. With t < s, that
is the function is not inside the RKHS H, then we get a bound proportional to (using
a+b>ta+ (1—L) > at/spt=t/s):

SR (O S g ) =06
wera Lq(w) +prd (L4 2 [wl3) ] 7 Gera Lq(w)t/s (urd)! =15 (1 4 r2|lw]3)"

Exercise 7.12 (¢) Find an upper-bound of g(,u, f*) for the same assumption on f* but
with the Gaussian kernel.

There are two regularities, with two different constraints: ¢ > 0 for the target
function, and s > d/2 for the kernel.

Putting things together. Thus, for Lipschitz-continuous losses and target functions
that satisfy Eq. (7.9), we get an expected excess risk of the order (A(RQ/n,f*)) 12 _
O(n_t/(%)), when ¢t < s. For example, when ¢ = 1, that is, only first-order derivatives are
assumed to be square integrable, then for s = d/2+1/2 (exponential kernel), we obtain a
rate of O(n~/(@+1)) which is similar to the rate obtained with local averaging techniques
in Chapter 6 (note here that we are in Lipschitz-loss set-up, which leads to worse rates,
see the square loss in Section 7.6). Thus, kernel methods do not escape the curse of
dimensionality (which is unavoidable anyway). However, with the proper choice of the
regularization parameter, they can benefit from extra smoothness of the target function:
in the very favorable case, where f* € H, that is ¢ > s, then we obtain a dimension-
independent rate of 1/4/n. In intermediate scenarios, the rates are in between. This is
why kernel methods are said to be adaptive to the smoothness of the target function.

Approximation bounds (¢#). In some analysis set-ups (such as those explored in
Chapter 9), it is required to approximate some f* up to ¢ with the minimum possible
RKHS norm. This can be done as follows.

A bound on the quantity A(y, f*) = inf pese {||f — f*|\%2(p) + || fl|%} of the form cp®
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for a € (0,1) leads to the following bound:

: 2 *
g 118 sueh that 11 — g < <

= inf sup||f||3c + p(l|f — f*|\%2(p) — &%) using Lagrangian duality,
fer u>o

= suppA(p=', f*) — pe® <suppep™® — pe?.
10 10

The optimal p is such that (1 — a)cu™ = &2, leading to an approximation bound pro-

portional to e2(1-1/@) = ¢=2(1—a)/a

Applied to «a = t/s like before, this leads to an RKHS norm proportional to g=(1-a)/a
to get an error less than | f — f*| 1, ) So when ¢ = 1 (single derivative for the target
function), and s > d/2 (for the Sobolev kernel), we get a norm of the order e~(1/a=1) =
e~ (=1 > ¢=d/24+1  which explodes exponentially in dimension, which is another way of
formulating the curse of dimensionality.

Relationship between Lipschitz-continuous functions and Sobolev spaces on R?
(¢4). Inthe previous chapter on local averaging methods, as well as for neural networks
(Chapter 9), we will consider Lipschitz-continuous functions on a subset of R?, which we
take here to be the ball of center 0 and radius r. To apply results from the current chapter,
we need to extend them to a function g on R? with controlled squared Sobolev norm with
order t = 1, that is, [z. (lg(z)|? + r?||¢/(2)|3)dz. Then, the estimation rates for Sobolev
space of order ¢, that is, O(n~%(+®) applies to Lipshitz-continuous functions on an
FEuclidean ball.

For this, we also need to impose a bound on the value of f at 0, that is, we assume
|7(0)] < rD, and f is D-Lipschitz-continuous on the ball of center 0 and radius r. We
now show that we can extend it to a function g with squared Sobolev norm less than a
constant ¢4 (that depends on d) times R¥t2D2.

We define the function g which is equal to f on the ball of radius r, equal to 0
outside of the ball of radius 2r, and equal to g(x) = f(rz/|z|2)(2 — ||z||2/7) for ||z||2 €
[r,2r], that is, on each ray {ty,t € [r,2r]}, for y € R? of unit norm, the function g
goes linearly from f(y) to 0. The function ¢ is continuous and has almost everywhere
bounded derivatives. On the ball of radius 2r, |g(x)| < 2rD, while when ||z||2 € [r, 2r],
g(@) = —pflra/|zl)z/ |zl + (I — 227 /|23 f (re/|2]2)(2 = ||z]|2/r), leading

2
to, by the Pythagorean theorem, ||¢'(2)[3 = Z|f(rz/|zll2)I* + 7z (2 = ll=ll2/m)? (1 =
zal/||z3)f (re/|l=l|2) |13 < 7z[2rD|* + D* = 5D Thus, [pa (lg()]* +7°(lg'(2)]3) dw <
/2 a/2
91"2D2(2r)dr(f+7;/2), since the volume of the Euclidean unit ball is equal to .

T5d/3)
. od_d/?2
Thus the constant cg is less than %.
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7.6 Theoretical analysis of ridge regression (¢)

In this section, we provide finer results for ridge regression (that is, square loss and
penalization by squared norm) used within kernel methods. Compared to the analysis
performed in Section 3.6, there are three difficulties:

(1) we go from fixed design to random design: this will require finer probabilistic argu-
ments to relate population and empirical covariance operators,

(2) we need to go infinite-dimensional: in terms of notations, this will mean not using
transposes of matrices, but dot-products, which is a minor modification,

(3) the infimum of the expected risk over linear functions parameterized by 6 € H may
not be attained by an element of H, but by an element of its closure in Lo(p). This
is important, as this allows access to a potentially large set of functions and requires
more care.

7.6.1 Kernel ridge regression as a “linear” estimator

We consider n i.i.d. observations (z;,y;) € XX R, i =1,...,n, and we aim at minimizing,
for A >0,

S i F) + AR
=1

Like local averaging methods in Chapter 6, the ridge regression estimator happens to be a
“linear” estimator that depends linearly on the response vector (but of course non-linearly
in « in general). Indeed, using the representer theorem from Eq. (7.2), the estimator is
f(z) =Y ak(z,2;), with o € R™ defined as a = (K + nAI)~'y, where K € R"*" is
the kernel matrix. We can then write

flz) = Zwi(a?)yi,

with @(z) = (K +nAl)"'q(z) € R™, where ¢(z) € R™ is defined as ¢;(z) = k(x,z;). The
smoothing matrix H is then equal to H = K (K + n\I)~%.

The key differences with local averaging are that (a) the weights do not sum to one,
that is, Y .-, w;(z) may be different from one, and (b) the weights are not constrained
to be non-negative. While the first difference can be removed using centering (see ex-
ercise below), the second one is more fundamental: allowing the weights to be negative
will enable the adaptivity to smoothness, which local averaging methods missed (see
Section 6.5).

Exercise 7.13 We consider the optimization problem 5=|ly — @60 —nl,||3+ 3|/0|3, where
® € R™*? s the design matriz obtained from feature map ¢ and data points x1, ..., x,,
and y € R™, and 1,, € R™ is the vector of all ones. Show that the optimal value of 0
and 1 are: 0 = "o, and n = L1 (y — ®0), with o = I, (1L, KL, + nAI) ' I,y, and
I, = I—11,1]. Show that the prediction function f(z) = @(x)"60 +n is of the form
Yo Wi(w)y; with weights that sum to one.
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Exercise 7.14 (¢) For x1,...,x, equally spaced in [0,1] and for a translation-invariant
kernel from Section 7.3.2, compute the eigenvalues of the kernel matriz and the smoothing
matrix.

7.6.2 Bias and variance decomposition (4)

Beyond fixed-design finite-dimensional analysis. In Chapter 3, we considered
ridge regression in the fixed design setting (where the input data were assumed de-
terministic) and a finite-dimensional feature space H, and obtained in Prop. 3.7 the

following exact expression of the excess risk of the ridge regression estimator 6, assum-

ing y; = (04, (x;)) + &;, with g; independent from x;, and where E[g;] = 0, E[¢7] = o

A~ ~ A~ ~ 2 AN —~
E[(Ox — 0.)TS(0x — 0.)] = X260 (E + \) 7?20, + Tt (22 +AD)72]. (7.10)
n

For the random design assumption (the usual machine learning setting), we first need to
obtain a value for the expected risk. Moreover, we need to replace the matrix notation
to apply to infinite dimensional H where the minimizer has a potentially infinite norm.

Modeling assumptions. We assume that
yi = (@) + &,

with for simplicity E[e;|z;] = 0, and E[e?|z;] < 02 almost surely, for some target function
f* € La(p), so that f*(x) = [y|a:] is exactly the conditional expectation of y|x.

The target function f* may not be in H. All dot-products will always be in H,
while we will specify the corresponding space for norms.

We thus consider the optimization problem:

min > — £ + AL B (r.11)

i=1

with the solution found with algorithms in Section 7.4.

The theoretical analysis of kernel methods typically does not involve the pa-
rameters a € R™ obtained from the representer theorem.

We have, with & = LS o) ® o(x;) a self-adjoint operator from 3 to H (the
empirical covariance operator), a cost function equal to

—Zy + (150 —2< Zyz 2, )+ AU 1),
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leading to the minimizer f,\ of Eq. (7.11) equal to:

z": E+/\I Zszga x;).

We can now compute the (expected) excess risk equal to E[|| fa—f* ||2Lz(p)} as (using that
E[llfx = 17,0

[H (Z+A)” ZW’ z)llz, <p>} +E[|| (S +A1)" Zf i) )*f*”iz(m]

=1

fA— E—F)\I Zyzgp x;) E—I—/\I

SIP—‘

The first term is the usual variance term (that depends on the noise on top of the optimal
predictions). In contrast, the second is the (squared) bias term (which depends on the
regularity of the target function). Before developing the probabilistic argument, we give
simplified upper bounds of the two terms.

On top of the non-centered empirical covariance operator 3 = LS o) @ o),
we will need its expectation, the covariance operator (from H to )

S =E[p(z) ® ¢(@)],

for the corresponding distribution of the x;’s. A key property relates the Lo(p)-norm and
the RKHS norm, that is, that for g € K,

Il = /x o(e)2dp(z) = /x (9, o) dp(z) = /x (9, 0(z) ® p(x)g)dplz)
= (0.5g)=[=|3. (7.12)

n

Variance term. Starting from variance = E [H(i + ALy sicp(xi)Hiz(p)] , the

variance term can be upper-bounded as follows (first using independence and zero means
of the variables £;). Below, we use the property that for symmetric matrices such that
A= 0and B < C, we have tr[AB] < tr[AC], and Eq. (7.12):

[H S+ A" Zw

= % Xn:E[tr (E+A)TIBE+A) () © w(wi))}
=1

Lo (p)}

2 A~
ZE[tr (S +A)T'S(E + M) 7'S)] using E[e2]a:] < 02,
n

N

2 o~ A~ A~
< %E[tr((EJFAI)*lz)] using (8 +M)7'S < 1. (7.13)

This will be the main expression we will bound later.
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Bias term. We first assume that f* € H, that is, the model is well-specified. Then,
writing f*(z;) = (f*,¢(z;)) (which is possible because f* € H), the bias term is equal
to

bias = ]EM SEDYs ke Zf (wi)plas) — 1| (,J (7.14)
n 2
— E|| €+ A0 St eteetar - 1] (7.15)
z_l
= E[||(E+ D) lfo—f*Hiz(p)}

- “}/\21/2 S+ A0 }:AQEW*,@+M)*1z(i+m*1f*>}, (7.16)

where we have used Eq. (7.12) above to re-introduce the operator X. This will be the
main expression we will bound later.

Upper-bound on excess risk. We have thus shown the following proposition:
Proposition 7.5 When f* € H, the excess risk of the ridge regression estimator is
upper-bounded by:

o2

E[lfs = f*120] < ZE[tr (€ +ADT'E)] + NE[(F E+ADTSE + 207 )
(7.17)
Given the expression of the expected variance in Eq. (7.13) and the expected bias in
Eq. (7.16), we notice that both the empirical and expected covariance operators appear
and that it would be important to replace the empirical one with the expected one. This
is possible with extra multiplicative factors, which we now show. Then, we will bound the
two terms separately and show how balancing them leads to interesting learning bounds.

7.6.3 Relating empirical and population covariance operators

We follow Mourtada and Rosasco (2022) and derive simple relationships between the
empirical covariance operator S and the population operator ¥, by showing the following
lemma dealing with expectations; for high probability bounds, see, e.g., Rudi et al. (2015);
Rudi and Rosasco (2017), as well as the end of Section 7.6.4.

Lemma 7.1 (Mourtada and Rosasco, 2022) Assuming i.i.d. data x1,...,2, € X,
and bounded features ||¢(x)||sc < R for all x € X; we have, for all g € H:

E[tr((ijum*lz)} < (1+%j)tr((2+n)*12) (7.18)
E[(9, E+A)T'DE+AD )| < A-1(1+§;)2<g,(z+m-lzg>. (7.19)

Proof (#) The main idea is to introduce a (n + 1)-th independent observation from the
same distribution, write ¥ = E[¢(zn41) ® ¢(zn41)], and use the fact that the obser-
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vations are “exchangeable”, that is, they can be permuted without changing their joint
distribution.

We denote C' = Z;:rll o(x;) ® o(x;), and using the matrix inversion lemma (Sec-
tion 1.1.3), we have

(CHnA) T p(znr1) = (E + 0 + P(Tns1) @ P(Tn41)) " P(Tns1)

_ (”EMA{) BGCIEE) . (7.20)
L+ (p(@nt1), (R + nAL) " o(@n41))

2

~ _ R
Finally, we will use ¢ = (¢(2y41), (nX + nAl) 1<p(xn+1)> < pv To prove Eq. (7.18),
n

we use Eq. (7.20) above to express (S+A) " @(2,11) in terms of (C+nAI) ™ o(zn41),
to get:

E[tr ((f] + )\1)712)} = E[tr ((f] + M) o(ang) ® gﬁ(anrl))}
= E[(p(@nr), €+ M) plani))]

nE[a + ) p(znir), (C + nAI)-lw(an)ﬂ ,

which leads to E[ tr ((i +A)7IE)] < (1+ %)E[<cp(xn+1), (C+n\) " o(zny1))]. Thus,
using that the variables (x1,...,2,41) are exchangeable:

E[m« (E+ AI)*E)]
R2 1 n+1 .
< (1 + m) ol ;EK@(@), (C+nAI) " o(z:))]
R2 1 . ) n+1
- (1 + )\—n) " 1E[tr (C(C +nAI)™")] since C = ; o(xi) ® p(;)
< (1 + R—2) ! [tr (E[C](E[C] + nAI)™")] by Jensen’s inequality,'*
an/n+1
_ (1+R—2) L (4 )S((n+ 1) 4 nAD )
an/n+1
R? . o
< (1 + )\_n) tr (S(Z + AI)~'), which is exactly Eq. (7.18).

To prove Eq. (7.19), we use the same technique, that is,

E[S+A)'SE+ M) =E [(i M) () @ plan) (5 + AI)*}
= n*(1+¢)*[(C+nA) " p(zp11)] @ [(C 4+ A o(zns1)].
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This leads to:

E[{g,(E+A)TIS(E + M) Lg)]
= n’E [(1 +¢)*((C+nA) " o(znia), gﬂ

2
< w21+ RO+ nA)  plan), )]
n2 2
= (1+ f;) [<g, (C+nA)"tC(C + n)\I)*lgﬂ by exchangeability,
n R% 2 -
(1) E[(9,C(C +nAI)"g)]

n R? 5 1 . . .

n——i—l(l + m) (g,E[C](E[C] +nAI)~'g) by Jensen’s inequality,
2 2.2
n(1 )2 S DE 4 mAD ) <A (14 ) (g, (2 4 A1) )

An
|

1
An
1
)
1
x"

7.6.4 Analysis for well-specified problems (4)
In this section, we assume that f* € H. We have the following result for the excess risk,
whose proof consists in applying Lemma 7.1 to Eq. (7.17).

Proposition 7.6 (Well-specified model kernel ridge regression) Assume i.i.d.
data (zi,y;) € X xR, fori = 1,...,n, and y; = f*(x;) + &;, with Elg;|z;] = 0 and
E[e?|z;] < 02, and f* € H. Assume ||p(z)||5c < R. We have:

2(1+%j)tr((2+/\l) 1E)+)\(1+ )(f" S(SHN) L.
(7.21)

g

E{llfx = £ 17,0 < -

This is to be contrasted with Eq. (7.10): we obtain a similar result with 5 replaced by X,
but with some extra multiplicative constants that are close to one if R?/(An) is small.
We can further bound tr ((S+AI)7'%) < —2 and (f*, S(S+AX)LF*) < (f*, £%), to get

the bound )

B[y~ £ ] < oo (10 ) 0 (12 1

which is a random design version of the developments in the proof of Prop. 3.8. In such a
situation, the choice A = R?/y/n (which does not impose any knowledge of || f*||5¢) leads
to a bound on the excess risk proportional to (o2 + R?||f*||2.)/+/n.

In finite feature dimensions d, we can alternatively bound tr ((Z—|—/\I )*12) < RT2 by d,
then leading to a natural choice A of order R?/n, and an upper-bound of the excess risk
proportional to o2d/n + R?|| f.||3./n.

The last two paragraphs lead to different choices of the regularization parameter,
proportional to R?/y/n or R?/n, two classical rules of thumbs within kernel methods.
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Bounds in high-probability (#4). Instead of obtaining bounds in expectation (with
respect to the training data), we can obtain high-probability bounds, as briefly shown
below for the simplest bound; see, more refined bounds by Rudi et al. (2015); Rudi
and Rosasco (2017). Note that they do not rely on Rademacher averages but on direct
probabilistic arguments that can only be applied to the square loss.

Proposition 7.7 (High-probability bound for kernel ridge regression) Assume
i.i.d. data (zi,y;)) € X X R, fori=1,...,n, and y; = f*(x;) + &;, with E[al|xl] =0 and

2 14R

e? < o? almost surely, and [* € H. Assume ||¢(z)||3c < R andn > (3 + 8)\)1 og 5

We have, with a probability greater than 1 — 9,

A 802 R? 1602 R? 2
* (|2
I3 = F T < Y + 4 f* ||9{+Tlogg' (7.22)

Proof We first apply Prop. 1.7 with M; = S(Z 4+ M)~ — (S 4+ M)~ 20(z;) @ o(2;) (2 +
AI)~1/2 for which we have V = RTZE(E + )7L 0% = RTZ, c=1, and t = 1, leading to

Amax [(Z 4+ M) TV2(S - ) (2 + A2 <

N =

: P R? n 1 1 R :
with probability greater than 1 —75- exp [— m] assoonas 5 = 5-+ T This
probability is greater than 1 —6/2 as soon as n > (4/3 + R?/(8))) log 55~ 14R .

This implies ¥ — & < LHE+ A, LE+ ) < S+ AL and thus (5 + M)~ <
2(X + AI)~!. Using the Lojasiewicz inequality (Lemma 5.1) on the regularized empirical

visk Ra(f) = & — 1 5(F — 1)) — (250, ciplwi). £) + 3 FIe. we ger:

Rl = Ralf) < o

Using Ra(f*) = Ra(Fr) = 5(/* =AD" = F)) = 107 =, EHAD (= o) =
HIA = £, we get

1R5 (£ 13-

2
b T N5

AH_ZW i)

We thus need a high-probability bound for H% > aigp(a:i)H:H, which we can obtain,
with probability greater than 1 — 6/2, from McDiarmid’s inequality, as

||1 i= 15190 T HS—C \/—%(14—\/@) .

s — 12,0 < AH—ZW z;)

Before analyzing the last proposition and balancing bias and variance, we show how
this can be applied beyond well-specified models.
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7.6.5 Analysis beyond well-specified problems (¢)

In the bound in Eq. (7.21), the only term that requires potentially that f* € 3 is the
bias term A(f*, (3 + A)" 'S f*). The following simple lemma is the key to extending to
all functions f* in the closure of K.

Lemma 7.2 Given the covariance operator ¥ and any function f* € H, then
M EFADTEF) = inf {I1F = £13 0 + M e}

Proof The optimization problem above can be written as inf rese {[|SY/2(f — £*)|12c +
M fl13:}, using Eq. (7.12), with solution f = (X + AI)"'Sf* and we can simply put back

the value in the objective function to get the desired result. |

Target function in the closure of H{. By using a limiting argument, we can extend
the formula of the bias term in Prop. 7.6 to the general case of f* € Ly(p) with Eq. (7.23),
in the closure of H in La(p) (because all functions in the closure can be approached by a
function in K), leading to

2

R
(1+5,)" it {1 = 1 + MBS (7.23)

For translation-invariant kernels in R¢ (which are dense in La(R%)), this allows estimating
any target function.

Final result. Combining the two cases above, we can now show the upper bound for
kernel ridge regression in the potentially misspecified case.

Proposition 7.8 (Mis-specified model kernel ridge regression) Assume i.i.d. data
(w3, y;) € XXR, fori=1,...,n, andy; = f*(x;)+e;, with Elg;|x;] = 0 and E[e?|z;] < o2,
Assume || o(x)]|5c < R and f* in the closure of H in La(p). We have:

o? R? R?
B[l A=) < T (1452 ) o (S+AD 51410 ) int {1710 + M-
(7.24)

A Be careful with homogeneity of formulas; e.g., %j is indeed a constant.

7.6.6 Balancing bias and variance (4)

We can now balance the bias and variance term in the following upper-bound on the
expected excess risk,

2 2 2

T (1 ) e (@A) + (145) int {17 = Pl + A1
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For this section, we will assume that X = R% and that the target function belongs to
a Sobolev kernel of order ¢ > 0, while the RKHS is a Sobolev space of order s > d/2.

We have seen in Section 7.5.2 that the bias term is of order (1+f—2)2)\t/5 when s > t.
For the variance term, we need to study the so-called “degrees of freedom”.

Degrees of freedom. This is the quantity tr [E(Z + )\I)’l], which is decreasing in A,
from +o0 for A = 0 to 0 for A = 400. If we know that the eigenvalues (A, )m>o0 of the
covariance operator satisfy

Am < C(m+1)7°,

for ac > 1, then one has, with the change of variable v = A\C ™'t below,

A 1 e 1
tr [+ A7 = - < S| T e
I‘[ ( + ) ] mz>0)\m+)\ W;Jl—f—)\(}'—l(m—i-l)o‘ A 1+ AC—1te
< /OO )\—l/acl/alul/a—l du < O()\—l/a)'
o « 1+u

It turns out that if the distribution of inputs has a bounded density with respect to
the Lebesgue measure, then for our chosen Sobolev space, we have a = 2s/d (see, e.g.,
Harchaoui et al., 2008, Appendix D).

Balancing terms (Sobolev spaces). We thus need to balance \'/* with %)\*1/0‘, lead-
ing to an optimal A proportional to n=(1/a+t/)™" "and a rate proportional to n~ot/(at+s)
This rate is only achievable through our analysis when %2\ remains bounded, that is, es-

sentially A > R%/n, thus, £ + £ > 1.

For o = 2s/d, we obtain the rate m, which is valid as long as % +t>s 2>t
We can make the following observations:

e Except for the constraint % 4+t > s > t, the upper-bound on the rate obtained after
optimizing over A does not depend on the kernel.

e We obtain some form of adaptivity, that is, the rate improves with the regularity
of the target function, from the slow rate m when ¢t = 1 (recovering the same
rate as for local averaging methods!® in Chapter 6), and that can only be achieved
when s < d/2 + 1, e.g., with the exponential kernel), to the rate m when
t = s, the rate is then always better than 1/y/n because of the constraint s > d/2.

e In order to allow for regularization parameters A which are less than 1/n, other as-
sumptions are needed. See, e.g., Pillaud-Vivien et al. (2018) and references therein.

15In Chapter 6, we assumed the target function to be Lipschitz-continuous, which can be made an
element of the Sobolev space of order ¢ = 1, with the construction at the end of Section 7.5.2.
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7.7 Experiments

We consider one-dimensional problems to highlight the adaptivity of kernel methods to
the regularity of the target function, with one smooth target and one non-smooth target,
and three kernels: exponential kernel corresponding to the Sobolev space of order 1 (top
of Figure 7.3), Matern kernel corresponding to the Sobolev space of order 3 (middle), and
Gaussian kernel (bottom). In the right plots, dotted lines are affine fits to the log-log
learning curves. The regularization parameter for ridge regression is selected to minimize
expected risk, and learning curves are obtained by averaging over 20 replications. See
results in Figure 7.3. The data

We observe adaptivity for the three kernels: learning is possible even with irregular
functions, and the rates are better for smooth target functions. We also note that for
kernels with smaller feature spaces (Matern and Gaussian), the performance on the non-
smooth target function is worse than for the large feature space (exponential kernel). As
highlighted by Bach (2013), this drop in performance is primarily due to a numerical
issue (the eigenvalues of the kernel matrix decay exponentially fast, and finite precision
arithmetic prevents the use of regularization parameters that are too small).

7.8 Conclusion

In this chapter, we have shown how models that are linear in their parameters can be
made infinite-dimensional. Algorithmically, this is made possible using the kernel trick
that uses only dot-products between the feature maps. Statistically, this leads to models
that can adapt to complex prediction functions using the appropriate kernels.

Since algorithms presented in Section 7.4 rely on convex optimization, we obtain
precise generalization guarantees that can take into account, estimation, approximation,
and optimization errors. A key benefit of positive-definite kernel methods compared to
local-averaging techniques is the adaptivity to the smoothness of the prediction function.
What is still missing is adaptivity to problems where the optimal prediction function only
depends on a subset of the original variables (when applying to inputs in R¢). This will
be achieved by neural networks in Chapter 9 at the expense of non-convex optimization
problems.
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Figure 7.3: Comparison of three kernels, Sobolev space of order 1 (top), Matern kernel
corresponding to the Sobolev space of order 3 (middle), and Gaussian kernel (bottom).
We consider two different target functions and plot on the right plots the excess risks.
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Chapter 8

Sparse methods

Chapter summary

— Model selection can be performed by adding a specific “sparsity-inducing” penalty
on top of the empirical risk.

— fo-penalty: For fixed design linear regressicz)n, if the optimal predictor has k& non-

o“klogd
n

zeros, then we can replace the rate % by with an £p-penalty on the square

loss (which is computationally hard).

— {1-penalty: With few assumptions, we can get a slow rate proportional to k1/ lofld
with an ¢;-penalty and efficient algorithms, while fast rates require strong assump-
tions on the design matrix in the fixed design setting. In the random design setting,
fast rates can be obtained with invertible population covariance matrices.

8.1 Introduction

In previous chapters, we have seen the strong effect of the dimensionality of the input
space X on the generalization performance of supervised learning methods in two settings:

e When the target function f* was only assumed to be Lipschitz-continuous on
the set X = RY, we saw that the excess risk for k-nearest-neigbors, Nadaraya-

Watson estimation (Chapter 6), or positive kernel methods (Chapter 7), was scaling
as n~2/(d+2),

e When the target function is linear in some features ¢(x) € R?, then the excess risk
for unregularized least-squares was scaling as d/n.

In these two situations, efficient learning is generally impossible when d is too large (of
course, much larger in the linear case).

207
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To improve upon these rates, we study two techniques in this book. The first one is
regularization, e.g., by the £5-norm, that allows obtaining dimension-independent bounds
that cannot improve over the bounds above in the worst-case but are typically adaptive
to additional regularity (see Chapter 3 and Chapter 7).

In this chapter, we consider another framework, namely variable selection, whose aim
is to build predictors that depend only on a small number of variables. The key difficulty
is that the identity of the selected variables is not known in advance.

In practice, variable selection is used in mainly two ways:
e The original set of features is already large (for example, in text or web data).

e Given some input x € X, a large-dimensional feature vector ¢(x) is built where
features are added that could potentially help predict the response, but from which
we expect only a small number to be relevant.

If no good predictor with a small number of active variables exists, these
methods are not supposed to work better.

Linear variable selection. In this chapter, we focus on linear methods, where we
assume that we have a feature vector (z) € R¢, and we aim to minimize

E[¢(y, p(x) " 0)]

with respect to 6 € R¢, for some loss function ¢ : Y x R — R. We will consider two
variable selection techniques, namely the penalization by ||6]|o the number of non-zeros
in 0 (often called abusively the “lg-norm”), or the ¢1-norm. See extensions in Section 8.5.

Non-linear variable selection corresponds to selecting a subset of variables from the d
available features ¢(x)1,...,p(z)q, but with a potentially non-linear model on top of
them. This is considered in the context of neural networks in Chapter 9.

Main focus on least-squares. These two types of penalties can be applied to all losses,
but in this chapter, for simplicity, we will primarily consider the square loss and, in most
cases, the fixed design setting (see a thorough description of this setting in Section 3.5),
and assume that we have n observations (x;,v;) € X x Y, such that there exists 6, € R?
for which for i € {1,...,n},

Yi = gO(.’I]l)TH* + Eiy

where z; is assumed deterministic, and €; has zero mean and variance o2 (we also assume
independence from x;, and sometimes stronger regularity, such as bounded almost surely,
or Gaussian). The goal is then to find § € R?, such that

@0 - 6.)]3= (0~ 0.) TS0~ 6.)

is as small as possible, where ® € R"*? is the design matrix and Y = %@Tq) the non-
centered empirical covariance matrix. We recall from Chapter 3 that for the ordinary
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least-squares estimator, the expectation of this excess risk is less than o2d/n. This is the
best possible performance if we make no assumption on .. In this chapter, we assume
that 6. is sparse, that is, only a few of its components are non-zero, or in other words,
[104]lo = k is small compared to d.

The results presented in this section extend beyond the square loss, e.g., to the logistic
loss, in a straightforward way for slow rates in 1/y/n (see the end of Section 8.3.3), with
significant additional work for fast rates in O(1/n) (see the end of Section 8.3.4).

8.1.1 Dedicated proof technique for constrained least-squares

In this chapter, we consider a more refined proof technique' that can extend to constrained
versions of least-squares (while our technique in Chapter 3 heavily relies on having a closed
form for the estimator, which is not possible in constrained or regularized cases except in
few instances, such as ridge regression).

We denote by # a minimizer of L|ly — ®6||3 with the constraint that 6 € ©, for some
subset © of RZ. If §, € ©, then we have, by optimality of 6:
ly = @0113 < lly — 20.3.

By expanding with y = ®6, +¢, we get ||e —®(0—6.)||2 < ||¢||2, leading to, by expanding
the norms:
llell3 —2eT@(6 — 6.) + |29 — 6.)[13 < llell3,

and thus
(6 — 6.)]3 < 2cT (6 - 0.).

We can write it as

180~ 0.)13 < 2090 - 6.2 'ET(%)'

This reformulation is difficult to deal with because 8 also appears on the right side of the

equation. Like done for upper-bounding estimation errors in Chapter 4, we can maximize
with respect to § € © to get rid of this randomness, which leads to

A , A T (B0 —6.)
20— 013 < 2120 ~ )12 - supeT (1 —p5). (8.1)

where § has disappeared from the right-hand side. Finally, isolating || ®(6 —6,)||2, we get:

90~ 6.)]3 < 4sup [ET(%)F' (8.2)

ITaken from Philippe Rigollet’s lecture notes, see https://math.mit.edu/~rigollet/. See also Rigol-
let and Tsybakov (2007) for an example of application.


https://math.mit.edu/~rigollet/
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This inequality is true almost surely, and we can take expectation (with respect to €) to
obtain bounds. Therefore, in this chapter, we will compute expectations of maxima of
quadratic forms in €.

 B(0-06.) .
2 = Ta—a With

g = Iy e) the orthogonal projector on the image space im(®) (which has dimension
rank(®)):

For example, when © = R? (no constraints), we get, by taking

E[|®(6 - 6.)|3] gm[ ey 1[52]2}.
z€im Jlzlle=

By a simple geometric argument (see below),

€
Him((I))E
im(®)
we have ) )
sup [ETZ} = sup [(ans)—rz} = ||Meel|?,
z€im(®),||z[[2=1 2€im(®),||z[[2=1
leading to

E[[| @0 - 6.)]2] < 41E[|\H¢a|\2} = 40°E tr(I12) = 4o%rank(®).

We thus get a bound on the excess risk equal to 402d/n, which is (because of the con-
stant 4) slightly worse than the direct computation from Chapter 3 (Prop. 3.5) but allows
extensions to more complex situations.

This reasoning also allows getting high-probability bounds by adding assumptions on
the noise . Finally, this also extends to penalized problems (see Section 8.2.2).

8.1.2 Probabilistic and combinatorial lemmas

In the proof technique above, we will need to bound expectations of maxima of squared
norms of Gaussians, which we now consider. We start with two probabilistic lemmas.

Lemma 8.1 If z € R™ has a Gaussian distribution with mean 0 and covariance ma-
2
triz 021, then, if s < #, E[esﬂzﬂz] = (1 —20%s)7"/2,

Proof We have, for 0 = 1 (from which we can derive the result for all ), and s < 1/2
(using independence among the components of z):

sz sy Lz & EEn 1 & > s—2)z;
E[esleE] = E[eTie] = [[E[e] = WH/ -2 g
=17~

i=1

= WH@(1—28)1/2: (1—28)771/2.



8.1. INTRODUCTION 211

Lemma 8.2 Let uq,...,uy, be m random variables which are potentially dependent, and

s> 0. Then, E[max{u1,...,un}] < Llog (0, E[esw]).
Proof Following the reasoning from Section 1.2.4 in Chapter 1, for any s € R,

E[max{u1,...,um}] < é log (E[e® max{ul"“’“m}D = é log (E[ max{e*,... ,e""}]),

which is thus less than 2 log (31", E[e**i]). [ |

The previous two lemmas can be combined to upper-bound the expectation of squared
norms of Gaussian random variables: if z1,. .., z,, € R™ are centered (that is, zero-mean)
Gaussian random vectors which are potentially dependent, but for which the covariance
matrix of z; has eigenvalues less than o2, we can first use the rotational invariance of
Gaussian densities, to assume without loss of generality that the Gaussians have diagonal
covariance matrices with components o7, < ¢ (for i € {1,...,m} and j € {1,...,n}),
then, we have from Lemma 8.1,

n

fest=3] = T Efes=h] H1—20 )72 < (1 - 20%5) 72,

j=1
Thus, for s = #, E[esnzi”g] < 2% foralli € {1,...,m}, and from Lemma 8.2,
Elmax{||z1]|2, ..., [|zm||2}] < 402 log(m2™/?) = 2no?log(2) + 402 log(m),

which is to be compared to the expectation of each argument of the max, which is less
than o?n. We pay an additive factor proportional to o2 log(m). This will be applied to
m o< d¥, leading to the additional term in o2k log(d) for methods based on the £y-penalty.
The term in d* comes from the following lemma.

Lemma 8.3 Let d >0 and k € {1,...,d}. Then log (d) < k(1+log ¢).

Proof By recursion on k, the inequality is trivial for £ = 1, and if (k 1) < (
then

d d \d—k+1 ed \k-1d ed\ k-1 1 (k—1d ed\k—1 d ,ed\k
(1) = () T <G T R < (D ) T S (= ()

where we use for a > 0, (1 + 1)® = exp(alog(l + 1/a)) < exp(1) =e. ]

We now consider two types of variable selection frameworks, one based on {y-penalties
and one based on /¢1-penalties.

Exercise 8.1 (Concentration of chi-squared variables) We consider n independent
standard normal variables 21, . . ., z, and the variables y = 23+ --+22. Using Lemma 8.1,

show that for any e > 0, Py > n(l +¢)) < (%)nﬂ, and for any ¢ € (0,1),
P(y < n(l - ) < (i)™

exp(—¢)
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8.2 Variable selection by the /j)-penalty

In this section, we assume that the target vector 6, has k non-zero components, that
is, ||0«|lo = k. We denote by A = supp(f.) the “support” of 6., that is, the subset of
{1,...,d} composed of j such that (.); # 0. We have |A| = k.

Price of adaptivity. If we knew the set A, then we could simply perform least-squares
with the design matrix &4 € R”XM', where ®p denotes the sub-matrix of ® obtained
by keeping only the columns from B, with an excess risk proportional to o2k /n (this is
what we call the “oracle” in Section 8.4). Thus, as long as k is small compared to n, we
can estimate 6, correctly, regardless of the potentially large value of d.

However, we do not know A in advance, and we have to estimate it. We will see that
this will lead to an extra factor of log (%) < logd due to the potentially large number of
models with k£ variables.

8.2.1 Assuming k is known

We start by assuming that the cardinality k is known in advance, and we consider Gaus-
sian noise for simplicity (this extends to sub-Gaussian noise as well; see note below).

Proposition 8.1 (Model selection - known k) Assume y = ®0, + ¢, with e € R”
a vector with independent Gaussian components of zero mean and variance o2, with
16<]l0 < k, for k < d/2. Let 6 be the minimizer of ||y — ®0||3 with the constraint that
1llo < k. Then, the (fized design) excess risk is upper-bounded as:

E[(6—0.)7S0-0.)] = ]E[%H(I)(é —~0.)[13] < 3202§ (108 (%) +1).

Proof For any 6 such that ||0||o < k, we have ||0 — 0,0 < 2k. Thus, we have, using the
bounding technique from Section 8.1.1:

. o0 —0.) 2
[0 —0.)]3 < 4 sup e (———2)| from Eq. (8.2),
2 eeRd,Houugk[ (||‘1>(9—9*)||2)}
D0 — 0, 2
< 4 sup [ET ( Q)} from the discussion above,
OERY,[|0—0. |0 <2k [@(0 — 0.)]2
D0 —6,) 2
= 4 sup sup el (——2
BC{1,....d}, |BI<2k supp(6—6.)CB [ (||‘1>(9 - 9*)”2”

by separating by supports. Thus, using the same argument as in Section 8.1.1,

B0 —0,)2 < 4 sup sup [e72]°
BC{l,...,d}, |B|<2k z€im(®p),|z|2=1
< 4 sup Mg pell” < 4 sup Mg e,
BC{1,....d}, |B|<2k BC{1,....d}, |B|=2k

because |1l £]|? is non-decreasing in B.
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The random variable ||Ilp,el|? has an expectation which is less than 2k. Given

that there are (Qdk) < (%)% sets B of cardinality 2k (bound from Lemma 8.3), we

should expect, with concentration inequalities from Section 8.1.2, that we pay a price of
log [(%)%] ~ klog %. We will make this reasoning formal.

Indeed, g, e is normally distributed with isotropic covariance matrix of dimension
|B| < 2k, and thus we have for so? < 1/2, from Lemma 8.1:

E[es”H@BEHQ} < (1 _ 2028)7]6.

Therefore, with s = 1/(40?), for which (1 — 202%s)~% = 2%, we get, from Lemma 8.2:

E[|®(0 —0.)]3] < 160%log ((;2) 2’“)
< 1602 log ((S—Z)%zk) — 1602 (2k10g (%) (2 log 2)k).

This leads to the desired result. [ |

We can make the following observations:

e The term klog(d/k) comes from the logarithm of the number m of subsets of
{1,...,d} of size 2k, which is a result of the expectation of the maximum of m
squared norms of Gaussians.

o The assumption that k < d/2 is not a real issue, as when k > d/2, then the classical
bound o2d/n is of the same order as o2k log(d/k)/n.

e The result e2xt2ends beyond Gaussian noise, that is, for all sub-Gaussian ¢;, for WhiC2h
E[e*si] < e* 7 for all s > 0 (for some 7 > 0), or, equivalently P(|e;| > t) = O(e="")
for some ¢ > 0.

e The result extends if the minimization of the empirical risk is only done approxi-
mately.

e This result is not improvable by any algorithm (polynomial time or not), see, e.g.,
Giraud (2014, Theorem 2.3) and Chapter 15.

Algorithms. In terms of algorithms, essentially all subsets of size k have to be looked
at for exact minimization, with a cost proportional to O(d*), which is a problem when k
gets large. There are, however, two simple algorithms that only come with guarantees
when such fast rates are available for ¢;-regularization (see Section 8.3.4, and Zhang,
2009).

e Greedy algorithm: Starting from the empty set, variables are added one by one,
maximizing the resulting cost reduction. This is often referred to as orthogonal
matching pursuit (Pati et al., 1993).

e Iterative sorting: Starting from 6y = 0, the iterative algorithm goes as follows
at iteration ¢; the upper bound (based on the L-smoothness of the quadratic loss,
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with L = Apax(® 7 ®), see Chapter 5):

1 2
E”y - q)et—l”% - (y - q)gt_l)Tq)(g —0i1) + L||9 - 91&—1”%

n
on the cost function ||y — ®6||3 is built and minimized with respect to ||0]lo < k to

obtain ;. This is done (proof left as an exercise) by computing the unconstrained
minimizer 6;_1 + %%@T (y — ®b;_1), and selecting the k largest components.

8.2.2 Estimating k (¢)

In practice, regardless of the computational cost, one also needs to estimate k. A classical
idea to consider penalized least-squares and minimize

1
~[ly = 05 + Al|llo- (8.3)

This is a hard problem to solve, which essentially requires looking at all 2¢ subsets. For
a well-chosen A, this (almost) leads to the same performance as if k were known.

Proposition 8.2 (Model selection - {y-penalty) Assume y = ®0, + ¢, with ¢ € R
a vector with independent Gaussian components of zero mean and variance o, with

16:]lo < k. Let 6 be a minimizer of Eq. (8.3). Then, for A = % log(2d), we have:

16ko? 1602
? 2+ log(d)] + T;' .

B[ L0 - 03] <

n

Proof We follow the same proof technique than in Section 8.1.1, but now for regularized
problems. We have by optimality of 6:

lly = 2013+ nA[|6llo < [ly — 23 + nA[|6x]lo,

which leads to, using the inequality 2ab < 2a® 4+ 1%, and the same arguments that led

2
to Eq. (8.1):

(6 —0,)

le@-6.)13 < 2||@<é—9*>|\2~5T(W
— Ux |2

)+ nAlI.llo — n A1l

(I)(é—@*) 2 1 R A
< ofeT (2 7*7 + Z||®(6 — 0, 2+n)\9* — )|l
( (ch(o_e*)HQ)) 5112 ( Iz (AT 101l

leading to, by taking the supremum over € R%:

i BO—0,) \\2
(0 —0.)[|3 < 4e" (o)) +2n)|0. —2)\6‘}.
20 - 0.)1% < sup {4(=7 (g —gr)) + 20M8.llo = 20061
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We then take the supremum by layers, as sup =  sup sup sup , that is, using
0cR?  k'e{l,...,d} | B|=k’ supp(6)CB
the same derivations as for Prop. 8.1 (A is the support of 6,):

E[||9(0 - 6.)]3]

@(9 - 9*) 2 /
< E sup sup sup {4 el (——22 4 2nA||04]|0 — 2n\K H
|:k’e{1,...,d} |B|=k’ supp(6)C B ( (||‘1>(9 - 9*)”2)) 161

A
< 2n)\||9*|0+4IE{ sup  sup {HH@AUBEH2— n—k'}}
K e{L,...,d} |BI=k 2

We thus get with the same reasoning as in Section 8.2.1 (based on the probabilistic
lemmas from Section 8.1.2), using s = # within Lemma 8.2:

E[||2(6 - 6.)I3]
d

d\ . nA\k’
< 2008, ]|o + 1607 log(k/zl <k’) K +|6 Hoexp(— P ))
B d d ni
< 20060 + 16076"]lo los(2) + 160° log > (k> exp (i (log(2) - £75)))

A
< (2n\ +1610g(2)0?) |04 ]l0 + 1602d log (1 +exp (log(2) — %))

To find a good regularization parameter, we can then approximately minimize the bound

above with respect to A\. We obtain a good balance of the two terms by having — logd =
2

log(2) — &%, that is, A = 82~ log(2d), for which we get:

-,
E[|@(0 —0.)]3] < (2nA+ 161og(2)o?)[|0.]|o + 1602 < 1602 ((log(d) + 2)[|6x]j0 + 1),
and get the desired result. |

We can make the following observations:

e Penalties on the number of parameters on top of the empirical risk can be obtained
from various perspectives, for square loss depending on whether the noise variance
is known or more generally for other losses. For example, the Bayesian information
criterion (BIC) penalizes by penalty proportional to ||@]|ologn (often a smaller
penalty than proposed here).

e Note that we need to know o? in advance to compute A, which can be a problem

in practice. See Giraud et al. (2012) for more details and alternative formulations.

e The three most important aspects are that: (1) the bound does not require any
assumption on the design matrix ®, (2) we observe a positive high-dimensional
phenomenon, where d only appears as 105 ¢ but (3) only exponential-time algo-

rithms are possible for solving the problem with guarantees (see algorithms below).

Exercise 8.2 (¢) With a penalty proportional to |6]|olog W, show the same bound
than for k known.
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Algorithms. We can extend the two algorithms from Section 8.2.1 for the penalized
case:

e Forward-backward algorithm to minimize a function of a set B: Starting
from the empty set B = &, at every step of the algorithm, one tries both a for-
ward algorithm (adding a node to B) and a backward algorithm (removing a node
from B), and only perform a step if it decreases the overall cost function. See an
analysis by Zhang (2011).

e Iterative hard-thresholding: compared to the constrained case, we minimize

Ly~ 60113~ 2y~ 01) TR0 — 1) + L6~ 613+ A6,
with L = Apax(2® @), which can also be computed in closed form (by iterative
hard thresholding). That is, with 6; = 9,5_1—1—%(1;@—(1)6‘,5_1), all components (;);
such that |(6;);]? > 2, are left unchanged and all others are set to zero. Indeed, for
one-dimensional problems, the minimizer of |6 —y|? + Ao is 05 (y) = 0 if |y|*> < A
and 03 (y) = y otherwise (see below).

G0

This is referred to as “iterative hard thresholding” (while for the ¢;-norm, this
will be iterative soft thresholding) because a component is either kept intact or set
exactly to zero, leading to a discontinuous behavior. See an analysis by Blumensath
and Davies (2009).

8.3 Variable selection by /;-regularization

We now consider a computationally efficient alternative to fy-penalties, namely using
{1-penalties, by minimizing, for the square loss:

1
— ||y — ®0||2 + \||6]]1. 8.4
511y — 2613+ A6l (8.4)

This is a convex optimization problem on which algorithms from Chapter 5 can be applied
(see instances below). It is often called the “Lasso” problem, for “least absolute shrinkage
and selection operator” (Tibshirani, 1996).
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We first present algorithms dedicated to solving the optimization problem, then
present “slow rate” analyses leading to excess risks in O(1/4/n), first in the random
design case with Lipschitz-continuous losses, and then in the fixed design case with the
square loss. We then present “fast rate” analyses leading to excess risks in O(1/n).

8.3.1 Intuition and algorithms

Sparsity-inducing effect. Unlike the squared /2-norm used in ridge regression, the ¢;-
norm is non-differentiable, and its non-differentiability is not limited to 8 = 0 but occurs
in many other points. To see this, we can look at the ¢;-ball and its different geometry
compared to the f3-ball. This is directly relevant to situations where we constrain the
value of the norm instead of penalizing it.

92 €2

A \

01

\/

As shown above, where we represent the level set of a potential loss function, the
solution of minimizing the loss subject to the ¢1-constraint (in green) is obtained when
level sets are “tangent” to the constraint set. In the right part, this is obtained at a
point away from the axes, but on the left part, this is achieved at one of the corners of
the ¢1-ball, which are points where one of the components of 8 is equal to zero. Such
corners are “attractive”, that is, minimizers tend to be precisely at these corners, and
this exactly leads to sparse solutions.

The ¢;-norm is also often introduced as the “convex relaxation” of the fy-penalty.
Indeed, the ¢1-norm is the convex envelope (the largest convex function which is a lower-
bound) of the £-penalty on the set [—1, 1]¢ (proof left as an exercise). While this provides
some intuition about the ¢;-norm and its potential generalization to other sparse situa-
tions, this does not directly justify its good behavior on sparse problems.

One-dimensional problem. Another classical way to understand the sparsity-inducing
effect is to consider the one-dimensional problem:

1
in F(0) = =(y—6)* + ).
min F(9) = 5(y —6)" + Ald|
Since F' is strongly-convex, it has a unique minimizer 65 (y). For A = 0 (no regularization),
we have 6§(y) = y, while for A > 0, by computing left and right derivatives at zero (to
be done as an exercise), one can check that 65(y) = 0 if |y| < A, and 05(y) =y — A
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for y > A, and 05(y) = y + A for y < —A\, which can be put all together as 65(y) =
max{|y| — A, 0} sign(y), which is depicted below. This is referred to as iterative soft
thresholding (this will be useful for proximal methods below).

9*
A 1Y)

\

Note that the minimizer is either sent to zero or shrunk toward zero.

Optimization algorithms. We can adapt algorithms from Chapter 5 to the problem
in Eq. (8.4).

e Tterative soft-thresholding: We can apply proximal methods to the objective
function of the form F(0) + A[|6]|y for F(0) = 5= |y — ®0||3, for which the gradient
is F'(9) = —2@ T (y — ®0). The plain (non-accelerated) proximal method recursion
is

. L
0r = arg min F(Or-1)+ F'(6:1) " (0 — 6 1) + §H9 — 0:—1]13 + A6,

with L = Apnax(£® T ®). This leads to (6;); = max{|(n;);|—A, 0} sign((n;),), for n; =
01 — %F’ (0:—1). This simple algorithm can also be accelerated. The convergence
rate then depends on the invertibility of %Q)T(I) (if invertible, we get an exponential
convergence rate in ¢, with only O(1/t) otherwise).

e Coordinate descent: Although the ¢1-norm is a non-differentiable function, co-
ordinate descent can be applied (because the ¢1-norm is “separable”). At each
iteration, we select a coordinate to update (at random or by cycling) and optimize
with respect to this coordinate, which is a one-dimensional problem that can be
solved in closed form. The convergence properties are similar to proximal meth-
ods (Fercoq and Richtarik, 2015).

Exercise 8.3 Provide a closed-form expression for the iteration of the coordinate
descent algorithm described above.

n-trick. The non-differentiability of the ¢;-norm may also be treated through the simple
identity:
0w
|6;] = inf —— 4+ =,
n; >0 21); 2
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where the minimizer is attained at n; = |0;|. See below an example in one dimension,
with |6] and several quadratic upper bounds.

4

— 0]
3l | | 6P1n)+n/2
2 L
1 L
0
-4 -2 0 2 4
0
This leads to the reformulation of Eq. (8.4) as
d p2 d
1 1 A 05 A
inf —|y — ®0||2 4+ \||0|; = inf inf —|y—P0|2+=) L 4+Z 4
anl, 5oy = POIE+ A0l = inf, inf o7y — 20+ 5 ; w3 ;ma

and alternating optimization algorithms can be used: (a) minimizing with respect to 7
when 6 is fixed can be done in closed form as n; = |#;|, while minimizing with respect
to 8 when 7 is fixed is a quadratic optimization problem which can be solved by a linear
system.2

Optimality conditions (#). To study the estimator defined by Eq. (8.4), it is often
necessary to characterize when a certain 6 is optimal or not, that is, to derive optimality
conditions.

Since the objective function H(6) = F(0) + A||6]1 is not differentiable, we need other
tools than having the gradient equal to zero. The gradient looks only at d directions
(along the coordinate axis), while, in the non-smooth context, we need to look at all
directions, that is, for all A € R?, we require that the directional derivative,

OH(6,A) = lim 2 [H (0 + =A) — H(0)],

e—=0 ¢

is non-negative. That is, we need to go up in all directions. When H is differentiable
at 6, then OH (9, A) = H'(0)T A, and the positivity for all A is equivalent to H'(6) = 0.

For H(0) = F(6) + \||0||1, we have:

OH(0,A) = F(OTA+X D sign(0)A; +1 Y (A
J, 8;#0 J, 0;=0

2See more details in https://www.di.ens.fr/~fbach/1tfp/etatrick.html and by Bach et al. (2012a,
Section 5).
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weights

0 0.5 1 1.5
regularization parameter

Figure 8.1: Regularization path for a Lasso problem in dimension d = 32 and n = 32 input
observations sampled from a standard Gaussian distribution with 4 non-zero weights equal
to —1 or +1, and outputs generated with additive Gaussian noise with unit variance. The
random seed was chosen so that at least one weight comes in and out in the regularization
path.

It is separable in A, j = 1,...,d, and it is non-negative for all j, if and only if all
components that depend on A; are non-negative.

When 6; # 0, then this requires F'(0); + Asign(f;) = 0, while when 6; = 0, then we
need F'(0);A; + A|A;| > 0 for all A, which is equivalent to |F’(0),| < A. This leads to
the set of conditions:

F’(@)j + )\sign(Hj) =0, Vje {1, .. ,d} such that Hj # 0,
|[F'(0);] < A, Vj e {1,...,d} such that ; = 0.

See Giraud (2014) for more details. Note that we could have also used subgradients to
derive these optimality conditions (derivations left as an exercise).

Homotopy method (#4). We assume for simplicity that ® '@ is invertible so that
the minimizer #()\) is unique. Given a certain sign pattern for 6, optimality conditions
are all convex in A and thus define an interval in A where the sign is constant. Given the
sign, then the solution #()) is affine in A, leading to a piecewise affine function in A (see
an example of a regularization path in Figure 8.1).

If we know the breakpoints in A and the associated signs, we can compute all solutions
for all A. This is the source of the homotopy algorithm for Eq. (8.4), which starts with
large A and builds the path of solutions by computing break points one by one. See more
details by Osborne et al. (2000); Mairal and Yu (2012).
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8.3.2 Slow rates - random design

In this section, we consider Lipschitz-continuous loss functions and, thus, an empirical

risk of the form

~ 1 .

:R(e) - n ;é(y“ (P(Jil) 6‘)7
with ¢ having Lipschitz constant G with respect to the second variable. We assume that
the expected risk R(0) = E[{(y, p(z)"0)] is minimized at a certain 6, € R¢ and, for
simplicity, we consider the estimator 6p obtained by minimizing JAQ(H) with the constraint
that ||6]|1 < D, where we will use tools from Section 4.5.4 (we could also consider penalized
formulation using Section 4.5.5). We assume that ||¢(z)]|c < R almost surely.

From Section 4.5.4, we get that,

E[R(p)] < inf R(0) +4GR.(Fp),

N
I6ll.<D

where R, (Fp) is the Rademacher complexity of the set of linear predictors with weight
vectors bounded by D in ¢;-norm, which we can compute as:
ul

where el € {—1,1} are Rademacher random variables. We can now compute a bound
on the expectation, first conditioned on the data. Indeed, eR¢(x;) has conditional zero
mean and is bounded in absolute value by R. It is thus sub-Gaussian with constant R (see
Section 1.2.1, which implies that £ Y% | eRo(z;) is sub-Gaussian with constant R?/n?).
We can then use Prop. 1.4, to get that the maximum of the 2d sub-Gaussian variables is
less than (2R? log(2d)/n2)1/2. This leads to:

1 & 1 &
R (Fp) = E[IIGTI?ED ~ ; Ef‘w(xi)w} = DE[H - ; efo(x;)

in
ol <D

N GRD./log(2d
E[R(Ap)] < inf R(O) + Y 8D ang(),
When D is large enough, e.g., D = ||f.]|1, then we get an excess risk bounded by
GRD+/log(2d)/+/n. If 8, has only k non-zero, its £1-norm will typically grow as O(k),
and we see a high-dimensional phenomenon with a bound proportional to k+/logd/\/n,
where d can be much larger than n, as long as k2 log(d)/n is small. This is a “slow” rate
because of the dependence in n, which is O(1/4/n) rather than in O(1/n).

8.3.3 Slow rates - fixed design (square loss)

We now look at the fixed design setting with the square loss. We first consider an analysis
based on simple tools with no assumptions on the design matrix ®. We will see that we
can deal with high-dimensional inference problems where d can be large, but it will be
with rates in 1/4/n and not 1/n, hence the denomination “slow”.
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We study the penalization by a general norm 2 : R* — R with dual norm Q* defined
as 0*(z) = SUPq(g)<1 276 (see Exercise 8.4 below for classical examples). We thus denote

by 6 a minimizer of
S lly — 203 + 200). (8.5)
We start with a lemma characterizing the excess risk in two situations: (a) where A
is large enough and (b) in the general case.
Lemma 8.4 Let 0 be a minimizer of Eq. (8.5).
(a) If Q*(®Te) < 2, then we have Q(0) < 3Q(6,) and %Hfb(é — 013 < 372(0,).
(b) In all cases, L|9(0 — 0.)[3 < 4]je] + 4X0(0.).
Proof We have, like in Section 8.1.1, by optimality of 6 for Eq. (8.5):
@0 — 0.)]12 < 26T ®(0 — 6.) + 2n2Q(6.) — 2n2Q(0).
Then, with the dual norm Q*(z) = supg(e)glz—rﬁ, assuming that Q*(®Te) < "7)‘, and
using the triangle inequality:
(@0 —0.)]2 < 2070 2)Q0 — 6.) + 2nAQ(6.) — 2nXQ(6)
< nAQ0 — 6,) + 2n2Q(6.) — 2n2Q(6)
<

nAQ(0) + nAQ(0.) + 2nAQ(6.) — 2nAQ(0) < 3nAQ(60.) — nAQ(H).
This implies that Q(f) < 3Q(6,) and L[|®(0 — 6.)[3 < 3AQ(0..).
We also have a general bound through:
12(0 — 0.)15 < 2]lel|2| B0 — 6.)]|2 + 2nX2(0.),

which leads to, using the identity 2ab < a? + 2b2,
~ 1 o
[2(6 —6.)]3 < LU 0.)113 + 2|3 + 2n2Q(6.),

which leads to the desired bound. [ |

Exercise 8.4 For p € [1,00], show that the dual of the {,-norm is the {y-norm, for
1,1

=4+ 2=1.

R

We can now use the lemma above to compute the excess risk of the Lasso, for which
Q=|-]; and Q*(®Te) = ||® "¢||oo.®> The key is to note that since ||® || is a maximum
of 2d zero-mean terms that scale as \/n, according to Section 1.2.4, its maximum scales

as \/nlog(d), and we will apply the lemma above when A is larger than 4/log(d)/n. We
denote by |||o the largest element of the matrix 3 in absolute value.

3Developments similar to Prop. 4.7 in Section 4.5.5 for general norms could also be carried out.
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Proposition 8.3 (Lasso - slow rate) Assumey = ®0, + ¢, with e € R™ a vector with
independent Gaussian components of zero mean and variance 0. Let 0 be the minimizer

of Eq. (8.4). Then, for A = 3—‘%\/2”2”001 [log(d) + log %, we have, with probability greater
than 1 —0:

1 s 20 N 1

~[|12(0 = 0.)][3 < 310l - 7V 2/|Z]| 0 /log(d) + log .

Proof For each j, the random variable (® "¢); is Gaussian with mean zero and variance

na2§jj. Thus, we get from the union bound and from the fact that for a standard
Gaussian variable z, P(|z| > t) < exp(—t2/2):*

]P’(H@TaH > )<§:P(|<I>Ta| "’\)<zd:e ( —nA ) <de ( —n\’ ) 5
oo el BN S Xp = X XP\ =) —
= SRR =R 802|5|os

Thus, with probability greater than 1 — §, we can apply the first part of Lemma 8.4,
and therefore the error is less than 3A||6*||;. For a result in expectation, see the exercise
below. |

A Check homogeneity!

We already observe some high-dimensional phenomenon with the term

gd wheren

can be much larger than d (if, of course, we assume that the optimal predictor 6, is sparse,
so that ||6.||1 does not grow with d). Note that the proposed regularization parameter
depends on the unknown noise variance. A simple trick known as the “square root Lasso”
allows to avoid that dependence on o (see Giraud, 2014, Section 5.4), by minimizing
Ly — 962 + Ao

The proposition above suggests a regularization parameter A proportional to 1//n,
which does enable estimation in high-dimensional situations but can also add a significant
bias because all non-zero components of 6 are shrunk towards zero. See Section 8.5 for
methods to alleviate this effect.

Exercise 8.5 (#) With the same assumptions as Prop. 8.3, and with the choice of reg-
ularization parameter A = 4o/ M\/ H§| show the following bound in expectation:

E[L]|9(8 - 6.)]3] < 320/ /|5 o [|6. 1 + 202,

Beyond square loss. The slow rates proportional to ||0.]]14/(logd)/n for regulariza-
tion by the ¢;-norm can also be achieved for Lipschitz-continuous losses (such as the
logistic loss and the hinge loss), as shown in Prop. 4.7 in Section 4.5.5.

1 2 /2 +oo ,t2/2-52/2 oo o—(s=1)%/2
We have for t > 0: et /2P(|z| > t) = SR < A= =

2,
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8.3.4 Fast rates (#)

We now consider conditions to obtain a fast rate with a leading term proportional to
02%, which is the same as for fp-penalty, but with tractable algorithms. This will
come with extra (very) strong conditions on the design matrix ®.

We start with a simple (but crucial) lemma, characterizing the solution of Eq. (8.4)
in terms of the support A of 6.,.

Lemma 8.5 Let 0 be a minimizer of Eq. (8.5). Assume ||®7¢|los < <BUIfA= 6—9,,
then || Aacllt < 3 Aall1 and |®A[3 < 30\ A1

Proof We have, like in previous proofs (e.g., Lemma 8.4), with A = 6 — 0., and A the
support of 6,:
DAl

26 TOA + 20|01 — 2n\||0]);.
Then, assuming that ||® Te|lo < 2

nA
2

2| Telloc | All1 + 20011 — 20A|10]]2
nA||A[ly + 200,y — 2nX[|8)])1.

NN

A3
A3

NN

We then use, by using the decomposability of the ¢;-norm and the triangle inequality:

161111811 = [1(8.) ali=l16st-Ally = 1) alls =B+ 2) alli—l[ A el < 124N 1=l1AAc 1,
to get
1AIZ < nAIA]L+ 20101 = 10]11) < nAIA]L +20A(|Aullr = [Aac])

< nA([Aall + [1Aacf) + 20A([AAll = [|Aacl) = 3nATA Al = nA| Aae]lr.
This leads to ||Aac||1 < 3]]A4llx and the other desired inequality. [ ]

We can now add an extra assumption that will make the proof go through, namely
that there exists a constant x > 0 such that

_”‘I’AH2 ’<J||AAH2 (8.6)

for all A that satisfies the condition ||A4e|l; < 3||Aall1. This is called the “restrictive
eigenvalue property” because if the smallest eigenvalue of %@Tq) is greater than r, the
condition is satisfied (but this is only possible if n > d). The relevance of this assumption
is discussed in Section 8.3.5.

This leads to the following proposition.

Proposition 8.4 (Lasso - fast rate) Assume y = ®0, + ¢, with e € R™ a vector with
independent Gaussian components of zero mean and variance 0. Let 0 be the minimizer

of Eq. (8.4). Then, for A = \/2||EHOO,/10g 2d) + log §, we have, if Eq. (8.6) is

satisfied, and with probability greater than 1 —

72|A|t72 ][
n K

1, - ) 1
E[~[|2(0 - 0.)]] < (108(2d) +105 ;).
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Proof (¢) We have, when ) is large enough, and by application of Lemma 8.5, and using
Eq. (8.6):

1/2 A

" 14 _ lap2
184l < 1A A4l < e [9A]> < e /3nNBAT,
3|A|/\ 9\A\>\

which leads to [|A 4|1 < , which leads to the desired

result.

. We then get 1 [|®A[]3 <

The dominant part of the rate is proportional to 02]{}105 4 which is a fast rate but depends

crucially on a very strong assumption. Such results can be extended beyond the square
loss using the notion of self-concordance (see, e.g., Ostrovskii and Bach, 2021b, and
references therein).

Exercise 8.6 (#¢) With the same assumptions as Prop. 8.4, with the choice of regular-

1zation parameter A\ = 404/ M\/ ||§| show that we have the bound in expectation
7 144Aa2zw1 dn log(dn
B[ 19(6 — 0.)[3] < #2804 262 1 50, 11/ 2EE 1] oo

8.3.5 Zoo of conditions (¢4)

Conditions to obtain fast rates are plentiful: they all assume low correlation among
predictors, which is rarely the case in practice (in particular, if there are two equal
features, they are never satisfied).

Restricted eigenvalue property (REP). The most direct condition is the so-called
restricted eigenvalue property (REP), which is exactly Eq. (8.6), with the supremum
taken over the unknown set A of cardinality less than k:

)
inf in @ K> 0. (8.7)
AIE [ Axcli<3laall nl|Aal3
Mutual incoherence condition. A simpler one to check, but stronger, is the mutual
incoherence condition:

~

minje (s .. 4} 2y

ik , (8.8)

sup |§U| <
i#£j

which states that all cross-correlation coefficients are small (pure decorrelation would set
them to zero).

This is weaker than the REP condition above. Indeed, by expanding, we have:

[BAZ = [|[PAAA + PacAuc]2 = |PaAA|2 + 20 D P acAsne + || PacA |2
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Moreover, we have:

ALSAaAs = A} Diag(diag(S44))Aa + A} (S a4 — Diag(diag(Sa4))Aa
. 1
2 . E A 2__ A 2
ety (18412 = g8l

and

in,; i 3 min; i
»»»»» d 1,....d
— I B 2 Ay Ay € TSl I A 12,

TxT
c c <
[A 4P AP AcA Ac Ak

This leads to || PA[|3 > minjeqr,. a S5 (1Aal - - [|AAl?), which is greater than
ay Xj5 (1Aal3 = {p1A4l3) = sllAal3, with £ = minjeq,..ap 2j;/2, thus

.....

minje(y,..,
leading to the REP condition in Eq. (8.7).

Restricted isometry property. One of the earlier conditions was the restricted isom-
etry property: all eigenvalues of submatrices of X of size less than 2k, are between 1 — §
and 1+ ¢ for § small enough. See Giraud (2014); Wainwright (2019) for details.

Gaussian designs (¢). It is not obvious that the conditions above are non-trivial (that
is, there may exist no matrix with good sizes d and n for k large enough). For our results
to be non-trivial, we need that k% to be small but not too small. In this paragraph, we
show, without proof, that when sampling from Gaussian distributions, the assumptions
above are satisfied. This is a first step towards a random design assumption.

Proposition 8.5 (Wainwright, 2019, Theorem 7.16) If sampling o(x) from a Gaus-

stan with mean zero and covariance matrix X, then with probability greater than 1 —

—n/32 . . . logd Amin (2
T5=w7sz, the REP property is satisfied with r = %)\min(E) as soon as k=25 < % ”ZH;) .

The proposition above is hard to prove; the following exercise proposes to establish a
weaker result, showing that the guarantees for the maximal cardinality k of the support
have to be smaller.

Exercise 8.7 (444) If sampling ¢(z) from a Gaussian with mean zero and covariance

,logd
matriz identity, then with large probability, for n greater than a constant times kzi,

the mutual incoherence property in Eq. (8.8) is satisfied.

Model selection and irrepresentable condition (¢). Given that the Lasso aims
at performing variable selection, it is natural to study its capacity to find the support
of 0., that is, the set of non-zero variables. It turns out that it also depends on some
conditions on the design matrix, which are stronger than the REP conditions, and called
the “irrepresentable condition”, and also valid for Gaussian random matrices with similar
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scalings between n, d, and k. See Giraud (2014); Wainwright (2019) for details.

Algorithmic and theoretical tools are similar to “compressed sensing”,
where the design matrix represents a set of measurements, which the

A user /theoretician can choose. In this context, sampling from i.i.d. Gaussians
makes sense. For machine learning and statistics, the design matrix is the
data and comes as it is, often with strong correlations.

8.3.6 Random design (¢)

In this section, we study the Lasso in the random design setting instead of the fixed
design setting. For slow rates in 1/y/n, we can directly use Section 4.5.5 to get the exact
same slow rate as for fixed design. In this section, we will only consider fast rates.

We now consider the well-specified Lasso case, where the expected risk is equal to
2
R(O) =% +1(0—6*)TS(0—0%). We assume that Ayin(E) > g > 0, that is, the ezpected
risk is p-strongly convex (and not the empirical risk).
We assume that y; = (x;) " 0* +¢;, and denote ® € R"*¢ the design matrix, as well as

€ € R™ the vector of noises, which we assume independent and sub-Gaussian. Therefore
we have

= 1 1 a 1 1
R(O) = o |00 —0") —clf = 5(0-0") SO0~ (0-0)T (= 07e) + e, (.
(6) = 5180 —07) <3 = 50 —6°) TS0 —67) (00T (~87e) + o el3, (39)
where 3 = LS o(@i)p(z;)T = 20T® € R¥? s the empirical non-centered covariance
matrix.
We will need that H%@TEHOO = H% Yoy 51‘90(951‘)”00 is small enough, as well as the

error in the covariance matrix HE — EHOO. Assuming that ¢ is sub-Gaussian with constant
02, and that ||¢(z)]|cc < R almost surely, we get that, using results from Section 1.2.1,

oht B2
NG NG

Thus, the probability that at least one is satisfied is less than d(d + 3) exp(—t%/2) <
4d? exp(—t2/2).

]P’(H%(I)Taﬂoo > ) < 2dexp(—t2/2) and ]P’(Hﬁ—EHOO > ) < 2d(d+1)/2 exp(—12/2).

We now assume that H%@TEHOO < ”—f%t and Hi — EHOO < RTznt, which happens with

probability at least 1—4d? exp(—t2/2). From Lemma 8.5, we know that if A\ > 2H %@TEHOO,
then we have, with A = 0 — 0*, and A the support of §*:

1Aacls < 3llAall: and [|6x]l: < 3671
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Let v = R(05) — R(0*). We have:
v < R0 — R(O*) — Ry(6) + Ra(67) since 05 minimizes Ry,
= R(6y) — RO*) — RO, + R(0") + A|6%[|1 — A||fa]l1 by definition of Ry,
1. .
— SAT(@H - mA+AT (5q> s) F 6%l = Al using Eq. (8.9)

N

%Hi -3 - ||AH% + H%@Ta}]m AL + AlA]l; using norm inequalities,

oRt
ﬁ HA||1+

N

A2 + A Al using our assumptions.

2\/—

Moreover, we have, since )\min(E) >, v = R(0y) — R(6*) > ”||AH2 > AI A2,

leading to Al < 4A4[r < 4\/222 We also have [|Afly < [[0*[1+]|0x]1 < [|6*]1+
316*]]1 < 4]|6*||1. We thus get, with )\ = 23@ two inequalities:

3o Rt R?t 2|Alv
v < A 1+ —— - |A]|? and A _ 8.10
~n 1Al NG Al Al <44 . (8.10)
If1> 32R?t |A|

NIRRT then the last term in the first inequality in Eq. (8.10) is less than §, and

we get § < 3”—\/?4 #, that is, \/v < 24ofit Q‘A‘ . This leads to, with A\ = 2¢f¢ —

vn vn
% \/2log %, with probability greater than 1 — 9,
N o?lA 4d?
R(0yx) — R(0) < 2304 - lb | log — 5

Exercise 8.8 With the notations above, show that if p = 0, from Eq. (8.10) we can
4R||6* |1 4d?

recover the slow rate fR(é,\) —R(0") <

8.4 Experiments

In this section, we perform a simple experiment on Gaussian design matrices, where all
entries in ® € R"*? are sampled independently from a standard Gaussian distribution,
with n = 64, and varying d. Then 6, is taken to be zero except on k = 4 components
where it is randomly equal to —1 or 1. We consider ¢ = vk (to have a constant signal-to-
noise ratio when k varies). We perform 128 replications. For each method and each value
of its hyperparameter, we averaged the test risk over the 128 replications and reported
the minimum value (with respect to the hyperparameter). We compare the following
three methods in Figure 8.2:

e Ridge regression: penalty by A|6]|3.
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Non-rotated data (expected sparsity) Rotated data (no expected sparsity)

4 4
—Lasso —Lasso

—ridge —ridge

—OMP —OMP

—oracle
zero

w
w

mean square error
N

mean square error
N

—_
—_

2 4 6 8 2 4 6 8

Iog2(d) Iogz(d)
Figure 8.2: Comparison of estimators on least-squares regression: problem with sparse
optimal predictor (left), and non-sparse optimal predictor (right).

e Lasso regression: penalty by \||0]]1.

e Orthogonal matching pursuit (greedy forward method), with hyperparameter k (the
number of included variables).

We compare two situations: (1) non-rotated data (exactly the model above), and (2)
rotated data, where we replace ® by ®R and 6, by R'#6,, where R is a random rotation
matrix. For the rotated data, we do not expect sparse solutions. Hence, sparse methods
are not expected to work better than ridge regression (and OMP performs significantly
worse because once the support is chosen, there is no regularization). Note that the two
curves for ridge regression are exactly the same (as expected from rotation invariance
of the fy-norm). The oracle performance corresponds to the estimator where the true
support is given.

sumptions, when this assumed prior knowledge is not correct, the method does

i Sparse methods make assumptions regarding the best predictor. Like all as-
not perform better.

8.5 Extensions

Sparse methods are more general than the /;-norm and can be extended in several ways:

e Group penalties: in many cases, {1,...,d} is partitioned into m subsets Aq, ...,
A, and the goal is to consider “group sparsity,” that is, if we select one variable
within a group A;, the entire group should be selected. Such behavior can be
obtained using the penalty >_.", [|04,]l2 or > i~ ||64, |l This is particularly used
when the output y is multi-dimensional (such as in multivariate regression or multi-
category classification) to select variables relevant to all outputs. See, e.g., Giraud
(2014) for details.

Exercise 8.9 Assuming that the design matriz ® is orthogonal, compute the min-
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imizer of 5=y — @013+ A1 (|04, |2

Structured sparsity: It is also possible to favor other specific patterns for the
selected variables, such as blocks, trees, etc., when such prior knowledge is needed.
See Bach et al. (2012b) for details.

Exercise 8.10 We consider the d (overlapping) sets A; = {1,...,i}, and the norm
Z?:l 104,]l2. Show that penalization with this norm will tend to select patterns of
non-zeros of the form {i+1,...,d}.

Nuclear norm: When learning on matrices, a natural form of sparsity is for a
matrix to have a low rank. This can be achieved by penalizing the sum of singular
values of a matrix, a norm called the nuclear norm or the trace norm. See Bach
(2008) and references therein.

Exercise 8.11 Compute the minimizer of 5||Y — O||% + X||©| |, where | M||p is
the Frobenius norm and | M||« the nuclear norm.

Multiple kernel learning: the group penalty can be extended when the groups
have an infinite dimension and ¢s-norms are replaced by RKHS norms defined in
Chapter 7. This becomes a tool for learning the kernel matrix from data. See Bach
et al. (2012a) for details.

Elastic net: often, when both effects of the ¢1-norm (sparsity) and the squared
{y-norm (strong-convexity) are desired, we can sum the two, which is referred to
as the “elastic net” penalty. This leads to a strongly-convex optimization problem,
which is numerically better behaved.

Concave penalization and debiasing: to obtain a sparsity-inducing effect, the
penalty in the ¢;-norm has to be quite large, such as in 1/4/n, which often creates
a strong bias in the estimation once the support is selected. There are several ways
of debiasing the Lasso, an elegant one being to use a “concave” penalty. That is, we
use E?:l a(]0;]) where a is a concave increasing function on RT, such as a(u) = u®
for @ € (0,1). This leads to a non-convex optimization problem, where iterative
weighted ¢;-minimization provides natural algorithms (see Mairal et al., 2014, and
references therein).

8.6 Conclusion

In this chapter, we have considered sparse methods based on the penalization by the ¢y or
{1 penalties of the weight vector of a linear model. For the square loss, p-penalties led to
an excess risk proportional to o2k log(d)/n, with a price of adaptivity of log(d), with few
conditions on the problem, but no provably computationally efficient procedures. On the
contrary, £1-norm penalization can be solved efficiently with appropriate convex optimiza-
tion algorithms (such as proximal methods) but only obtained a slow rate proportional
to y/log(d)/n, exhibiting a high-dimensional phenomenon, but a worse dependence in n.
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Fast rates can only be obtained with stronger assumptions on the covariance matrix of
the features.

This chapter was limited to linear models, and in the next chapter on neural networks,
we will see how models that are non-linear in their parameters can lead to non-linear
variable selection, still exhibiting a high-dimensional phenomenon but at the expense of
a harder optimization.
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Chapter 9

Neural networks

Chapter summary

Neural networks are flexible models for non-linear predictions. They can be studied
in terms of the three errors usually related to empirical risk minimization: optimiza-
tion, estimation, and approximation errors. In this chapter, we focus primarily on
single hidden layer neural networks, which are linear combinations of simple affine
functions with additional non-linearities.

Optimization error: as the prediction functions are non-linearly dependent on their
parameters, we obtain non-convex optimization problems with only guaranteed
convergence to stationary points.

Estimation error: the number of parameters is not the driver of the estimation
error, as the norms of the various weights play an important role, with explicit
rates in O(1/4/n) obtained from Rademacher complexity tools.

Approximation error: for the “ReLU” activation function, the universal approxi-
mation properties can be characterized and are superior to kernel methods because
they are adaptive to linear latent variables.

9.1 Introduction

In supervised learning, the main focus has been put on methods to learn from n obser-
vations (z;,y:),4 = 1,...,n, with 2; € X (input space) and y; € Y (output/label space).
As presented in Chapter 4, a large class of methods relies on minimizing a regularized
empirical risk with respect to a function f : X — R where the following cost function is
minimized:

n

U3ty fla) + A

i=1
233
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where ¢ : Y x R — R is a loss function, and Q(f) is a regularization term. Typical
examples were:

e Regression: Y =R and {(y;, f(z;)) = %(yl — flx:)%

e Classification: Y = {—1,1} and 4(y;, f(x;)) = ®(y;f(x;))) where ® is convex,
e.g., ®(u) = max{l — u,0} (hinge loss leading to the support vector machine) or
®(u) = log(l + exp(—u)) (leading to logistic regression). See more examples in
Section 4.1.1.

The class of prediction functions we have considered so far were (with their “pros”
and “cons”):

e Linear functions in some explicit features: given a feature map ¢ : X — R?,
we consider f(x) = 6T (), with parameters § € RY, as analyzed in Chapter 3 (for
least-squares) and Chapter 4 (for Lipschitz-continuous losses).

— Pros: Simple to implement, as this leads to convex optimization with gradient
descent algorithms, with running time complexity in O(nd), as shown in Chapter 5,
and theoretical guarantees which are not necessary scaling badly with dimension d
if regularizers are used ({2 or ¢;).

— Cons: Only applies to linear functions on explicit (and fixed feature spaces), so
they can underfit the data.

e Linear functions in some implicit features through kernel methods: the
feature map can have arbitrarily large dimension, that is, ¢(z) € H where K is a
Hilbert space, accessed through the kernel function k(x,2’) = (p(z), o(a’)) s, as
presented in Chapter 7.

— Pros: Non-linear flexible predictions, simple to implement, can be used as convex
optimization algorithms with strong guarantees. Provides adaptivity to the reg-
ularity of the target function, allowing higher-dimensional applications than local
averaging methods from Chapter 6.

— Cons: Running-time complexity up to O(n?) with algorithms from Section 7.4
(but this scaling can be improved with appropriate techniques also discussed in the
same section, such as column sampling or random features). The method may still
suffer from the curse of dimensionality for target functions that are not smooth
enough.

This chapter aims to explore another class of functions for non-linear predictions,
namely neural networks, that come with additional benefits, such as more “adaptivity
to linear latent variables”, but comes with some potential drawbacks, such as a harder
optimization problem.
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9.2 Single hidden layer neural network

We consider X = R¢ and the set of prediction functions that can be written as
fl)=> mjow z+1b;), (9.1)
j=1

where w; € R?, bj €R, j=1,...,m, are the “input weights”, n; € R, , j=1,...,m, are
the “output weights”, and ¢ is an “activation function”. This is often represented as a
graph (see below). The same architecture can also be considered with n; € R, for k > 1
to deal with multi-category classification (see Section 13.1).

The activation function is typically chosen from one of the following examples (see
plot below):

e sigmoid o(u) = H%’

e step function o(u) = 1,50,

e ‘“rectified linear unit” (ReLU) o(u) = (u)+ = max{u,0}, which will be the main
focus of this chapter.

e hyperbolic tangent o(u) = tanh(u) = 2:;—2::
1.5 T T /
1t
051
0
. | —sigmoid | |
0.5 — step
—RelU
-1 —tanh
4 2 0 2 4

The function f is defined as the linear combination of m functions z — o(w; z + b;),
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which are the “hidden neurons”.’

tunate in a statistical context, as it already has a precise meaning within the

i The constant terms b; are sometimes referred to as “biases”, which is unfor-
bias/variance trade-off (see Chapter 3).

tion. This inspiration is not a proper justification for its behavior on machine

i Do not get confused by the name “neural network” and its biological inspira-
learning problems.

Cross-entropy loss and sigmoid activation function for the last layer. Following
standard practice, we are not adding a non-linearity to the last layer; note that if we were
to use an additional sigmoid activation and consider the cross-entropy loss for binary
classification, we would exactly be using the logistic loss on the output without an extra
activation function.

Indeed, if we consider g(z) = @) € [0,1], and given an output variable y €

1
1+exp(—f

{—1, 1}, the so-called “cross-entropy loss”, an instance of maximum likelihood (see more
details in Chapter 14), is equal to — 1% log g(z)— 1_7” log(1—g(x)). It can be rewritten as
log (1 + exp(—yf(z))), which is exactly the logistic loss defined in Section 4.1.1, applied

to f(x)

Theoretical analysis of neural networks. As with any method based on empirical
risk minimization, we have to study the three classical aspects: (1) optimization (con-
vergence properties of algorithms for minimizing the risk), (2) estimation error (effect of
having a finite amount of data on the prediction performance), and (3) approximation
error (effect of having a finite number of parameters or a constraint on the norm of these
parameters).

9.2.1 Optimization

To find parameters 6 = {(n;), (w;), (b;)} € R™4+2) empirical risk minimization can be
applied, and the following optimization problem has to be solved:

eeRm(d+2) ﬁ é(yl’zm o\ xz—i-b ))

with potentially additional regularization (often squared fo-norm of all weights).

/A Note that (as discussed in Chapter 5) the true objective is to perform well on unseen
data, and the optimization problem above is just a means to an end.

This is a non-convex optimization problem where the gradient descent algorithms from
Chapter 5 can be applied without a strong guarantee beyond obtaining a vector with a

1See https://playground.tensorflow.org/ for a nice interactive illustration.
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small gradient norm (Section 5.2.6). See below for recent results on providing qualitative
global convergence guarantees when m is large.

While stochastic gradient descent remains an algorithm of choice (with also a good
generalization behavior as discussed in Section 5.4), several algorithmic improvements
have been observed to lead to better stability and performance: specific step-size decay
schedules, preconditioning like presented in Section 5.4.2 (Duchi et al., 2011), momen-
tum (Kingma and Ba, 2014), batch-normalization (Ioffe and Szegedy, 2015) or layer-
normalization (Ba et al., 2016) to make the optimization better behaved, but overall,
the objective function is non-convex, and it remains challenging to understand precisely
why gradient-based methods perform well in practice, particularly for deeper networks
(some elements are presented below and in Chapter 12). See also boosting procedures in
Section 10.3 and Chapter 12, which learn neuron weights incrementally.

Global convergence of gradient descent for infinite widths (#). It turns out
that global convergence can be shown for this non-convex optimization problem (Chizat
and Bach, 2018; Bach and Chizat, 2022), with tools that go beyond the scope of this
book and which are partially described in Chapter 12.2

We simply show some experimental evidence below for a simple one-dimensional set-
up, where we compare several runs of stochastic gradient descent (SGD) where observa-
tions are only seen once (so no overfitting is possible) and with random initializations,
on a regression problem with deterministic outputs, thus with the optimal testing error
(the Bayes rate) being equal to zero. We show in Figure 9.1 the estimated predictors and
the corresponding testing errors with 20 different initializations. We see that small errors
are never achieved when m = 5 (which is sufficient to attain zero testing errors). With
m = 20 neurons, SGD finds the optimal predictor for most restarts. When m = 100, all
restarts have the desired behaviors, highlighting the benefits of over-parameterization.

9.2.2 Rectified linear units and homogeneity

From now on, we will mostly focus on the rectified linear unit o(u) = us. The main
property we will leverage is its “positive homogeneity”, that is, for & > 0, (au)4+ = au.
This implies that in the definition of the prediction function as the sum of terms n; (ija:—l—
bj)+, we can freely multiply 1; € R by a positive scalar a; and divide (wj, b;) € R4t by
the same o, without changing the prediction function.

This has a particular effect when using a squared fo-regularizer on all weights, which
is standard, either explicitly (by adding a penalty to the cost function) or implicitly (see
Section 12.1). Indeed, we consider penalizing 77 + [|w;l|3 4 b3/ R? for each j € {1,...,m},
where we have added the factor R? on the constant term for homogeneity reasons between
the slope w; and the constant term b; (R will be a bound on the f2-norm of input data).
Dealing with unit homogeneity between n; and (w;,b;/R) does not matter, because of
the invariance by rescaling described below.

2See also https://francisbach.com/gradient-descent-neural-networks-global-convergence/ for
more details.
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Figure 9.1: Comparison of optimization behavior for different numbers m of neurons,
for ReLU activations (left: m = 5, middle: m = 20, and right: m = 100). The neural
network used to generate the data (without noise) has 4 hidden neurons. Top: examples

of final prediction functions at convergence, bottom: plot of test errors vs. number of
iterations.
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Optimizing with respect to a scaling factor «; above (which impacts only the regular-
izer), we have to minimize a2n?+ (||lw;||3+b2/R?) /o2, with o2 = [(||lw;[|3+b2/R?)"/?] /|n;|

as a minimizer, and with the optimal value of the penalty equal to 2|n;|(|jw; [|3+b2/R?)"/2.

For the theoretical analysis, we can thus choose to normalize each (w;,b;) to have
unit norm [lw; |5 + b5/ R? = 1, and use the penalty [n;| for each j € {1,...,m}, and thus
use an overall /1-norm penalty on n, that is, ||n||1 (we will consider other normalizations
for the input weights below, either to ease the exposition, or to induce another behavior,
e.g., by using ¢;-norms on the w;’s). We now focus on this choice of regularization in the
following sections.

In this chapter, R denotes an almost upper-bound on x directly, and not on a
feature map ¢(z) (as done in earlier chapters).

9.2.3 Estimation error

To study the estimation error, we will consider that the parameters of the network are
constrained, that is, |lw;||3 + b3/R? < 1 for each j € {1,...,m}, and [|n|l; < D. This
defines a set © of allowed parameters. Note that we use ||w;[|3 + b5/R* < 1 instead of
|w;]I3 +b3/R? = 1 (as suggested above) as it does not impact the bound on estimation
error (and uniform convergence results on a bigger set of functions apply to a smaller
set).

We can then compute the Rademacher complexity of the associated class F of functions
we just defined, using tools from Chapter 4 (Section 4.5). We assume that almost surely,
[|z]l2 < R, that is, the input data are bounded in ¢3-norm by R.

Following the developments of Section 4.5 on Rademacher averages, we denote by
G ={(z,y) — Ly, f(x)), f € F}, the set of loss functions for a prediction function f € F
(which is here the set of neural network models fy with parameters 6 such that 6 € ©).
Note that following Section 4.5.3, we consider a constraint on ||5||1, but we could also
penalize, which is closer to practice and can be tackled with tools from Section 4.5.5.

We have, by definition of the Rademacher complexity R,,(G) of G, and taking expec-
tations with respect to the data (x;,v;), ¢ = 1,...,n (which are assumed i.i.d.) and the
independent Rademacher random variables ¢; € {—1,1},i=1,...,n:

R, (9) = E[Sug % > eil(yi, f@(xi))} :
€ i=1

This quantity is known to provide an upper-bound on the expected risk (e.g., testing

error) R( f) of the minimizer f € F of the empirical risk, through the estimation error,
as (using symmetrization from Prop. 4.2 and Eq. (4.8) from Section 4.4):

E|R(f) — inf R(/)| < 4R(9).

We can now use properties of Rademacher complexities presented in Section 4.5, particu-
larly their nice handling of non-linearities. Assuming the loss is almost surely G-Lipschitz-
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continuous with respect to the second variable, using Proposition 4.3 from Chapter 4 that
allows getting rid of the loss, we get the bound:

R.(9) < G- {sup Zalfgxl}:G-E{sup z”:zm: €00 w%-i-b)

feco 1

Using the ¢i-constraint on n and using supy,,<p 2"n = D|z| s, we can directly
maximize with respect to n € R™, leading to (note that another ¢,-constraint on 7, with
p # 1, would be harder to deal with):

1 n
R.(9) <G-E[ sup sup D‘—Zfiff(ijﬂrbj)”-
je{l,m} w;|13+b2/R?<1 TV

Since the ReLU activation function o is 1-Lipschitz continuous and satisfies o(0) = 0,
we get, this time using the extension of Proposition 4.3 from Chapter 4 to Rademacher

complexities defined with an absolute value (that is, Prop. 4.4), which adds an extra
factor of 2:

I I

R.(9) <2GD E[ sup sup ‘w—-r (— EifL‘i) + b<(— Ei)
JE{L,..om} [Jw; 13463/ R2<1 7 \n ; A\n ;

We can now perform the optimization with respect to (wj;, b;) in closed form (which can

be done using Cauchy-Schwarz inequality), with the same value for all j € {1,...,m},

leading to:
2 1 & 2\ 1/2
X)) |
2+ n;a

We thus get, using Jensen’s inequality (here of the form E[Z] < \/E[Z?]), as well as the
independence, zero mean, and unit variance of €1,...,¢&,:

re) < 200(e[2 el 3a)]) " 9
i=1 =1

1 . R*\'? 2GDRV2
= — — <=,
2GD(nIE[|x||2]+ - ) <=

Thus, we get the following proposition, with a bound proportional to 1/v/n with no
explicit dependence in the number of parameters.

R,.(S) < 2GD E[(H% zn:ax
=1

Proposition 9.1 Let G be the class of functions (y,x) — £(y, f(x)) where [ is a neural
network defined in Eq. (9.1), with the constraint that |nl1 < D, [lw;l3 + b5/R* < 1

for all 5 € {1,...,m}. If the loss function is G-Lipschitz-continuous and the activation
function o is the ReLU, the Rademacher complexity is upper bounded as
4GDR
Rn(9) < :

NG
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The proposition above allows for the estimation error to be bounded for neural networks,
as the maximal deviation between expected risk and empirical risk over all potential net-
works with bounded parameters is bounded in expectation by four times the Rademacher
complexity above.

This will be combined with a study of the approximation properties in Section 9.3,
with a summary in Section 9.4.

For the estimation error, the number of parameters is irrelevant!
What counts is the overall norm of the weights.

We will see in Chapter 12 some recent results showing how optimization algorithms
add an implicit regularization that leads to provable generalization in over-parameterized
neural networks (that is, networks with many hidden units).

Exercise 9.1 (#) Provide a bound similar to Prop. 9.1 for the constraint |w;|1+|b;|/R <
1, where R denotes the supremum of ||z||cc over all x in the support of its distribution.

Before moving on to approximation properties of neural networks, we note that the
reasoning above to compute the Rademacher complexity can be extended by recursion
to deeper networks, as the following exercise shows (see, e.g., Neyshabur et al., 2015, for
further results).

Exercise 9.2 (¢) We consider a 1-Lipschitz-continuous activation function o such that
o(0) = 0, and the classes of functions defined recursively as Fo = {x + 0"z, ||0]|2 < Do},
and, fori=1,...,M, F; = {x = 37" 0;0(f;(2)), f; € Fi-1, 10l < Di}, corresponding
to a neural network with M layers. Assuming that ||x]l2 < R almost surely, show by
recursion that the Rademacher complexity satisfies R, (Fpr) < 2M% H?io D;.

9.3 Approximation properties

As seen above, the estimation error for constrained output weights grows as ||n|l1/v/7n,
where 7 is the vector of output weights and is independent of the number m of neurons.
Three important questions will be tackled in the following sections:

e Universality: Can we approximate any prediction function with a sufficiently large
number of neurons?

e Bound on approximation error: What is the associated approximation error so
that we can derive generalization bounds? How can we use the control of the
{1-norm ||n||1, particularly when the number of neurons m is allowed to tend to

infinity?
e Finite number of neurons: What is the number of neurons required to reach such a
behavior?
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For this, we need to understand the space of functions that neural networks span
andilicwithey relatertorthersmoothnessipropertiesiof therfunction (like we did for kernel
methods in Chapter 7).

In this section, like in the previous section, we focus primarily on the ReLLU activation
function, noting that universal approximation results exist as soon as ¢ is not a polyno-
mial (Leshno et al., 1993). We start with a simple non-quantitative argument to show
universality in one dimension (and then in all dimensions) before formalizing the function
space obtained by letting the number of neurons go to infinity.

9.3.1 Universal approximation property in one dimension

We start with simple non-quantitative arguments.

Approximation of piecewise affine functions. Since each individual function x —
n;(wjxz + bj)+ is piecewise affine, the output of a neural network has to be piecewise
affine. It turns out that all piecewise affine functions with m — 2 kinks in the open
interval (—R, R) can be represented by m neurons on [—R, R].

Indeed, as illustrated below with m = 8, if we assume that the function f is such
that f(—R) = 0, with kinks a1 < -+ < am-2 on (—R,R), we can approximate it
on [—R,a1] by the function v1(z + R)+ where v; is the slope of f on [-R,a;]. The
approximation is tight on [—R,a;]. To have a tight approximation on [a;, as] without
perturbing the approximation on [—R, a;], we can add to the approximation va(x — a1+
where vy is exactly what is needed to compensate the change in slope of f. By pursuing
the reasoning, we can represent the function on [— R, R] exactly with m — 1 neurons.

f(z)

To remove the constraint that f(—R) = 0, we can simply notice that 5= (2 + R)4 +
35 (=2 + R)4 is equal to 1 on [~ R, R]. Thus, with one additional neuron (only one since

(z + R)+ has already been used), we can represent any piecewise-affine function with
m — 2 kinks with m neurons.
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Universal approximation properties. Now that we can represent precisely all piece-
wise affine functions on [— R, K], we can use classical approximation theorems for functions
on [—R, R]. They come in different flavors depending on the norm we use to characterize
the approximation. For example, continuous functions can be approximated by piece-
wise affine functions with arbitrary precision in Lo-norm (defined as the maximal value
of |f(z)| for z € [-R, R]) by simply taking the piecewise interpolant from a grid (see
quantitative arguments in Section 9.3.3). With a weaker criterion such as the Lo-norm
(with respect to the Lebesgue measure), we can approximate any function in Lo (see, e.g.,
Rudin, 1987). This can be extended to any dimension d by using the Fourier transform

representation as f(x) = (2%)11 fRd f (w)ei“T””dw and approximating the one-dimensional
functions sine and cosine as linear superpositions of ReLU’s. See a more formal quanti-
tative argument in Section 9.3.4.

To obtain precise bounds in all dimensions, in terms of the number of kinks or the
¢1-norm of output weights, we first need to define the limit when the number of neurons
can be unbounded.

9.3.2 Infinitely many neurons and variation norm

In this section, we consider neural networks of the form f(z) = >77" njo(w; z+b;), where
the input weights are constrained, that is, (w;,b;/R) € K, for K a compact subset of
R+ such as the unit £-sphere (but we will consider a slightly different set at the end of
this section). In subsequent sections, we will primarily consider the ReLU activation o,
but this is not needed in this section (where boundedness or Lipschitz-continuity are
sufficient).

In this section, for a function f : X — R, where X is the /5-ball of radius R and
center 0 in R?, we want to study the limit swhen 7 =5 60, of the smallest ¢i=norm of 7 for

a function f representable With 7 nieurons and output weights 7, that is,

(m) £y = inf h that Vz € X N o] b,
N = oo e,y Ml such that Vo € X, f(z) ;77]0(ij+ 7).

The index 1 in Wim) will become natural when we compare with kernels in Section 9.5.

When f is not representable by m neurons, we let ~y§m)( f) = +o0. By construction the

sequence 7§m)( f) is non-increasing in m, and non-negative. Thus, it has a limit when m
tends to oo, which we denote ~;(f), which is infinite when f cannot be approximated
by a neural network with finitely many neurons and output weights bounded in ¢;-norm.
The function 7 is positively homogeneous, that is v1(Af) = A1 (f) when A > 0 and
sub-additive, that is, v (f + ¢) < 11 (f) +71(g). Moreover, one can show that v (f) = 0
implies that f = 0 (proofs left as an exercise). Thus, v; is a norm on the set of functions
f + X = R such that v1(f) < +oo. It is possible to “complete” this space by adding
limits of functions such that their v;-norm remains bounded. We then obtain a Banach
space F1 of functions, with a norm =1, often referred to as the “variation norm” (Kurkové
and Sanguineti, 2001). This characterizes the set of functions that can be represented
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Formulation through measures. We can write f(z) = Z;nzl nja(ija: +b;), as
f(@) = [z +b)ydv(w,b), for v the measure v = YT 90, b;) Where &y, b, is
the Dirac measure at (w;, b;). Then, the penalty can be written as |[n|1 = [, |dv(w,b)|,
which is the “total variation” of v.*> We can therefore see v1(f) as the infimum of all
S5 ldv(w, b)| such that Vo € X, f(z) = [;(w'z + b)ydv(w,b), and v is supported on a
countable set. By a density argument (every measure is the “weak” limit of empirical
measures), we can remove the constraint on the support and get that

v (f) = Veiﬁf}()/}( |dv(w, b)| such that Vo € X, f(z) = /KO'(wTI +b)dv(w,b), (9.3)

where M(K) is the set of measures on K with finite total variation (see Bach, 2017, and
references therein for more details and formal definitions). This formulation is typically
easier to deal with for sufficiently smooth functions, as the optimal measure v is typically
not a finite sum of Diracs (see examples below, in particular in one dimension). Note
that when K is a compact convex set, then the norm ~; is the same when using K in
its definition or replacing it by its boundary (that is, we can choose the unit ¢3-sphere or
the unit ¢o-ball).

Studying the approximation properties of F;. Now that we have defined the
function space through Eq. (9.3), we need to describe the set of functions with finite norm
and relate this norm to classical smoothness properties (like done for kernel methods in
Chapter 7). To do so, we consider a smaller set than the unit ¢5-ball, that is, the set
of (w,b/R) such that ||w|]2 = 1/v/2 and |b] < R/v/2, which is enough to obtain upper-
bounds on the approximation errors. For simplicity, and losing a factor v/2, we consider
the normalization K = {(w,b) € R |w|s =1, |b] < R}, and consider the norm v,
defined in Eq. (9.3) with this set K. Note that for d = 1, we have K = {(w,b) € R?, w €
{-1,1}, |b] < R}. We could stick to the ¢a-sphere, but our particular choice of K leads
to simpler formulas.

9.3.3 Variation norm in one dimension

The ReLU activation function is specific and leads to simple approximation properties
in the interval [-R, R]. As already qualitatively described in Section 9.3.1, we start
with piecewise affine functions, which, given the shape of the ReLU activation, should
be easy to approximate (and immediately lead to universal approximation results as all
“reasonable” functions can be approximated by piecewise affine functions). See more
details by Breiman (1993); Barron and Klusowski (2018).

3When v has a density dv/dr with respect to a base measure 7, then the total varia-
tion is defined as the integral [}, |dv/dr(w,b)|dr(w,b) and is independent of the choice of 7.
See https://en.wikipedia.org/wiki/Total_variation for more details.
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Piecewise affine functions. We can make the reasoning in Section 9.3.1 quantitative.
We consider a continuous piecewise affine function on [— R, R] with specific knots at each
R=ay<a1 < < am-2 < am-1 = R, so that on [a;,a;41], f is affine with slope v;,
for 7 €{0,...,m—2}.

V5T +0

v1x+o

—R:ao ay as as ag as ag -1 =R €

We can first start to fit the function z — f(z) — f(—R) (which is equal to 0 at x = R)
on [ag,a1] = [-R,a1], as go(z) = vo(x — ap)+. For x > ap, this approximation has
slope vg. In order for the approximation to be exact on [a1, az] (while not modifying the
function on [ag, a1]), we consider g1(z) = go(z) + (v1 — vo)(z — a1)+, which is now exact
on [ag, as]; we can pursue recursively by considering, for j € {1,...,m — 2}

9i(®) = gj—1(2) + (v; —vj_1) (@ — aj)+,

which is equal to f(z) — f(—R) for = € [ap,a;+1]. We can thus represent f(x) — f(—R)
on [ag, am—1] = [0, R] exactly with g,,_2(z). We have:

m—2

Im—a(x) = vo(x —ao)y + Y _ (v — vj-1)( — a;)+.

j=1
In other words, we can represent any piecewise affine function as (using that on [—R, R],
(x—ao)y =@+ R4 =z+R):

m—2
f(@)=f(-R)+wvo(x+R)+ Z i —vi—1) (T — aj)4. (9.4)
Jj=1

To obtain a representation that is invariant by a sign change, we also consider the same
representation starting from the right (which can, for example, be obtained by applying
the one above to & — f(—x)):

f(x) = f(R) + vm_af )+ Z vj1 —v;)(a; — )4 (9.5)
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Note that this also shows that such representations are not unique. By averaging Eq. (9.4)
and Eq. (9.5), and using that 5=(z + R)4 + 5= (—2 + R)4 is equal to 1 on [~R, R], we
get:

F(R)+ F(-R)) [+ B)+ + %( 7+ R>+}

N =

flx) =

1 1
+§UO(I +R)+ — §Um72( z+ R)y —vj-1)[(z = aj)+ + (a; — 2)+],

l\DI»—A
H'MS

and thus, by construction of the norm -1, we have

1

1) < 3| gRl R+ FR) + v+ 5|52 l7(-

R)+ f(R —vm2]+Zle vjl.

The norm is thus upper-bounded by the values of f and its derivatives at the boundaries
of the interval and the sums of the changes in slope.

Twice continuously differentiable functions. We consider a twice continuously
differentiable function f on [—R, R], and we would like to express it as a continuous
linear combination of functions z — (£z + b)y. We will consider two arguments: one
through approximation by piecewise affine functions and one through the Taylor formula
with integral remainder.

Piecewise-affine approximation. We consider equally-spaced knots a; = —R + %R,
for j € {0,...,2s}, and the piecewise affine interpolation from values a;, f(a;), with
j €10,...,2s}, for s that will tend to infinity (see illustration below, where we have
m—1=2s).

—R=aqg A—mt1 a; Q41 G251 azs = R

For the approximant f, the value vg is equal to s[f(—R +1/s) — f(—=R)] ~ f'(=R),
and vas—1 = s[f(R) — f(R—1/s)] ~ f'(R) when s tends to infinity, while the differences
in slopes |v; —v;_1| are equal to

|%(F(5FR) = F(ER)) = 2 (FER) = FUR) [= 2] F (7

1R)‘,

which is equivalent to £ |’ ’(%R)‘ when s — +o00 (using a second-order Taylor expansion).

R) —2f(LR) + f(L
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Thus, the approximant f has ~;-norm bounded asymptotically as

() < 3| gRlCRIEFR)+F (R 5| gl (- B+ F (R~ ()| 4 > R

The last term £ Ef;l f"(LR)| tends to ffR |f”(x)|dz. Thus, letting s tend to infinity,

we get (informally here, as the reasoning below will make it more formal):

R

W) < 55U R+ FRN+ 1R +5 R+ (R =g (B + [ 1" @)as.
(9.6)

This notably shows that if the number of neurons is allowed to grow, then the ¢;-norm of
the weights remain bounded by the quantity above to represent the function f exactly.

Direct proof through Taylor formula. Eq. (9.6) above can be extended to con-
tinuous functions, which are only twice differentiable almost everywhere with integrable
second-order derivatives. In this section, we assume that the function f is twice contin-
uously differentiable and can extend to only integrable second-derivatives by a density
argument (see, e.g., Rudin, 1987). For such a function, using the Taylor formula with
integral remainder, we have, for = € [ R, R], using the fact that (x —b)+ = 0 as soon as
b>ux:

flx) = f-R)+ [ (-R)(x+R)+ /; £"(b)(z — b)db

R
— R+ F(R)(z+R)+ / RECEEDRD

We also have the symmetric version (obtained by applying the one above to  — f(—x),
replacing « by —x, and by a change of variable b — —b in the integral):

R
f@) = R = (R =a)+ [ 0= by
By averaging the two equalities, we get:

f(=R)+ f(R)

1 LTSRS
2 2R

f@) = + f(=R)|(@+R) + 5 [ — f(-R)| (R - )

R R
g ROy W LU

This leads to the exact same upper-bound on 71 (f) as obtained from piecewise affine
interpolation:

R
W) < 53U R+ FRN+F R+ 5 5l =R+ AR =R+ [ 1 @),
(9.7)
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One can check that the upper bound is indeed a norm (left as an exercise). Moreover,
the upper bound happens to be tight (see the exercise below).

We will also use a simpler upper-bound, obtained from the triangle inequality:

W) < ol R+ 5@+ gl s R+ [ @l o

Exercise 9.3 (¢) Show that the upper-bound in Eq. (9.7) is in fact an equality.

Exercise 9.4 (¢) Show that the minimum norm interpolant from ordered observations
—R<x < - <zyp <R, y1,...,yn € R, is equal to the piecewise-affine interpolant
on [x1,xy].

9.3.4 Variation norm in arbitrary dimension

If we assume that f is continuous on the ball of center zero and radius R, then the
T
Fourier transform f fRd —iw 2dy is defined everywhere, and we can write f as

the inverse Fourier transform of f , that is,

fla) = —

o0 f( )ei T, (9.9)

To compute an upper-bound on 7 (f), it suffices to upper-bound for each w € R
v (z — e“’TI) (using complex-valued functions, for which the developments of the previ-
ous section still apply, or using sines and cosines), which is possible because we have the
representation from Section 9.3.3 and Eq. (9.8) applied to g : u — e?*I«l2 for u € [-R, R],

R R
ciullellz / e (b, o]l 2) (e — b) b + / (b ) (= b

R R
. 1 2
with [ e (b lollldb+ [ (b Jola)ldb < &+ lolla+ 2RIl < 501+ 2R )
We can, therefore, decompose the function deﬁned on the ball of center 0 and radius R:

ciwm — i@ w/lwll2)wll2
R

=/_Rn+(b= loll2) (@™ (w/llw]l2) —b)+db+/ -, [lw]l2)(z " (~w/l|wll2) = b)-+db,

with weights being in the correct constraint set (unit norm for the slopes w/||w||2 and
constant terms |b| < R), leading to

2
—= (1 +2R?|w]3).

—
Tz —e 7

lu} I)

Thus, we obtain, from Eq. (9.9) and the triangular inequality for the norm ~;:

W) < gz 1@ = e ) < S U IR@IE 2R elR) . (9.10)
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Given a function g : RY — R, [ga [g(w)|dw is a measure of smoothness of g, and so

71(f) being finite imposes that fand-allsecond=orderderivativesiof i laverthissformof

smoothness. The right-hand side of Eq. (9.10) is often referred to as the “Barron norm”,
named after Barron (1993, 1994). See Klusowski and Barron (2018) for more details.

To relate the norm ~y; to other function spaces such as Sobolev spaces, we will consider
further upper bounds (and relate them to another norm ~» in Section 9.5).

9.3.5 Precise approximation properties

Precise rates of approximation. In this section, we will relate the space F; to
Sobolev spaces, bounding, using Cauchy-Schwarz inequality, the norm ~; as:

1 2 A
W) < G [, @I+ 2R elf)ds from Ba. (9.10),
1 2 A dw
_ K 1+ 2R2||wl|2)3/4+5/4
T o, N 2B ) e B

1 2 A dw
Z 2 2||,,,112\d/2+5/2
< (2m)d R\/ Rd|f(w)| (I+2R2|w|3) dw\//Rd(l—l—2R2||w||§)d/2+1/2’ (9.11)

which is a constant times \/fRd |/ (w)]2(1 + 2R?||w||2)*dw, which is exactly the Sobolev

norm from Chapter 7, with s = % + g derivatives, which is a reproducing kernel Hilbert
space (RKHS) since s > d/2.

Thus, all approximation properties from Chapter 7 apply (see there for precise rates,
and their application to generalization bounds in Section 9.4). Note, however, that, using
this reasoning, if we start from a Lipschitz-continuous function, then to approximate it
up to La(R%)-norm ¢ requires a ;-norm growing as g=(5=1) > g—(d/243/2) (as obtained at
the end of Section 7.5.2 of Chapter 7). Thus, in the generic situation where no particular
directions are preferred, using F; (neural networks) is not really more advantageous than
using kernel methods (see also more details in Section 9.4 and Section 9.5). This changes
drastically when such linear structures are present, as shown below.

Adaptivity to linear latent variables. We consider a target function f* that depends
only on a r-dimensional projection of the data, that is, f* is of the form f*(x) = g(V " x),
where V' € R*" is full rank and has all singular values less than 1, and g : R” — R.
Without loss of generality, we can assume that V has orthonormal columns. Then if v, (g)
is finite (for the function g defined on R"), it can be written as

o) = / T+ b)),

with o supported on {(w,b) € R, [lwl2 < 1,[b] < R}, and 71(g) = [grs1 ldu(w, ).
We can then use this representation of g to obtain a representation of f* as:

F@=gVTe) = [ (V)T b duub),

Rr+1


Matthew Buchholz


250 CHAPTER 9. NEURAL NETWORKS

Since ||[Vw||2 < 1 as soon as ||w|2 < 1, and V have orthonormal columns, the measure y
on (w,b) defines a measure for (Vw,b) on {(w',b) € R |lw'|l2 < 1,|b] < R} with a
total variation which is less than the one of y. Thus v1(f*) < [pr41 [du(w,b)| = 71(g). In
other words, the approximation properties of g translate to f*, and thus, we pay only the
price of these r dimensions and not all d variables, without the need to know V' in advance.
For example, (a) if g has more than r/2 + 5/2 squared integrable derivatives, then ~;(g)
and thus 1 (f*) is finite, or (b) if g is Lipschitz-continuous, then both g and f can be
approached in Lo(R?) with error & with a function with ~;-norm of order g (r/2+5/2)
thus escaping the curse of dimensionality. See Bach (2017) for more details and precise
learning rates in Section 9.4.

Section 9.5, using the fs-norm instead of the £1-norm on the output weights

i Kernel methods do not have such adaptivity. In other words, as shown in
leads to worse performance.

We will combine these approximation results with the estimation error results in
Section 9.4.

9.3.6 From the variation norm to a finite number of neurons (4)

Given a measure p on R?, and a function g : R? — R such that 7;(g) is finite, we would
like to find a set of m neurons (w;,b;) € K C R4 (which is the compact support of all
measures that we consider), such that the associated function defined through

fl@) = njo(w] z+b)
j=1

is close to g for the norm La(u).

Since input weights are fixed in K, the bound on 7;(g) should translate to a bound
on the ¢1-norm of n: ||n|l1 < 71(g). The set of functions f such that v1(f) < y1(g) is the
convex hull of functions sy (g)o(w'x+b), for s € {—1,1}, and ||w|2 = 1, |b| < R. Thus,
we are faced with the problem of approximating elements of a convex hull as an explicit
linear combination of extreme points, if possible, with as few extreme points as possible.

In finite dimension, Carathéodory’s theorem says that the number of such extreme
points can be taken equal to the dimension to get an exact representation. In our case
of infinite dimensions, we need an approximate version of Carathéodory’s theorem. It
turns out that we can create a “fake” optimization problem of minimizing the squared
Lo-norm (for the input data distribution p) ||f — g||%2(p) such that 1 (f) < 71(g), whose
solution is f = g, with an algorithm that constructs an approximate solution from extreme
points. This will be achieved by the Frank-Wolfe algorithm (a.k.a. conditional gradient
algorithm). This algorithm is applicable more generally; for more details, see Jaggi (2013);
Bach (2015).
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Frank-Wolfe algorithm. We thus make a detour by considering an algorithm defined
in a Hilbert space H, such that X is a bounded convex set and J a convex, smooth
function from H to R, that is such that there exists a gradient function J' : H — H
such that for all elements f, g of H (which is the traditional smoothness condition from
Section 5.2.3):

T6) + (7 (9), § — ghac < J(F) < J(0) + (), f — g)sc + 2 f — gl

The goal is to minimize J on the bounded convex set K, with an algorithm that only re-
quires access to the set K through a “linear minimization” oracle (i.e., through minimizing
linear functions), as opposed to the projection oracle that we required in Section 5.2.5.

We consider the following recursive algorithm, started from a vector fy € X:
fi € arg mln (J'(fr=1), f = fe—1)ac

L= ft 1+ 2 f ft— 1+—(ft fi-1). (9.12)

fe =17 t+1 t+1

fi= argmm (J'(fee1), f = fimr)

Because f; is obtained by minimizing a linear function on a bounded convex set,
we can restrict the minimizer f; to be extreme points of X, so that, f; is the convex
combination of ¢ such extreme points fi,..., fi (note that the first point fy disappears
from the convex combination). We now show that

T = Inf () < T diamac(50)°.

Proof of convergence rate (¢). This is obtained by using smoothness:

T € Ten) o), o Fovysct lfe— for

= JUin) 4 0 ). o= fiadoct ey U~ Sl
< T+ i () = o + ey dims (K
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By convexity of J, we have for all f € K, J(f) = J(fe—1) +{(J'(ft-1), f — ft—1) 3¢, leading
to infresc J(f) = J(fim1) +infresc(J' (fi-1), f — fim1)ac. Thus, we get

- 4 L
T = I IG) < [T = b T + s g dismae ()

leading to
e+ D) = inf ] < (6= D) = fnf J()] +2Ldiamoc(K)?

< 2Ltdiamgc(X)? by using a telescoping sum,

and thus J(f;) — j1n§< J(f) < 1diamgc (X)?, as claimed earlier.
€

Exercise 9.5 Show that if we replace Eq. (9.12) by f; = 2 fi_1+1 fi, fi is the uniform

convex combination of fi,..., fi, and that, J(f;) —inf pesc J(f) < %ﬂ”l)diamg{(i]()?

Application to approximate representations with a finite number of neurons.
We can apply this to H = La(R?) and J(f) = ||f — gHL2 (p)» leading to L = 2, with
K = {f € La(R?), v1(f) < 71(g)} for which the set of extreme points are exactly single
neurons so(w' - +b) scaled by 71(g) and with an extra sign s € {—1,1}.

We thus obtain after ¢ steps a representation of f with ¢ neurons for which

47 (9)* T 2
——— sup |lo(w -+b
t+1 (w.b) e || ( )HLg(p)

1= 9ll7,0 <
Thus, it is sufficient to have ¢ of order O(y1(g)?/e?) to achieve || f—g|| () < &. Therefore,
the norm ~1 (g) directly controls the approximability of the function g by a finite number
of neurons and tells us how many neurons should be used for a given target function. For

the ReLU activation, the bound above becomes: ||f — gHL2 ) S 161%:_%411(9)2; note that the
-2

dependence of the number of neurons in € as e~ is not optimal, as it can be improved
to e~ 24/(d+3) (see Bach, 2017, and references therein).

Application to neural network fitting. The Frank-Wolfe algorithm can be used to
fit a neural network from data by minimizing the empirical risk of a function f, which
is constrained to have a norm ~; bounded by a fixed constant D. After ¢ iterations,
the general convergence result above leads to an approximate minimizer with an explicit
provable convergence guarantee in O(1/t).

However, as above, the corresponding set of extreme points are single neurons of
the form so(w' - +b) scaled by D and with an extra sign s € {—1,1}. Therefore, to
implement the linear minimization oracle, given the derivative a; of the loss function
associated with the ¢-th observation, for ¢ = 1,...,n, we need to minimize with respect
to s, w, b the quantity >, sa;o(w' z; +b), for input observations z; € R%, i =1,...,n,
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for which there is no known polynomial-time algorithms. Thus, we do not obtain through
the Frank-Wolfe algorithm a polynomial-time algorithm (see more details by Bach, 2017).

This incremental approach to estimating a neural network is related to boosting pro-
cedures that we present in Section 10.3.

9.4 Generalization performance for neural networks

We can now consider putting both estimation and approximation errors together, using
tools from Section 7.5.1, that give a rate for constrained optimization (this is done for
simplicity, as using tools from Section 4.5.5, we could get similar results for penalized
problems).

We thus minimized the empirical risk for a G-Lipschitz-continuous loss subject to

v1(f) < D. From Section 9.2.3, we get an estimation error less than m%, on which we

need to add G'inf,, (r)<p [|f — f*| £,(p), Where f* is the target function, minimizer of the
expected risk. Following the same reasoning as in Section 7.5.1, optimizing over D leads
to an upper-bound of the form (where the constant is 256 rather than 16 in Eq. (7.8)
because the extra factor of 4 in the estimation error):

256 R2
_ : _ f£x|]|2 2
En = 2G\/flen’5§1 {Hf f ||L2(p) " 71(]0) } (9'13)

As shown in Section 7.5, given this bound, we can recover the bound D as %sn, and
thus, using Section 9.3.6 which shows how to approximate a function in F; by finitely
many neurons, we will lose an additional factor €, with a number of neurons greater
than m > w[)i# which is exactly equal to a constant times n, that is, with this
analysis, there is no need to have a number of neurons that greatly exceeds the number
of observations.

We can now look at a series of structural assumptions on the target function f*, for
which we will see that neural networks provide adaptivity if the regularization parameter
is well-chosen:

e No assumption: If we assume that f, is Lipschitz-continuous on the ball of center 0
and radius R, then, as shown at the end of Section 7.5.2, f, can be extended to
a function in the Sobolev space of order 1. Using the comparison of v; with the
Sobolev norm of order s = 4 + 2 in Eq. (9.11), we can reuse the results from kernel
methods in Section 7.5.2, and obtain a rate of O(1/n'/(29)) = 1/n!/(@+5)  which
exhibits the curse of dimensionality, which cannot anyway be much improved, as
the optimal performance has to be larger than 1/n'/(#+2) (see Chapter 15).

e Linear latent-variable: If we now assume that f, depends on an r-dimensional
unknown subspace, then we can reuse the same reasoning on the projected subspace,
compare the norm ~v; projected to the subspace (like done in Section 9.3.5) to the
Sobolev norm on the same projected subspace, thus of order s = r/245/2 (instead
of d/2 + 5/2). This leads to an estimation rate for the excess risk proportional
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1/n/("+5) (with constants independent from d). This is where neural networks
have a strong advantage over kernel methods and sparse methods: they can perform
variable selection with non-linear predictions.

o “Teacher network”: if we assume that f* is the linear combination of k& hidden
neurons, then we obtain a convergence rate proportional to k/y/n, as the norm
~v1(f*) is proportional to k.

Exercise 9.6 Consider target functions of the form f*(x) = Z?Zl fj(w;x) for one-
dimensional Lipschitz-continuous functions. Provide an upper bound on excess risk pro-
portional to k/n/®.

Note that these rates are not as good as Bach (2017), since the exponent s = g + g
is not optimal, and in fact, a more careful analysis, as outlined in Section 9.5 would lead
s = %l + %, with a similar dependence on dimension.

Non-linear variable selection (¢). In this chapter, we focus primarily on f3-norm
constraints or penalty on the weight vectors wy,...,w, € R? of a neural network, but
all developments can be carried out with the ¢;-norm, leading to the high-dimensional
behavior detailed in Section 8.3.3, but this time selecting variable with a non-linear
prediction on top of them. For the rest of this section, we assume that ||z||. < R almost
surely.

The analysis has to be adapted for both the estimation error and the approximation
error. For the estimation error, in the derivations of Section 9.2.3, we simply need to
replace Eq. (9.2) by

v < 20(s[L ] e (23a)])" (9.14)

=1

1 9 o\ 1/2 1o 9.\ 1/2
< 2GD(E[HE;Q$Z- OOD +2GDR<]EKE;Q) D
2log(2d) 2GDR log(4d
S 2GDRYVETESS 4 ST SAGRDY[ZE S

using expectations of maxima from Section 1.2.4.

Thus, in estimation rates, we need to consider instead of Eq. (9.13)

256 R2log(4d)

" 2G\/fié1:rl {15 = 70 + n(h?}

(note the extra factor log(4d) and the definition of R as an f{.-bound). Regarding
approximation error, we simply use the bound ||w||; < V&||wl|2 if w has only k non-zero
elements. Thus, if the target function f* is a Lipschitz-continuous of only &k (unknown)
variables, we can use the approximation result for /;-norm constraints, with an extra
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dependence on k (which we already had). Thus, overall, the estimation rate of the excess
risk is proportional to a constant depending on k, times (W)l/(k%), thus with a

high-dimensional estimation rate, where d only appears logarithmically.

9.5 Relationship with kernel methods ()

In this section, we relate our function space F; to a simpler function space Fo that will,
in the overparameterized regime when m tends to +oo, correspond to only optimizing
the output layer.

9.5.1 From a Banach space F; to a Hilbert space F, (#)

Following the notations of Section 9.3.2, given a fixed probability measure 7 on K C R+,
we can define another norm as

dv(w, b) |2
3(f)=, dnf / \diz ) )[(ar(u0,b) such that ¥ € X, ()= /K o (w2 + b)dv(w, b).
(9.15)

By construction (and by Jensen’s inequality), v1(f) < v2(f), so the space Fs of functions f
such that 2(f) < 400 is included in F; (moreover, v, depends on the choice of the base
measure 7, while y; does not).

Moreover, as shown in the proposition below, the space Fy is a reproducing kernel
Hilbert space on X = {x € R?, ||z||2 < R}, as defined in Chapter 7.

Proposition 9.2 The space Fy is the reproducing kernel Hilbert space associated with
the positive definite kernel function

k(z,2") = /K o(w'z 4 b)o(w' 2’ + b)dr(w,b). (9.16)

Proof For a formal proof for all compact sets K, see Bach (2017, Appendix A). We
only provide a proof for finite K and 7 the uniform probability measure on K, we then

have, v3(f) = inf,cpx \_zlq 2 (wb)eK vZ such that f(z) = ‘—Ilq 2w ek vgo(w'z + b),

\/|17|V € RX for f(z) = 0T p(z),
and @(2)(w,p) = ‘K‘%ma(wT‘r +b). We thus exactly get the desired kernel k(z,z’) =
ﬁ Z(w,b)EK o(w'z +b)o(w' 2’ +b).

which corresponds to penalizing the f3-norm of § =

Interpretation in terms of random features. As already mentioned in Section 7.4,
the kernel defined in Eq. (9.16) can be approximated by sampling uniformly at random
from 7, m points (w;,b;), j = 1,...,m, and approximating k(x,z’) by

1 m
== b;) ' +b;).
mjglaw T+ ( ' +bj)
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This corresponds to using f(z) = Z;nzl nja(w;r:v + b;), with a penalty proportional
to m|n||3. Thus random features correspond to only optimizing with respect to the
output weights while keeping the input weights fixed (while for 1, we optimize over all
weights).

Therefore, infinite width networks where input weights are random and only output
weights are learned are, in fact, kernel methods in disguise (Neal, 1995; Rahimi and Recht,
2008).

This kernel can be computed in closed form for simple activations and distributions
of weights; see Section 9.5.2 and Cho and Saul (2009); Bach (2017). Thus, the same
regularization properties may be achieved with algorithms from Chapter 7 (which are
based on convex optimization and therefore come with guarantees). Note that, as shown
in Section 7.4, a common strategy for kernels defined as expectations is to use the ran-
dom feature approximation I%(x, 2'), that is, here, use the neural network representation
explicitly.

The kernel approximation corresponds to input weights wj;, b; sampled ran-
domly and held fized. Only the output weights 7, are optimized.

x> o(w' z+b), that is, a single neuron, is typically not in the RKHS, which

i Because Dirac measures are not square integrable, the prediction function
is typically composed of smooth functions. See the examples below.

Link between the two norms. To relate the two norms more precisely, we rewrite v;
using the fixed probability measure 7, as

n(f) = n:}?iR /K|77(w, b)|dr(w,b) such that Vo € X, f(x) = /Ka(w—rx—l—b)n(w, b)dr(w,b).

The only difference with the squared RKHS norm above is that we consider the L;-norm
instead of the squared Lo-norm of 7 (with respect to the probability measure 7). The
minimum achievable norm is exactly 1 (f).

Note that typically, the infimum over all n is not achieved as the optimal measure in
Eq. (9.3) may not have a density with respect to 7. Because we use an Lj-norm penalty,
the measures p(w,b) = n(w, b)T(w, b) can span in the limit all measures u(w, b) with finite

total variation |du(n, ) |n(w,b)|dr(w,b).
Rd+1

| - Rd+1

Overall, we have the following properties (see Table 9.1 for a summary):

e Because of Jensen’s inequality, we have v1(f) < 72(f), and thus Fo C Fi, that is
the space F1 contains many more functions.

o A\ A single neuron is in F; with ~;-norm less than one, as the mass of a Dirac is
equal to one.
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?2 SFl
Hilbert space Banach space

12 (f)? = inf/ [n(w, b)[*dr(w, b) n(f) = inf/ [n(w, b)|dr(w,b)

Rd+1 Rd+1
s.t. f(x) :/ n(w,b)o(w' z+b)dr(w,b) | s. t. f(x) :/ n(w,b)o(w " z+b)dr(w,b)
Ra+1 Rd+1
Smooth functions Potentially non-smooth functions
Single neurons ¢ Fo Single neurons € F;

Table 9.1: Summary of properties of the norms v; and ~s.

9.5.2 Kernel function (¢4¢)

We can compute in closed form the kernel function, which is only useful computationally
if the number of random features m is larger than the number of observations (when
using the kernel trick is advantageous, as outlined in Section 7.4).

In one dimension, with w uniform on the unit sphere, that is, w € {—1,1}, and with b
uniform on [—R, R], we have the following kernel

R
k(z,2') = é /_R ((:v —b)y (2 —b)y + (—z —b) (-2’ — b)+)db.

After a short calculation left as an exercise (see also Bach, 2023b), we can compute it in
closed form as:

In higher dimension, we have:

R
k(z,2') = / %{/ (w'z+b)y (w2’ +b), dbdr(w),
llwll2=1 -R

where 7 is the uniform distribution on the sphere. After a longer calculation, also left as
an exercise (see Bach, 2023Db), we get:

R? 1 1 T
k(z,2') = = + =2 2' + ——=——— 22" _|lz — o/ ||3. (9.17)
6 ' 2d 24RT(1HI(L +3) ?

See Figure 9.2 for comparing the RKHS (corresponding to m = 400 neurons) and the
approximation with finite m.
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0 m =100 0 m = 200

Figure 9.2: Examples of functions in the reproducing kernel Hilbert space F5 and its
approximation based on random features, with m = 20, 100, and 200. All functions are the
minimum norm interpolators of the green points. This is to be contrasted with the Banach
space F1, where the minimum norm interpolator is the piecewise affine interpolator (see
Exercise 9.4), and can be achieved with m = n neurons, where n is the number of observed
points.

9.5.3 Upper-bound on RKHS norm (44¢)

We can now find upper bounds on the norm ~2. We can either use the kernel function
from Eq. (9.17) or the random feature interpretation from Eq. (9.15). We first use the
random feature interpretation in one dimension.

Upper-bound on RKHS norm <5 in one dimension. Using the same reasoning as
the end of Section 9.5, we can get an upper-bound on ~2(f) by decomposing f as

R R
f@) = [ me =t g+ [ @bz

. R db R db
with now ”yg(f)2 g/_Rn+(b) E—F/ M (b)2m.

By using as in Section 9.3.3 the Taylor expansion with integral remainder, we get, for
any twice differentiable function f on [—R, R]:

f@) = GI-R)+ L f(R)+ 3/ (~B)a+ )~ 3 f'(R)(~a + )
/f” x—b+db——/ £ (b)(~2 — b)4db
+LRUR) — £/ (R) + F(~B) + f(R)
/f” x—b+db——/ £ (b)(—a — b).,db.

(R + f'(=R)] +

N =
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We can now use explicit representations of constants and linear functions, without Diracs,
as we need finite Lo-norms, as:

R _ (e R
R 2R R 2R

R? R db R db
= b(z —b)y — b(—2 — b)y —.
‘ /Rcr >+4R+/R<x oo

After a short calculation left as an exercise, this leads to

R
2 2
2(f)? < 2R/Rf"(x)2dx+[f’(R)Jrf'(—R)] +3[R(f'(R)~ f'(-=R))— f(-=R)~ f(R)]",
(9.18)
which happens to be an equality (which can be shown by showing that this defines a
dot-product, for which (f, k(-,z)) = f(z), see Bach, 2023b).

Exercise 9.7 Show that the upper bound on v2 from Eq. (9.18) is larger than the bound
on 1 from Eq. (9.7).

The main difference with ~; is that the second-derivative is penalized by an Ls-norm
and not by an Li-norm, and that this Ls-norm can be infinite when the L;-norm is finite,
the classic example being for the hidden neuron functions (z — b)..

/\ The RKHS is combining infinitely many hidden neuron functions (x — b)4, none of
them are inside the RKHS,

/\ This smoothness penalty does not allow the ReLU to be part of the RKHS. However,
this is still a universal penalty (as the set of functions with squared integrable second
derivative is dense in Lg).

Upper-bound on RKHS norm <, in all dimensions. We can first find a bound
directly from the one on ~; in Eq. (9.10), which is exactly Eq. (9.11), ending up with the
restriction on the ball of center 0 and radius R of the Sobolev space corresponding to
square integrable s = % + % derivatives on R?. Tt turns out this provides a bound on 7y,
(as can be shown by reproducing the reasoning from Section 9.3.4).

However, this bound is not optimal, which can already be seen in dimension d = 1,
where we obtain s = 3 instead of s = 2. It turns out that, in general, it is possible to
show 73 is less than a Sobolev norm with index s = % + % This can be done by drawing
links with multivariate splines (Wahba, 1990; Bach, 2023b).

9.6 Experiments

We consider the same experimental set-up as Section 7.7, that is, one-dimensional prob-
lems to highlight the adaptivity of neural network methods to the regularity of the target
function, with smooth targets and non-smooth targets. We consider several values for the
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m=5 m=5

—target —target
— prediction ,« —prediction

0
X
m =32

—target
« —prediction

m =100 m =100

—target
- —prediction

Figure 9.3: Fitting one-dimensional functions with various numbers of neurons m and no
additional regularization (top: m = 5, middle: m = 32, bottom: m = 100), with four
different prediction problems (one per column).

number m of hidden neurons, and we consider a neural network with ReLU activation
functions and an additional global constant term. Training is done by stochastic gradient
descent with a small constant step-size and random initialization.

Note that for small m, while a neural network with the same number of hidden
neurons could fit the data better, optimization is unsuccessful (SGD gets trapped in a
bad local minimum). Moreover, between m = 32 and m = 100, we do not see any
overfitting, highlighting the potential under-fitting behavior of neural networks. See also
https://francisbach.com/quest-for-adaptivity/.

9.7 Extensions

Fully-connected single-hidden layer neural networks are far from what is used in practice,
particularly in computer vision and natural language processing. Indeed, state-of-the-art
performance is typically achieved with the following extensions:

e Going deep with multiple layers: The most simple form of deep neural network
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is a multilayer fully connected neural network. Ignoring the constant terms for
simplicity, it is of the form f(2(*)) = y(¥) with input 2(*) and output y*) given by:

Y ) — (WO T 501
k) (k)

2™ = oy

3

where W is the matrix of weights for layer £. For these models, obtaining sim-
ple and powerful theoretical results is still an active area of research, in terms of
approximation, estimation, or optimization errors. See, e.g., Lu et al. (2020); Ma
et al. (2020); Yang and Hu (2021). Among these results, the “neural tangent ker-
nel” provides another link between neural networks and kernel methods beyond the
one described in Section 9.5 and that applies more generally (see, e.g., Jacot et al.,
2018; Chizat et al., 2019).

e Residual networks: An alternative to stacking layers one after the other like
above is to introduce a different architecture of the form:

Y ) — (WO T 501
2 = =1 (g Ry,

The direct modeling of z*) — z(*=1) instead of (¥ through an extra non-linearity,
originating from He et al. (2016), can be seen as a discretization of an ordinary
differential equation (Chen et al., 2018).

e Convolutional neural networks: To tackle large data and improve performances,
it is important to leverage prior knowledge about the typical data structure to pro-
cess. For instance, for signals, images, or videos, it is important to take into account
the translation invariance (up to boundary issues) of the domain. This is done by
constraining the linear operators involved in the linear part of the neural networks
to respect some form of translation invariance and, thus, to use convolutions. See
Goodfellow et al. (2016) for details. This can be extended beyond grids to topologies
expressed in terms of graphs, leading to graph neural networks (see, e.g., Bronstein
et al., 2021).

9.8 Conclusion

In this chapter, we have focused primarily on neural networks with one-hidden layers and
provided guarantees on the approximation and estimation errors, which show that this
class of models, if empirical risk minimization can be performed, leads to a predictive
performance that improves on kernel methods from Chapter 7, by being adaptive to
linear latent variables (e.g., dependence on an unknown linear projection of the data). In
particular, we highlight that having a number of neurons in the order of the number of
observations is not detrimental to good generalization performance, as long as the norm
of the weights is controlled.

We pursue the study of over-paramaterized models in Chapter 12, where we show how
optimization algorithms can both globally converge and leads to implicit biases.
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Chapter 10

Ensemble learning

Chapter summary

— Combining several predictors learned on modified versions of the original dataset
can have computational and/or statistical benefits.

— Averaging predictors on several reshuffled /resampled /uniformly projected data sets
will typically lower the estimator’s variance with a potentially limited increase in
bias.

— Boosting: iteratively refining the prediction function by re-training on a reweighted
dataset in a greedy fashion is an efficient way of building task-dependent features.

Given a supervised learning algorithm A that goes from datasets D to prediction
rules A(D) : X = Y, can we run it several times on different datasets constructed from
the same original one, and combine the results to get a better overall predictor? The
combination is typically a “linear” combination: like for local averaging methods, which
combine labels from close-by inputs, we combine the predicted labels from the estimators
learned on different datasets. For regression (Y = R), this is done by simply linearly
combining predictions; for classification, this is done by a weighted majority vote or by
linearly combining real-valued predictions when convex surrogates are used (such as the
logistic loss). For linear models (in their parameters), such linear combinations do not
lead to new functions that could not be accessed initially. Still, for non-linear models,
this leads to new functions with typically better approximation properties.

The construction of a new dataset given an old one D = {(z1,y1),..., (Xn,yn)}, is
typically done by giving a different weight v; € R to each (z;,y;). When the weights are
integer-valued, this can be implemented by duplicating the corresponding observations
several times (as many times as the integer weight) and then using an existing algorithm
for (regularized) empirical risk minimization on the enlarged dataset. In particular, for

265
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stochastic gradient descent on the empirical risk, this can be implemented by sampling
each observation (z;,y;) according to its weight v; (which then does not need to be
an integer). Note, however, that most learning techniques, particularly those based on
empirical risk minimization, can directly accommodate arbitrary weights.

In this chapter, we consider two classes of techniques:

e Bagging / averaging techniques: datasets are constructed in parallel, and the weights
are typically random and “uniform” (for example, distributed uniformly or con-
stant). A similar effect can be obtained by modifying the original dataset using
random projections. This is studied in Section 10.1 and in Section 10.2.

e Boosting techniques: datasets are constructed sequentially, and these weights are
adapted from previous datasets and thus not uniformly distributed. This is studied
in Section 10.3.

The benefits of each combination technique will depend strongly on the original pre-
dictor, with three classes that we have considered in earlier chapters:

e Local averaging methods: they will be well-adapted to all ensemble learning tech-
niques, in particular for predictors with high-variance, such as 1-nearest-neighbor
estimation.

e Empirical risk minimization with non-linear models: from a set of functions ¢(w, -),
with w € W, then linear combinations increase the set of models to [\, ¢(w, z)dv(w),
for v a signed measure on W. These will be adapted to boosting techniques (we
already saw some of them in Chapter 9 in the context of neural networks).

e Empirical risk minimization with linear models (linearity in the model’s param-
eters): the overall model class remains the same by taking linear combinations.
Thus, these are typically not adapted to ensemble learning techniques unless some
variable/feature selection is added (as we do in Section 10.2).

10.1 Averaging / bagging

In this section, for simplicity, we consider the regression case with the square loss where
we have an explicit bias/variance decomposition, noting that most results extend beyond
that situation. See Exercise 10.1 below.

10.1.1 Independent datasets

The idea of bagging, and more generally of averaging methods, is to average predictions
from estimators learned from datasets that are as independent as possible. In an idealized
situation, we have m independent datasets of size n, composed of i.i.d. observations from

the same distribution p(z,y) on X x Y. We obtain for each of them an estimator fij),

where j € {1,...,m}, and X is an associated hyperparameter specific to the learning
procedure. The new predictor is f}\)ag is simply the average of all f)(\]), j=1,...,m.

If we denote bias") (z) = E| Aij) (z)] = f*(2), and var¥) (z) = var [f;\])(x)} (assuming
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is fixed and only taking expectations with respect to the data), then they are the same
forall j € {1,...,m}, and the bias of ffag is the same as the base bias for a single dataset
(and thus so is the squared bias). At the same time, the variance is divided by m because
the datasets are assumed to be independent.

Thus, in the bias/variance trade-off, the selected hyperparameter will typically select
a higher variance (or equivalently lower bias) estimator than for m = 1. We now give a
few examples.

k-nearest neighbor regression. We consider the analysis from Section 6.3.2 on pre-
diction problems over X C R?, where we showed in Prop. 6.2 that the (squared) bias was

upper-bounded by 8B2diam(f)C)2(%)2/d (for d > 2). At the same time, the variance was
bounded by %2, where 02 is a bound on the noise variance on top of the target function f*,

while B is the Lipschitz-constant of the target function. Thus, with m replications, we
get an excess risk upper-bounded by

2 2k\2/d
T+ 8B diam(X)?(2)
km n
When optimizing the bound above with respect to k, we get that k'+2/4 %/d, leading

to k x W?ﬂ/(?*‘d). Compared to Section 6.3.2, we obtain a smaller number of
neighbors (which is consistent with favoring higher variance estimators). The overall
excess risk ends up being proportional to 1/(mn)?/(4*+2) which is exactly the rate for a
dataset of N = mn observations.

Thus, dividing a dataset of N observations in m chunks of n = N/m observations,
estimating independently, and combining linearly does not lead to an overall improved
statistical behavior compared to learning all at once. Still, it can have significant com-
putational advantages when the m estimators can be computed in parallel (and totally
independently). We thus obtain a distributed algorithm with the same worst-case pre-
dictive performance as for a single machine.

Note here that there is an upper bound on the number of replications (and thus the
ability for parallelization) to get the same (optimal rate), as we need k to be larger than
one, and thus, m cannot grow larger than n?/¢,

Exercise 10.1 We consider k-nearest neighbor multi-category classification with a ma-
jority vote rule. What is the optimal choice of m when using independent datasets?

Ridge regression. Following the analysis from Section 7.6.6, the variance of the ridge
regression estimator was proportional to %2/\_1/ @ and the bias proportional to A*/® (see
precise definitions in Section 7.6.6). With m replications, we thus get an excess risk
proportional to %)\*1/0‘ + A% and the averaged estimator behaves like having N = nm
observations. Again, with the proper choice of regularization parameter (lower A than for
the full dataset), there is no statistical advantage. Still, there may be a computational



268 CHAPTER 10. ENSEMBLE LEARNING

one, not only for parallel processing but also with a single machine, as the training time
for ridge regression is super-linear in the number of observations (see the exercise below).

Exercise 10.2 Assuming that obtaining an estimator for ridge regression has running-
time complexity O(nP) for B > 1 for n observations, what is the complexity of using a
split of the data into m chunks? What is the optimal value of m?

Beyond independent datasets. Having independent datasets may not be possible,
and one typically needs to artificially “create” such replicated datasets from a single one,
which is precisely what bagging methods will do in the next section, with still a reduced
variance, but this time a potentially higher bias.

10.1.2 Bagging
We consider data sets D®, obtained with random weights Ufb) eRy,i=1,...,n. For

the bootstrap, we consider n samples from the original n data points with replacement,
which corresponds to ’UEb) e N, i=1,...,n, that sum to n. Such sets of weights are
sampled independently m times. We study m = oo for simplicity, that is, infinitely many
replications (in practice, the infinite m behavior can be achieved with moderate m’s).
Infinitely many bootstrap replications lead to a form of stabilization, which is important

for highly variable predictors (which usually imply a large estimation variance).

For linear estimators (in the definition of Section 6.2.1) with the square loss, such as
kernel ridge regression or local averaging, this leads to another linear estimator. There-
fore, this provides alternative ways of regularizing, which typically may not provide a
strong statistical gain over existing methods but provide a computational gain, in par-
ticular when each estimator is very efficient to compute. Overall, as shown below for
1-nearest-neighbor, bagging will lower variance while increasing the bias, thus leading to
trade-offs that are common in regularizing methods. See also the end of Section 10.2 for
a short description of “random forests”, which is also (partially) based on bagging.

For simplicity, we will consider averaging estimators obtained by randomly selecting s
observations from the n available ones, doing this many times (infinitely many for the
analysis), and averaging the predictions.

Exercise 10.3 Show that when sampling n elements with replacement from n items, the
expected fraction of distinct items is 1 — (1 — 1/n)™, and that it tends to 1 — 1/e when n
tends to infinity.

One-nearest neighbor regression. We focus on the 1-nearest neighbor estimator
where the strong effect of bagging is striking. The analysis below follows from Biau et al.
(2010). The key observation is that if we denote (z(;y (), y¢;y(x)) the pair of observations
which is the i-th nearest neighbor of = from the dataset x1,...,x, (ignoring ties), then
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we can write the bagged estimate as
f@) =" Viyu (),
i=1

where the non-negative weights V; sum to one, and do not depend on x. The weight V;
is the probability that the i-th nearest neighbor of x is the 1-nearest-neighbor of x in
a uniform subsample of size s. We consider sampling without replacement and leave
sampling with replacement as an exercise (see Biau et al., 2010, for more details). We
assume s > 2.

To select the i-th nearest neighbor as the 1-nearest-neighbor in a subsample, we need
that the i-th nearest neighbor is selected but none of the closer neighbors, which leaves
s — 1 elements to choose among n — ¢ possibilities. This shows, that if ¢ > n — s+ 1, then
Vi = 0, while otherwise V; = (2)71 (Z__lz), as the total number of subsets of size s is (7;)
n—

and there are (571

) relevant ones.

We can now use the reasoning from Section 6.3.2. Since for any x, the weights given
to each observation (once they are ordered in terms of distance to x) are V1,...,V,, the
variance term is equal to >, V;%. To obtain a bound, we note that for i <n—s+1,

v S H;;(Q)(n—i—j)i S 51:[2(1_ i )< s ﬁ(l—l)
' n—s+1 H;;g(n_j) _n—s+1j:0 n—j \n—s—i—lj:O n’’

leading to, upper-bounding the sum by an integral:

- s2 " 1\2(s—1) ns? !
Vi< — 1—— <————— | (1—1t)*" Vgt
; E (n—s—l—l)?i:l( n) (n—s—l—l)?/o( )
ns? 1 ns s 1

(n—s+1)22s—1 S (n—s+1)2 :E(l—l—l/n—s/n)z'

For the bias term, we need to bound Y7, Vi-E[[lz—z(; (2)||?], where the expectation
is with respect to the data and the test point . We note here that by definition of V;,
and conditioning on the data and x, this is the expectation of the distance to the first
nearest neighbor from a random sample of size s, and thus, by Lemma 6.1, less than
4diam(X)? =7 if d > 2 (which we now assume).

Thus, the overall excess risk is less than

9 1 s 1

27 5
4B*diam(X) 27 +n(1+1/n—s/n)2’

which we can balance by choosing s't2/¢ « n, leading to the same performance as k-
nearest neighbor for a well chosen k, but now with a bagged esimate.

In Figure 10.1, simulations in one dimension are plotted, showing the regularizing
effects of bagging; we see that when s = n (no subsampling), we recover the 1-nearest
neighbor estimate, and when s decreases, the variance indeed decreases, while the bias
increases.
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Figure 10.1: Subsampling estimates with m = 20 subsampled datasets, for varying sub-
sampling ratios n/s, with an estimation of the testing error. When n/s is equal to one,
we recover the 1-nearest neighbor classifier (which overfits), and when n/s grows, we get
better fits until underfitting kicks in.

10.2 Random projections and averaging

In the previous section, we reweighted observations to be able to re-run the original
algorithm. This can also be done through random projections of all observations. Such
random projections can be performed in several ways: (a) for data in R? by selecting s
of the d variables, (b) still for data in RY, by projecting the data in a more general s-
dimensional subspace, (c) for kernel methods, using random features such as presented
in Section 7.4. Such random projections can also reduce the number of samples while
keeping the dimension fixed.

In this section, we consider random projections for ordinary least-squares (with the
same notation as in Chapter 3, with y € R™ the response vector and ® € R™*? the design
matrix), in two settings:

(a) Sketching: replacing mingepa ||y —®0||3 by mingcga || Sy— S®0||3, where S € R¥*™ is
an i.i.d. Gaussian matrix (with independent zero mean and unit variance elements).
This is an idealization of subsampling done in the previous section. Here we typically
have n > s > d (more observations than the feature dimension), and one of the
benefits of sketching is to be able to store a reduced representation of the data
(R**4 instead of R™*4).

(b) Random projection: replacing mingega ||y — ®0(|3 by min,eg: ||y — ®Sn[|3, where
S € R?*¢ is a more general sketching matrix. Here, we typically have d > n > s
(high-dimensional situation). The benefits of random projection are two-fold: re-
duction in computation time and regularization. This corresponds to replacing the
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corresponding feature vectors ¢(x) € R? by STp(z) € R®. We will consider Gaus-
sian matrices, but also subsampling, and draw connections with kernel methods.

In the following sections, we study these precisely for the ordinary least-squares frame-
work (it could also be done for ridge regression). We first briefly mention a commonly
used related approach.

Random forests. A popular algorithm called random forests (Breiman, 2001) mixes
both dimension reduction by projection and bagging: decision trees are learned on a
bootstrapped sample of the data, with selecting a random subset of features at every
splitting decision. This algorithm has nice properties (invariance to rescaling of the
variables, robustness in high dimension due to the random feature selection) and can be
extended in many ways. See Biau and Scornet (2016) for details.

10.2.1 Gaussian sketching

Following Section 3.3 on ordinary least-squares, we consider a design matrix ® € R"*¢
with rank d (that is, ®T® € R¥*? invertible), which implies n > d. We consider s > d
Gaussian random projections, with typically s < n, but this is not necessary in the
analysis below.

The estimator #) is obtained by using S e R*>™, with j = ...,m, where m
denotes the number of replications. We then consider § = L Z;n: 6. When m = 1,
this is a single sketch.

We will consider the same assumptions as in Section 3.5, that is, y = ®6, + €, where
¢ € R™ has independent zero-mean components with variance 2, and 6, € R?. Our goal
is to compute the fixed design error %IE&SH@HA — @0, ||3, where we take both expectations,
with respect to the learning problem (in the fixed design setting, the noise vector ¢) and
the added randomization (the sketching matrices SU), j =1,...,m).

To compute this error, we first need to compute expectations and variances with
respect to the random projections, assuming that ¢ is fixed.

Since the Gaussian matrices SU) are invariant by left and right multiplication by an
orthogonal matrix, we can assume that the singular value decomposition of ® = UDV' T,
where V' € R is orthogonal (i.e., V'V = VVT = 1), D € R™? is an invertible
diagonal matrix, and U € R"*? has orthonormal columns (e, U v=1I ), is such that
U= (é), and that we can write S\0) = (S%J) Séj)) with S§J) € R**4 and Séj) € Rex(n=d),
We can also split y as y = (z;) for y; € R? and gy € R* 7.

We can write down the normal equations that define §) € R?, for each j € {1,...,m},
that is, (®7(S@)TS@D$)PW) = ¢T(9@)T 5@y, leading to the following closed form
estimators () = (&7 (S@)T§WH)~1dT($U))T S0yt Using the assumptions above
regarding the SVD of ®, we have: S0 ® = S’y)DVT. We can then expand the prediction

MIf s > d, then SU)® has almost surely rank d, and thus A is uniquely defined.
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vector in R" as:
B0V = (T (SUNTSWP) 1o T (80T Wy

- (0> DVT(VD(SINT S py )1y D(siNT 8ty

I . S ) ) I ‘ . ‘ ‘ |
_(O>((S£J))TS£J)) 1(S£J))TS(J)y: <0)((S§J))TS§J)) 1(S§J))T(S£J)y1+S§J)y2)

_ (S TSP S TS g
0 .
Thus, since E[Séj)] =0 and Séj) is independent of S%j), we get Egu) [@é(j)} = (%), which
happens to be exactly the OLS estimator ®0ors = ®(®T @) 10Ty = (é 8)y. Moreover,
we have the model y = ®0, + ¢ and, if we split € as ¢ = (;), we have y = (é)DVTﬁ* +e,
and thus yo = 2. We thus get:
AL AL 2 . . _ . .
Es) {H‘I’@(” — Eg0) V|| } =B [1((SP)TSP) (S TS eal13].

Taking the expectation with respect to e, and using expectations for the (inverse) Wishart
distribution,? this leads to

E. so) [Hq)(;(j) ~Egi) 09 HQ} = 0% [tr ((SP)T(SY (89T 89)=2(s0) T 5]
d
s—d—1

2

)
1 A N

+%EE,S(1) |:||(I)9(1) — Esu)@@(l) ||2:|

d n-—d
nms—d-—1

(n—d)o?.

= (n=d)*Eg [tr (((S7) TSP )] =

We can now compute the overall expected generalization error:

1 1 o=~ i 2 1
E, 4 H— 09 — 0, _E
n E’S()[ mj; 2 n o

1 i
- . G —
’m;ESm[qm ] - o0,

1 .
= EEE [H‘MOLS - ‘139*‘]2} + 02

_ 24 e d n—d
B n nms—d—1"

Thus, when m or s tends to infinity, we recover the traditional OLS behavior, while for m
and s finite, the performance degrades gracefully. Moreover, when s = n, even for m = 1,
we get essentially twice the performance of the OLS estimator. We note that to get the

n— n

same performance as OLS (up to a factor of 2), we need m = 2% ~ % replications.

21f S € R%*? has independent standard Gaussian components, then E[(STS)~1] = a—ll;—l I'ifa > b+1,
and E[SS "] = bI; see https://en.wikipedia.org/wiki/Inverse-Wishart_distribution.
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As in the previous section, there is no statistical gain (here, compared to OLS),
but only potentially a computational one (because some computations may be done in
parallel and of reduced storage). See, e.g., Dobriban and Liu (2019) for other criteria and
sketching matrices.

Beyond Gaussian sketching. In this section, we have chosen a Gaussian sketching
matrix S. This made the analysis simple because of the properties of the Gaussian
distribution (invariance by rotation and availability of exact expectations for inverse
Wishart distributions). The analysis can be extended with more complex tools to other
random sketching matrices with more attractive computational properties, such as with
many zeros, leading to subsampling observations or dimensions. See Wang et al. (2018);
Dobriban and Liu (2019) and references therein. For random projections below, our
analysis will apply to more general sketches.

10.2.2 Random projections

We also consider the fixed design set-up, with a design matrix ® € R"*¢ and a response
vector of the form y = ®0, + . We now assume that d > n (high-dimensional set-up)
and that the rank of ® is n. For each j € {1,...,n}, we consider a sketching matrix
SU) e R4 for s < n sampled independently from a distribution to be determined
(we only assume that almost surely, its rank is equal to s). We then consider 7 as a
minimizer of min,egs |y — ®SWn||2. For simplicity, we assume that the matrix ®S() has
rank s, which is the case almost surely for Gaussian projections; this implies that 7 is
unique, but our result applies in all situations as we are only interested in the denoised
response vector. We now consider the average = L >t S0,

We thus consider the estimator 71 = ((S(j))bebeS(j))_l(S(j))T<I>Ty € R®, ob-
tained from the normal equation (SU)T®T®SWH) = (SU)THTy, with denoised re-
sponse vector

g(j) _ @S(j)ﬁ(j) _ (I)S(J')((S(J'))T(I)T(I)S(J’))_l(S(j))T(I)Ty c R™.

Denoting IV) = $S50) ((SO‘))T@T@SU))’1(S<J'>)T<1>T, it is of the form §) = ITWy. The
matrix 1) is almost surely an orthogonal projection matrix into an s-dimensional vector
space, and its expectation is denoted A € R™*", and is such that tr(A) = s. We have
moreover 0 < A < I, that is, all eigenvalues of A are between 0 and 1.

We can then compute expectations and variances:
Es) [§9] = Ego) [MPy] = Ay = A[®0, +¢] = Ae + AD,
Eso) [§V)] — @0, = Ae + [A - 1]D0,
B |19~ Bt [0 = Bsoo 09— A3 =y B [(0) - )]y

= y"Eq) {Hu) CATIO) T A+ Az} y since MW =10,
=y (A — A2)y.
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Thus, the overall (fixed design) expected generalization error is equal to:

N

m 2

% > 59 — o0,

j=1
1 . 1 N
~E.|[Eso [§7] - 6., + —Esw 5 — Ego [5V]5]

by taking expectations with respect to all S ( ),

_Ea S
n

)

2

1
—E. [HAE +[A =1 y' (A - AQ)y] using the expressions above,
n
2 1 1
% tr(A%) + —0] @7 [I = AP®Y, + —[0?(tr(A) — tr(A%) + 6] @7 (A — A2)20.]

using the model y = ®0, + ¢ and the fact that E[¢] = 0 and E[ee '] = ¢°1,

%(1—i)tr(A2) o T2 LgTRTIA - IR0+ 0] 0T (A~ A%)®,
o? L 2 TeHT 1 2

;(1 )tr(A) + 9 o' [I- A+(——1)(A A?)] @Y,

U2S

75y Lot [1- A] ®0,, since A% 5 A,
n n

which is the value for m = 1 (single replication). Note that the expectation (before taking
the bound) decreases in m. We now follow Kaban (2014); Thanei et al. (2017) to bound
the matrix I — A.

Since A is the expectation of a projection matrix, we already know that 0 AxI

We omit the superscript /) for clarity, and consider II = @S(STq)T(I)S) 'ST®. For any
vector z € R", we consider:

STI—-A)z = BgleT(I—-T)z] =Es[zT2—2T05(ST0T05) ' 5TaT2]

= Eg [ m%Rp Iz — @Squ} by definition of projections,
u€R?
< Eg [ miI}l Iz — @SSTng} by minimizing over a smaller subspace,

< min Eg [Hz — 9SS Tw|? ] by properties of the expectation.
veR4

We can expand to get:

Es||lz — @SSTng} = 2|13 — 22" ®Es[SS v+ v Eg[SST®T®SS v,

leading to, after selecting the optimal v as v = (IES [SSTQ)TCI)SST} )AES [SST] o2

2TI=2) < 2T(1-0Es[s5T](Es[sST0 T @5sT)) ' Es[55T] 0T )z,

We then need to apply to z = ®6,, and get:

00T [1- AJ00, <0707 (1 - OEs[sST)(Es[SSTOT@557T]) "Es[s5T|0T ) 0.
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Thus, we get an overall upper bound of

0'28

+ %aj 7 (1 - 0Es[s5T)(Es[sST0T@55T]) Es[sST|0T ) @6,

As shown below for special cases, we obtain a bias-variance trade-off similar to Eq. (3.6)
for ridge regression in Section 3.6, but now with random projections. Note that in the
fixed design setting, there is no explosion of the testing performance when s = n (as
opposed to the random design setting studied in Section 12.2 in the context of “double
descent”).

Gaussian projections. If we assume Gaussian random projections, with S € R%**
with independent standard Gaussian components, we get, from properties of the Wishart
distribution:3

Es[SST] = sl and Eg[SST® @SS =s(s+ 1)@ @ + str(®' @)1
We then get:
oTOT[1-AJ90. < 0[@T(I-0Es[SST](Es[ssT@Tes5T])) 'Es[s5T] 0T )@,

ol o7 (1 — D (s(s+1)D D + str(ch@)I)’lqﬂ)@e*

070 0(DT® + tr(d T ®)T) (s + 1)@ T d + tr(dTB)I) 6.

< 200(0 D) - 0] DTB((s+ 1) D+ tr(dT D)) 6,
0.2
s+1

The overall excess risk is then less than

o2s 2

0.
n n

s+

NN

, (10.1)

—_

-
which is exactly of the form obtained for ridge regression in Eq. (3.6) with s ~ M.
We can consider other sketching matrices with additional properties, such as sparsity (see
the exercise below).

Exercise 10.4 We consider a sketching matriz S € RY*®, where each column is equal to
one of the d canonical basis vectors of R%, selected uniformly at random and independently.
Compute E[SST], as well as, Es[SST®T®SST|, as well as a bound similar to Eq. (10.1).

Kernel methods. (#) The random projection idea can be extended to kernel methods
from Chapter 7. We consider the kernel matrix X = ®® T € R”*", and the assumption

SIFW = Slsf for S1 € R™** with independent standard Gaussian components, then E[W] = sI and
for an n x n diagonal matrix D we have E[W D?W] = s(s 4+ 1)D? + str(D?)I.
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y = ®0, + ¢ with ||0.]2 bounded, is turned into y = y. + ¢ with 3] K~'y, bounded.
This corresponds to y, = K«, with an RKHS norm o' Ka. We then consider a random
“sketch” & € R™ * and an approximate kernel matrix K. We then obtain an estimate
§=®(®T®)"'®Ty. The matrix IT above is then IT = &(®T$)~'® T and for the analysis,
we need to compute its expectation A. We have, following the same reasoning as above,
for an arbitrary deterministic z € R™:

2 (I-A)z = Eg [ZT(I —I)z] =E; [ZTZ - szi)(fi)Tfi))iléTz]

= E4 [752}1&2 Iz — fi)uH%} by definition of projections,

< Eg [ m]iRn |z — @éTUH%} by minimizing over a smaller subspace,
veER™
< In]%n E {Hz - <i><i>Tv||§} by properties of the expectation.
veR™

We can expand to get:

E, [||z - é&%ug] — 22— 2By [0 T |v+ 0 Ey [0DT DD,
leading to, after selecting the optimal v as v = (E; [#®TT]) 'y [$d 7]z,
STI=0) < 2T(1-Eg [607)(Ey [60T067)) B, [967])=
We then need to apply to z = y,, we get that
00T [1 - AJ06, <yl (1B [60T) (4 [60T067]) By [967] )y..

We can, for example, consider each column of ® to be sampled from a normal distribution
with mean zero and covariance matrix K, for which we have:

Eg [fi)fi)T] =sK and E; [fiﬂi)Tfi)fi)T] =s(s+1)K* + str(K) - K.

. o?s 2 y Ky, :
This leads to the bound — +— tr(K)T, which is exactly the bound in Eq. (10.1)
n on
in the kernel context. However, it is not interesting in practice as it requires the compu-
tation of the kernel matrix K and typically a square root to sample from the multivariate
Gaussian distribution, which has running-time complexity O(n?).

In practice, many kernels come with a random feature expansion of the form k(z,z") =
E, [p(z,v)p(2’,v)], such that |o(z,v)| < R almost surely (as presented in Section 7.4).
We can then take for each column of ® the vector (p(x1,v),...,o(xn,v))T € R™, for
a random independent v. We have then E[ﬁ)éw = sK by construction, while a short
calculation left as an exercise shows that the second-order moment can be bounded as

Eg[@2T 00 T] < s(s — 1)K + nsR?K.

2 2 TKfl N
This leads to the bound s + —RQ%, which is almost the same as above, but
S

n n
with now an efficient practical algorithm.
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Figure 10.2: Polynomial regression in dimension 20, with polynomials of degree at most 2,
with n = 100. Top left: training and testing errors for ridge regression in the fixed
design setting (the input data are fixed, and only the noise variables are resampled for
computing the test error). All other plots: training and testing errors for Gaussian
random projections, with different numbers of random projections, m = 1 (top right),
m = 10 (bottom left), and m = 100 (bottom right). All curves are averaged over 100
replications (of the noise variables and the random projections).

Experiments. In Figure 10.2, we consider a polynomial regression problem in dimen-
sion dy = 20, with polynomials of degree at most 2, and thus a feature space of dimension
d=1+dx + dx(dx +1)/2 = 231, and compare ridge regression with Gaussian random
projections. We see a better performance as m grows, consistent with our bounds.

Johnson-Lindenstrauss lemma (¢). A related classical result in Gaussian random
projections shows that n feature vectors o1, ..., ¢, € R? can be “well-represented” in
dimension s by Gaussian random projections, with s growing only logarithmically in 7,
and independently of the underlying dimension. The following lemma shows that all
pairwise distances are preserved (a small modification would lead to all dot-products).

Lemma 10.1 (Johnson and Lindenstrauss, 1984) Given ¢1,...,¢, € R, let S €

R¥*5 be random matriz with independent standard Gaussian random variables. Then for
2

any € € (0,1/2) and § € (0,1), if s > E% log %, with probability greater than 1 — ¢, we

have:

Vi,j€{1,...,n}, (1=e)llpi — @ill3 < [ls7/25 T i — s 7128 T )15 < (1+¢)l 0 — S(Dj||§')
10.2

Proof (#) Let ¢ € R? with £;-norm equal to one. The random variable y = ¢TSS T4 is
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the sum of s random variables wTS.jS,—;z/J, for S.; the j-th column of S, j € {1,...,s}.
Each of these is the square of S,—;w which is Gaussian with mean zero and variance equal
to ||4]|3 = 1. Thus, y is a chi-squared random variable. We can thus apply concentration
results from Exercise 8.1, leading to

We can then use the inequality log(l + u) < u — “3—2 for any |u| < 1/2, leading to the

probability bound P(|y — s| > se) < 2exp ( — %%) We then apply the reasoning above
to the n(n—1)/2 vectors p; —;, for i # j, leading to, using a union bound, a probability
that Eq. (10.2) is not satisfied with probability less than n? exp(—ss2/6), leading to the

desired result. [ |

In our context of least-squares regression, the Johnson-Lindenstrauss lemma shows that
the kernel matrix is preserved by random projections so that predictions with the pro-
jected data should be close to predictions with the original data. The results in this section
provide a direct proof aiming at characterizing directly the predictive performance of such
random projections.

10.3 Boosting

In the previous section, we focused on uniformly combining the outputs (e.g., plain aver-
aging) of estimators obtained by randomly reweighted versions of the original datasets.
Reweighting was performed independently of the performance of the resulting prediction
functions, and the training procedures for all predictors could be done in parallel. In this
section, we explore sequential reweightings of the training datasets that depend on the
mistakes made by the current prediction functions.

In the early boosting procedures adapted to binary classification, the original learning
procedure was used directly on a reweighted version, e.g., Adaboost (see, e.g., Freund
et al., 1999). Our analysis will be carried out for boosting procedures, often referred to
as “gradient boosting”, which are adapted to real-valued outputs, as done in the rest of
the book (noting that for classification, we can use convex surrogates).

The theory of boosting is rich, with many connections, and in this section, we only
provide a consistency proof in the simplest setting. See Schapire and Freund (2012) for
more details.

10.3.1 Problem set-up

Given an input space X, and n observations (z;,y;) € X xR, ¢ = 1,...,n, we are given
a set of predictors p(w,-) : X = R, for w € W, with W typically a compact subset of a
finite-dimensional vector space.

The main assumption is that given weights a € R”, one can “easily” find the func-
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tion ¢(w, -) that minimizes with respect to w € W

Zaigo(w,:vi),
i=1

that is, the dot-product between « and the n outputs of p(w, ) on the n observations. In
this section, for simplicity, we assume that this minimization can be done exactly. This
is often referred to as the “weak learner” assumption. Many examples are available, such
as:

e Linear stumps for X = R?%: op(w, x) = +(w] z+w1), with sometimes the restriction
that w has only non-zero components along a single coordinate (where the weak
learning tractability assumption is indeed verified). This will lead to a predictor,
which is a one-hidden layer neural network, but learned sequentially (rather than
by gradient descent on the empirical risk). In the context of binary classification,
the weak learners are sometimes thresholded to values in {—1,1} by taking their
signs.

e Decision trees for X = R?: we consider here the space of piecewise constant functions
of x, where the pieces with constant values are obtained by recursively partitioning
the input space into half-spaces with normals along one of the coordinate axes. In
this situation, the set of functions is more easily characterized through the estima-
tion algorithm. See Chen and Guestrin (2016) for an efficient implementation of a
boosting algorithm based on decision trees (referred to as “XGBoost”).

In this section, we assume bounded features, that is, for all w € W, and inputs = € X,
|o(z,w)] < R. Moreover, for simplicity, we assume that the set of feature functions
{¢(-;w), w € W} is centrally symmetric, which is the case for the examples above.

Boosting procedures will make sequential calls to the weak learner oracle that out-
puts wy, ..., wy € W with ¢ the number of iterations, and linearly combine the function
o(wy,-),...,p(wt, ). Therefore, the set of predictors that are explored are not only the
functions ¢(w, -), but all linear combinations, that is, functions of the form

f(z) = /W o(w, z)dv(w), (10.3)

for v a (signed) measure on W, which we assume to have finite mass.

To avoid overfitting, some norm that will be explicitly or implicitly controlled needs to
be defined. As done in Section 9.3.2 with neural networks, we will consider an Li-norm,
namely the total variation of v, that is:

| vl

Note that since we have assumed that the features are centrally symmetric, assuming
that v is a positive measure does not change anything.

For functions f : X — R that can be represented as integrals in Eq. (10.3), the minimal
value of [, |dv(w)| is referred to as the “variation norm” (Kurkové and Sanguineti,
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2001), or the “atomic norm” (Chandrasekaran et al., 2012), of f, and the set of functions

with finite norm will be denoted 7, with a norm 7;. Like in Section 9.3.2, this is to

distinguish it from the squared norm [, ’Z:EZ}’% ‘2dT(w) for a fixed positive measure T,

which corresponds to a reproducing kernel Hilbert space (see Chapter 7).

Note that by definition, for any w € W, v1(p(w,-)) < 1, since we can represent this
function by the measure v = §,,. Since we will optimize over the realizations of the
features on the data, we denote by ¥(w) € R™ the vector so that ¢ (w); = ¢(z;, w). Since
lo(xz,w)] < R for all w and z, || (w)||2 < Ry/n for all w. By restricting to values on
Z1,...,Ty, we obtain a penalty defined on R™ with a definition similar to ; defined on
functions from X to R, with more properties we will need for our proofs.

Gauge function. We define the function v : R” — R as the infimum of [, |dv(w)| over
all positive measures such that v = [}, ¢ (w)dv(w). This function is usually referred to
as the “gauge” function associated with the convex hull of all ¥)(w), w € W (Rockafellar,
1997). The gauge function v is always convex and positively homogeneous. Since we
further assumed central symmetry of the features, that is, the set {¢(w),w € W} C
R™ is centrally symmetric, v(—u) = v(u) for all u € R™. Given our bounded norm
assumption ||(w)|l2 < Ry/m, we have, for any u such that v(u) is finite (and with
associated measure v), [[ullz = || [y, ¥(w)dv(w)|], < [1y ¥ (w)|l2|dv(w)] < Ry/ny(w).

The gauge function may not be a norm since it may not be finite everywhere, that
is, there may exist u € R™ which cannot be expressed as a linear combination of feature
vectors Y(w), w € W. We may, however, define a notion of dual gauge function, called
a “polar” gauge v* : R" — R, as v*(v) = sup,ew ¥(w) v, which leads to a form a
Cauchy-Schwarz inequality, as u'v < y(u)y*(v) (see Rockafellar, 1997, Chapter 15, for
more details).

Assumptions. Following our traditional empirical risk minimization framework pre-
sented in Chapter 4, we consider a loss function ¢ : Y x R — R, both for regression
and classification. Since we will need differentiable loss functions, our developments are
restricted to the logistic loss, the exponential loss, and the square loss. We denote by
¢; : R — R the loss the observation (z;,y;), that is, £;(u;) = £(y;,u;). We thus consider
the logistic loss £;(u;) = log(1+exp(—y;u;)) and the exponential loss ¢;(u;) = exp(—y;u;)
when y; € {—1,1}, or the square loss £;(u;) = 3 (y; — u;)*> when y; € R.

In our optimization convergence proofs in Section 10.3.5, we will need that each loss ¢;
is smooth, with smoothness constant Gs (e.g., 1/4 for the logistic loss and 1 for the square
loss, and +oo for the exponential loss). This leads to a loss function F' : R™ — R, defined
as F(u) = 237" | £;(u;), which is (G2/n)-smooth. For the statistical consistency proof,
we will also need that the loss functions are GG1-Lipschitz continuous, which only applies
to logistic regression, and that ¢;(0) has a uniform bound Gy (for logistic regression,

Gy =log?2).

Finite W. While boosting methods can be applied for any compact set W (as long as
the minimization oracle is available), an interesting special case corresponds to finite sets
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W = {w1,...,wq}. The optimization problem that we aim to solve is the minimization
of F(u), for u in the span of all ¢(w1),...,¥(wy), which we can rewrite as:

d d
. d .
Inin F(u) such that Ja € R?, u= ; a;P(wj) = £$F<;aj¢(wj))' (10.4)
We can thus either see this as an optimization problem in w or in «, and, given our
assumptions regarding central symmetry, the norm v on w is upper-bounded by the
¢1-norm of «. Seeing Eq. (10.4) as a problem in u may be advantageous because of
strong-convexity properties that could be lost for the problem in « (in particular when
n < d): for example, for the square loss, where F' is strongly-convex, the optimization
problem in u is strongly-convex, and thus exhibits linear convergence, while the problem
in « is not strongly-convex (but still exhibits linear convergence for other reasons, see
Section 12.1.1).

10.3.2 Incremental learning

The simplest version of boosting-like algorithms aims to construct linear combinations of
functions of the form x — @(w, ) by selecting incrementally w; € W. Starting from the
function gg = 0, we thus consider the simplest update

gt = gi—1 + brp(wy, ), (10.5)

where the linear combination coefficients for ¢(wy, -),. .., @(wi—1, ) are not changed once

they are computed. Given the empirical risk flAQ(f) =15 €(yi, f(z:)), a natural crite-

n
rion for the choice of b; € R and w; € W is to solve the optimization problem

min  R(ge—1 + bep(wr, -)). 10.6
e Rl + gt ) 100
With our notations, and since only values at x1,...,x, are used for the functions g;, we
can represent them with their values on these points, that is, by a vector u; € R™ such
that (u); = gi(a;) for all ¢ € {1,...,n}. The update in Eq. (10.5) then becomes

up = ug—1 + byrp(wy),
and the update in Eq. (10.6) becomes

F(’U,t_l +bt¢(wt)) (107)

mi
bt€RY, weW

This minimization is easily done in two situations: for the square loss, leading to
matching pursuit (Mallat and Zhang, 1993) and for the exponential loss, leading to Ad-
aboost (Freund and Schapire, 1996). We now present these two classical algorithms and
some elements of analysis of their convergence rates for optimizing the empirical risk.
We then analyze the expected risk, which is more involved when the goal is to obtain a
convergence rate with early stopping.
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10.3.3 Matching pursuit

Matching pursuit corresponds to the iteration in Eq. (10.7) for the square loss, with ap-
plications beyond machine learning, in particular in signal processing (Mallat and Zhang,
1993). For simplicity, only in this section, we assumed that each x — ¢(x, w), for w € W,
is normalized on the data, that is > ;- , ¢(z;,w)? = ||1(w)||3 = n. This implies that for
all u € R™, |lull2 < vry(u).

In our context of empirical risk minimization, the square loss corresponds to F(u) =
5|l — u||3, and, because of the normalization, we have:

1
Fu) = Flup—) + F'(u1) " (u —um1) + %”ut — 3
b2
= Flura) + F(up1) "o (wn) + =

Optimizing with respect to b, € R leads to by = —F'(u;_1) "9 (w;), leading to the optimal
value

F(ug—1) — %|F/(Ut—1)T¢(wt)|2-

Since F”(us—1) = L (u;—1—y), the iteration can then be written as, initialized with ug = 0,
fort > 1:

w = argmax |(ue—1 —y) T(w)]
W= uq— %|(ut71 _ y)T1/J(wt)W(wt) = Up_1 — %r-y*(utfl - y)1/}(’LUt)7

by definition of the polar gauge function ~v*.

Slow convergence. The minimizer of F(u) = 5-[u—yl3 is u, = y. It may or may not
be such that y(y) is finite. In this section on matching pursuit, we assume it is, but we
consider the general case in Section 10.3.5. It turns out that the penalty v(y) provides
an explicit control of the convergence rate of u; towards y. Indeed, it can be shown that
the matching pursuit algorithm converges with a rate proportional to v(y), that is,

1 B
~lly — w3 < v()*

See DeVore and Temlyakov (1996) for a detailed result (proved in Exercise 10.6), Sec-
tion 10.3.5 for a related result for all smooth loss functions (and with a detailed proof),
and Sil’nichenko (2004) for an improved dependence on ¢, and Klusowski and Siegel (2023)
for lower bounds.

Fast convergence of the empirical risk. As already obtained by Mallat and Zhang
(1993), exponential rates can be obtained with the stronger assumption that - is a norm
on R™, and then we have by equivalence of norms: /nky(u) < |lull2, and v*(v) >
ky/nl|v2, for a constant x > 0 which has to be less than 1, since ||ull2 < /ny(u). For
finite sets W = {wx, ..., wq}, this corresponds to the kernel matrix Zle Ylw)y(w;) T €
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R™ "™ being invertible. As shown below, this ensures constant multiplicative progress
across matching pursuit iterations. Indeed, we then have:

1 2 1 2 1 * 2 2 1 2
%Hy —wllz = %Hy —up—1|l3 — 527 (up—1 —y)” < (1 — k%)~ %Hy —ug—1l3,

leading to exponential convergence.

Exercise 10.5 () Orthogonal matching pursuit is a modification of matching pursuit
which, once w; € W has been selected, defines u; as the minimizer of F' over the span of
all previously selected feature vectors Y(wi), ..., (wy). Show that L{|ly—u||3 < ~v(y)*t~'.

10.3.4 Adaboost

Adaboost (Freund and Schapire, 1996) corresponds to the binary classification case, where
we assume that ¢(z,w) € {—1,1}, that is, all weak learners are already classification
functions, or, equivalently, ¢(w) € {—1,1}", and we use the exponential loss, that is,

1 n
F = — —Y;Uj).
(u) =~ ;:1 exp(—yiu:)
We can then implement Eq. (10.7) by solving

Z exp(—yi(ut—1)i) exp(—bryitb(wy); ).

i=1

1
i Flu,_ b = i —
pein_ o Flur +bgp(w)) = | min o

Using the fact that y;9(w,); € {—1,1} for all ¢ € {1,...,n}, this is equivalent to
n —be ) . bt 1y, .
n Y { e " 1T+ yip(wy); n et 1 —yith(we); }e_yi(ut,l)ij

m
bR, w €W 4 - n 2 n 2
i=

bt 1—yitp(we)s
e Yi t)i .
m 5 }m, where 7

with an objective function proportional to Y- ; { % Hy"g(wt)i +
e~ vi(ur—1);

is a vector in the Slmplex defined as T = W

Given wy; € W, the optimal b, is obtained by minimizing a function of the form
e ba_ 4 e a,, for some constants ay and a_, which is attained as b; = %log Z—;, with
optimal value equal to 2,/a_a;. Thus, the optimal b, is equal to

1 1 Y i
by = = log + Efl yip(we)im ,
2 1- Zizl yiw(wt)iﬂi

and the resulting objective function (that depends on w;) is equal to

F(us—1) {1 - (iyiw(wt)imy]
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We can thus obtain w; by maximizing ’ Z?:l Y (we)im; ’ Since we have assumed central
symmetry of the weights, we can equivalently maximize ., y;9(w;);m;, which corre-
sponds to finding the weak learner with minimal 0-1 classification error weighted by .
We thus get the following iteration:

e_yi(ut—l)i

n v (ur—1)s
ijle yj(ue—1);

forie{1,...,n}

T, =

n
wy € arg max Zyiw(wt)iﬂi

i=1
1 1 =+ En—l yﬂ/J(wt)m
ug = ug—1 + 3 log o
2 1- Ei:l yith (we )i

P(we).

After this iteration, we have
n 2
F(ue) = F(ug-1) {1 - (Zyﬂ/f(wt)zm) }
i=1

Therefore, the empirical risk (with the exponential loss) strictly decreases if the weak
learner gets an empirical weighted 0-1 loss strictly less than 1/2 (corresponding to the dot
product with y being strictly positive). If the error rate is always less than a constant,
an assumption referred to as weak learnability, we obtain a linear convergence. Note
that if we make the same assumption as in matching pursuit in Section 10.3.3, then
Sy (we)im = y*(moy) = py/nllrll2 = pliw|l1 = p, and we have a similar exponential
convergence rate.

10.3.5 Greedy algorithm based on gradient boosting

In this section, we describe a boosting algorithm which, at each iteration, performs a
first-order Taylor expansion at the current point (which requires to compute derivatives
of the loss functions) and find the weak learner x — (w, ) that makes most progress
for this approximation of the risk. We thus consider the following “greedy” algorithm,
starting from the zero function gy = 0, and iterating over ¢ > 1:

e Loss gradient computations: compute a; = €(g;—1(z;)) for ¢ € {1,...,n}.

e Weak learner: compute w, € W that minimizes Y ", a;o(w,z;) with respect to
w € W. Equivalently, using our notations in R", we minimize F’(u;_1) "1 (w) with
respect to w € W.

e Function update: take g = g;—1 +bip(wy, -) for a coefficient b; € R4 that optimizes
an upper-bound on the empirical risk. This corresponds to u; = uy—1 + betp(wy).

After time ¢, the prediction function g; will be a linear combination of the functions
o(wy, ), for u € {1,...,t}, with only ¢ atoms, thus leading to sparse combinations (in
other words, the estimated measure v is a sum of Diracs). For the square loss, this will
exactly be the matching pursuit algorithm presented in Section 10.3.3. In general, these
algorithms are often referred to as “gradient boosting” procedures (Friedman, 2001).
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We first provide a generic convergence result for the empirical risk (which goes beyond
machine learning problems), before proving a convergence rate for the expected risk in
Section 10.3.6. We focus on smooth loss functions for the optimization result, while we
require a smooth and Lipschitz-continuous loss function for the statistical analysis (such
as the logistic loss). For cousistency results for the exponential loss, see Bartlett and
Traskin (2007).

With our smoothness assumption, we can define the upper-bound on F'(u;) as (using
the definition of smoothness in Eq. (5.10)):

L
Flup) < Flug1) 4+ F'(ue—) " (ue — 1) + §|\Ut —ue1ll3

L
< F(up1) + b F' (ue—q) " (wy) + Ebfnw(wané
using the expression u; = us—1 + betp(wy),

L
< F(ug_1) + b F'(us—1) "o (wy) + 51;302, (10.8)

if L is the smoothness constant of F' and C an uniform upper-bound on all ||3)(w)]|2,
w € W. This naturally leads to the iteration

{ wy € argurfleav)\(? F'(ut—l)T¢(w)

(10.9)
up = w1 — ez F (wi—1) T (wy),

which we can now analyze, to obtain upper-bounds on both function values and the gauge
functions of the iterates.

Proposition 10.1 (convergence of gradient boosting algorithm) We consider an
L-smooth function F : R™ — R; we assume that ¢ : W — R™ is such that ||[¢(w)|l2 < C
for all w € W, and the associated gauge function vy is centrally symmetric. Consider the
iteration in Eq. (10.9). Then for any v € R", and t > 0, we have:

2LC?y(ug — v)*(F(uo) — F(v))} ) 1/5

(F(w) - F))., < ( ;

)

and
Vi
LC?

() < (u0) + g (2LC2P (o) — Flur)])

Proof We have by construction of the iteration and from Eq. (10.8):

1
“arce!

Moreover, using the convexity of F' and properties of gauge functions, we have:

F(u) = F(v) < Fw-1) — F(v) *(F'(u—1))>. (10.10)
F(ug) — F(v) < F'(ug) " (ue — v) <y (F (ug))y(ug — v). (10.11)

Finally, using the triangular inequality for v, we obtain, from Eq. (10.9), v(u; — v) <
Y(u—1 — v) + =7 (F'(ue—1)), leading to, by recursion, v(us — v) < Ty, where I'; =
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V(o —v) + =y (F (ug—1)) + -+ + 7527 (F'(uo)). We define Ay = (F(ug) — F(v))4-
(10.10), we get:

From Eq.
Ap < (A1 = gpey (F (w-1))?) (10.12)
and from Eq. (10.11), we get Ay < T'yy*(F'(uy)). Thus,
AT < AT < (AT = gpem T2y (F (we-1))?)
< (AT = spe (Al 2)?),
This leads to? )
1 2L
AT ? < Sy (10.13)

—1 ~X
st + T84, ¢
Moreover, by definition of T'; and using Eq. (10.11), we have:

Lo P’y

Le=Tlea LC? A
t_

1 *
57 (F/(u-1)) < T (14
Thus, by taking the product of the square of Eq. (10.12) and the previous inequality, we
get:

11 2

1
2 2 * 2 * 2
DA ST A (14 757 (F/ () (1= 5 gy (F/wen))?)
Since (1 —¢/2)3(1+¢) < 1 for all € > 0, this leads to I''A? < I'h_1A?_;, and thus
I';A? < TgAZ. Taking the product of the square of the inequality above with Eq. (10.13),
this leads to 1o
2
AT = (A2 A < (o032 2E T

which leads to the first result.
We can also bound the norm v(u;) as follows, using Eq. (10.10):

i) € (o) + g 37 wie1) < 9 + L—@(;v*w’(umf)” 2

< A(ug) + N (2LC2[F(u0) - F(ut)])l/Q.

LC? ]

We will need the flexibility of having an arbitrary v € R™ in the statistical consistency
proof, but when v is chosen as the minimizer u, of F (then assumed to exist), we get a
more traditional optimization bound:

(2LC o e P (Plun) = Fluc))'y V0 L€ (g — e
t

F(u) — F(us) < ST an

4We can use the following lemma, whose proof is left as an exercise: if (at) is a non-increasing

non-negative sequence such that a; < (at—1 — ca%fl)Jr for all ¢ > 1, then a; < m for all t > 0.
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which can be compared to the bound for regular gradient descent (Prop. 5.5), which is

L lup — ul3 < LQ—Cfv(uo — uy), with a better dependence on ¢, but with iterates that

cannot be expressed as linear combinations of at most ¢ iterates.

As done in the next section, assuming that ug = 0 and F' is non-negative everywhere,
this leads to:

(F(w) - Fw), < (

2LC%(v)>F(0)*\1/5 V2t
: ) and (u) < \/L_OQF(O)l/Q.

The proposition above shows that the gauge function v controls the convergence of
the gradient-boosting algorithm, in the same way that the Euclidean norm controls the
convergence of gradient descent. For finite sets W, where the gauge function is essentially
an {;-norm in a reparameterization, the link with ¢;-norm penalization can be made
explicit (see, e.g., Rosset et al., 2004, for details).

Exercise 10.6 (¢) Show that when the function F is quadratic, then have the guaran-
tee: F(u) — F(uy) < %W(UQ — us)?. Hint: replace Eq. (10.11) by F(us) — F(u.) =
%F’(ut)T(ut — Usy).

10.3.6 Convergence of expected risk

In order bound the expected risk, we need to relate empirical risk R and expected risk R,
for functions f with bounded penalty 71 (f). To study the generalization performance of
constraining or penalizing by the variation norm defined above, we can naturally use the
general framework of Rademacher complexities presented in Section 4.5.

Statistical performance through Rademacher complexities. The uniform devi-
ations for the set of predictors g : X — R such that v1(g) < D on i.i.d. data x1,...,2,
are controlled by the quantity

[ sup 2519 T; ] D IE{ sup — Zalcp (25, w )}, (10.14)

1(g)<D T wew 1
where the expectation is taken both with respect to the data z1, ..., z, and the indepen-
dent Rademacher random variables e1,...,¢e, € {—1,1}.

In Section 9.2.3, we computed an upperbound proportional to DR/\/n for ¢(x,w)
of the form o(x"w) (which corresponds to learning a one-hidden layer neural network),
with an extra factor of v/logd for £;-norm constraint on neural network weights, showing
that although the set W is infinite, we can bound the uniform deviations. See another
example in the exercise below. In the following, we will assume that

E[ sup lZaig(xi)} §D—\/§p¢, (10.15)

for a universal constant p, > 0.
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Exercise 10.7 Given a metric space X with distance d and finite diameter, we consider
o(w) = o(d(z,w)), for w € W = X. Compute an upper-bound on the Rademacher
complexity in Eq. (10.14).

Generalization bound. We can now state our main statistical result about gradient
boosting. To obtain such bounds, an additional norm (see, e.g., Lugosi and Vayatis, 2004)
or cardinality (Barron et al., 2008) constraint is often added. In this section, we show
how early stopping is enough to obtain rates of convergences for the gradient-boosting
procedures defined in Section 10.3.5.

Proposition 10.2 Assume the feature maps ¢ form a centrally symmetric set and that
they are uniformly bounded by R, and satisfy Eq. (10.15). Assume the loss function € is
non-negative, Go-smooth and G1-Lipschitz-continuous with respect to the second variable,
and that (y,0) < Go almost surely. If g, denotes the t-th iterate of the gradient boosting
procedure, then, for any function f: X — R,

1/2
E[R(g:)] < R(f) + [\@gﬁ)ﬂ, + R%(f)} -2G1-% + W@@Gé)”? (10.16)
2

Proof For any function f such that 1 (f) is finite, we have:

R(ge)~R(f) = R(ge)—R(ge) + R(ge)—R(f) + R(f)~R(f)

< sup {R(@-R@)}+ s {R(g)-R(9)} + R(ge) —R(f).
Y1(9)<71(9¢) Y1(9)<7 (f)

We then apply Proposition 10.1 with C = Ry/n and L = Ga/n, with F(0) < Gy.
~ ~ 2 24
This leads to v1(g¢) < \/%Gé/2, and R(g;)—R(f) < (w)l/sl Thus, using

properties of Rademacher averages from Section 4.5,

vat poR 2GRy, (f)2GAN1/5
[mGém"’%(f)yZGl. jﬁ +( 2 tl 0) |

which leads to the desired result. [ |

Up to constants, the bound in Eq. (10.16) is of the form fR(f)—l—%—l— R%f) Pt (R'yig‘z)z/s .

We can optimize with respect to the number ¢ of iterations, and if we take it of order

t ~n®7(Ry(f))*7, then this leads to R(f) + —R%f) P+ (—R%f))2/7.

Assuming for simplicity that p,, is a constant (like for neural networks), the dominant
term is R(f) + (M)Zﬁ. If the Bayes predictor f. is such that 1 (f*) is finite, we

\/ﬁ
immediately get an excess risk that goes to zero as (R"“—(nf*))w !

E[fR(gt) - R(f)] <

. If the model we consider
is misspecified, then, like in Section 7.5.1 for kernel methods, and Section 9.4 for neural
networks, we could compute the resulting approximation error to obtain precise rates
depending on properties of the Bayes predictor f*.
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Comparison with explicit constraint on ;. The bound above is obtained by
early-stopping the boosting algorithms before they overfit. An alternative method is
to minimize the empirical risk subject to the constraint ~;1(f) < D, which can be done
with the Frank-Wolfe algorithm described in Section 9.3.6, with the same access to the
weak-learner oracle and an optimization error proportional to R2D?/t after t iterations.
Together with the estimation error in pch—\/g, we can take t = RDn'/? steps of the Frank-

Wolfe algorithms to get an excess risk less than R(f) plus a constant times 22 ED for any
n

f such that v1(f) < D. With the optimal choice of D, this leads to R(f) plus a constant
po R (f)

, which is significantly better than for boosting. This, however, requires to
set the constant D.

times

Comparison with early stopping for gradient descent. Compared to Section 5.3,
where we used gradient descent, and the rates obtained for early stopping were the same
as for constrained optimization, our analysis of boosting leads to consistent estimation,
but with slightly worse rates.

Errors - sparse Weights - sparse
| —train|| 10 -
2 —test |
0 " 051 | 1
o = |
5 5 of —
2 z |
- -0.5 | 1
|
-1l
0 10 20 30 40 0 10 20 30 40
iterations iterations
Errors - non sparse Weights - non sparse
/_,_,__-—————train H 1r
2 —test
)
s Of £
) 2
— [
-2t 2
4t a4l
0 10 20 30 40 0 10 20 30 40

iterations iterations

Figure 10.3: Matching pursuit algorithm on a problem with a sparse solution (top) and
a non-sparse solution (bottom). Left: plots of training and testing errors. Right: plots
of weights.
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10.3.7 Experiments

In this section, we compare the boosting / conditional gradient algorithm described ear-
lier on a simple linear regression task with feature selection. This corresponds to us-
ing F(u) = 5|ly — ul|3, which is (1/n)-smooth and (1/n)-strongly convex, and ~(u) =
inf ,epa ||w|]1 such that u = dw.

We consider n = 100 observations in dimension d = 1000, sampled from a standard
Gaussian random vector. A predictor 8, with k& = 5 non-zero values in {—1, 1} and data
are generated from a linear model with Gaussian noise. We then compare the iterates of
the boosting algorithm in terms of prediction errors (left plots) and variations of weights
across iterations (right plots).

We also consider a rotation of the data so that this is no longer a sparse problem
(bottom plot). We observe linear convergence of the training errors, as proved above, but
with overfitting at convergence, strong for the non-sparse case and weak for the sparse
case.

10.4 Conclusion

In this chapter, we have presented a brief overview of ensemble learning procedures,
which rely on using the same “base” learning procedures on several datasets. Bagging
procedures consider several often parallel and independent runs on randomly modified
datasets, while boosting changes the weight on each observation sequentially. Moreover,
boosting is an instance of computational regularization, where overfitting is avoided by
early stopping an optimization algorithm that would converge to a minimizer of the
empirical risks if not stopped. The implicit bias in boosting is that of an ¢;-norm; in
Section 12.1, we analyze the implicit bias of gradient decent, when run to convergence,
with a link to /o-penalties.



Chapter 11

From online learning to bandits

Chapter summary

— Beyond empirical and expected risk minimization, more complex settings can be
considered.

— Online convex optimization with gradients: stochastic gradient descent still works
with the regret criterion and potentially adversarial functions, with essentially the
same rates. The mirror descent framework is adapted to non-Euclidean geometries.

— Zero-th order optimization: Randomization can be used to obtain a stochastic
gradient from function values with an additional dimension dependence.

— Multi-armed bandits: in the regret minimization framework, to tackle explo-
ration/exploitation trade-offs, several algorithms can be used, from simple algo-
rithms based on alternating exploration and exploitation to more refined ones uti-
lizing the principle of “optimism in the face of uncertainty.”

In traditional stochastic optimization such as presented in Chapter 5 (e.g., Sec-
tion 5.4), we observe a sequence of gradients of loss functions obtained from a pair of
observations (z¢,y:) € X X Y:

O0(y1, folr))
Fl(0i-1) = S|
and our performance measure was
E[F(6,)] — F,

where the expectation is taken with respect to the training data, and F(0) =E[{(ys, fo(xs))]
is the expected test error, assuming that all (x4, ys) (and thus the individual loss functions
Fy(0) = L(ys, fo(xs))), s = 1,...,t, are independent and identically distributed, and F
is the minimal value of F, that is, F, = infgce F(6), where C is the optimization domain.
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There are several important extensions corresponding to specific applications:

e Regret instead of final performance: The performance criterion can take into
account performance along iterations such as } Zi:l F(6s5-1), and not only at the
last iteration, that is F'(f;). This is important when the loss functions can be
interpreted as actual financial losses incurred while learning the parameter 6 (such
as in applications in advertising or finance).

Performance measures such as the regret can then be considered, here equal to
1
- F(fs—1) — inf F(0
t; (65-1) — inf F(9),

often after taking the expectation (since 65 is random because it depends on the
past data).

In this book, we choose to study what is often called the normalized regret
A since we divide Zi:l [F(65) — infgee F(0)] by t. This is done to make
comparisons with the usual stochastic framework easier.

e Adversarial instead of stochastic: The consideration of the regret criterion
opens up the possibility for functions Fs to be different or sampled from different
distributions, with a potentially adversarial choice that depends on the past. The
regret is then %Zi:l Fy(0s—1) — infoee 1 Z];:l F,(6), which is the comparison to
the optimal constant prediction. This allows it to be robust to adversarial functions
and adapted to non-stationary environments where very few assumptions can be
made. Note here that the regret can be negative. This is presented in Section 11.1.

e Partial feedback (zero-th order): Independently of the regret framework, the
feedback given to the algorithm may be less precise than the full gradient (e.g.,
only the function value). This is crucial in applications where function values are
expensive to obtain without access to gradients.

This is the domain of zero-th order optimization, which can be treated through
gradient-based algorithms (Section 11.2) or the framework of multi-armed bandits
(Section 11.3).

In this chapter, we briefly cover three topics from this large body of literature. For
more details, see Shalev-Shwartz (2011); Bubeck and Cesa-Bianchi (2012); Hazan (2022);
Slivkins (2019); Lattimore and Szepesvéri (2020). This chapter aims to give the main
ideas, how they differ from classical learning theory (using the unified notations we provide
in this book), and to encourage readers to study these references.

11.1 First-order online convex optimization

In this section, we consider a sequence of arbitrary deterministic real-valued convex func-
tions Fy : R? = R, s > 1, and a compact convex set €. The goal of online convex
optimization is, starting from a certain 6y € €, to obtain a sequence (6s)s>1 so that the
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regret at time ¢, defined as

wl»—l

Zt: — inf —ZF (11.1)

is as small as possible.

We assume that at time s, we can access a gradient of Fy at any point 6,1 € C that
depends on past information. We also consider the possibility that we only observe a
random, unbiased version g, that is, if F5 denotes the information up to (and including)
time s,

E[gsrfs—l} = Fsl(es—l)-
Given the added randomness, we consider the expected regret as a criterion.

For simplicity, we assume that almost surely, ||gs]|3 < B? (which in the context of
machine learning corresponds to Lipschitz-continuous loss functions, which include the
logistic loss, the hinge loss, and the square loss since we have assumed that we optimize
on a bounded set!).

Applications. This is adapted to a non-stationary environment, where the data dis-
tribution varies over time, either stochastically or even adversarially (based on earlier
predictions).

In this section, we only present the non-smooth case. The smooth case will be pro-
posed as exercises but leads to similar results compared to the regular stochastic case.

11.1.1 Convex case

We consider the projected stochastic gradient descent recursion:

6‘5 = He(9s—1 - 7595)7

for a certain positive step-size 75 (which we assume deterministic for simplicity), where Ile
is the orthogonal projection onto the set €. We then have, for any 6 € € (as opposed to
a fixed § = 7, the global optimum, like in regular optimization in Chapter 5),

10s — 012 < [0s-1—0]13—27s9] (0s_1—6)+~2B? by contract1v1ty of projections,
E[0s=0]3|Fs—1) < [10s-1=03 — 275 F(05-1) " (05—1 — 0) + 7B
using the unblasedness of the gradient,
105-1—0]13 — 275 [Fs(05—1) — Fs(0)] +~2B?, using convexity.

Taking full expectations and isolating Fy(0s_1) — F5(6), we get:

1 S
o (B[16.-1 — 613] — E[l6, — 013]) + 2 B2,

E[Fy(0s-1) — Fs(0)] < > 2

IThe square loss is not Lipschitz-continuous on an unbounded domain, but is, once constrained to a
bounded domain.
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We can then sum between s = 1 to s = t, to obtain

t

1< 1< 1 1 ,
ggE[sts—l)]_gng@) < ;Z2—%(IE[H95_1—6‘||2]_]E[Hgs_gu )

s=1

H—I»—l

t
Vs
2 5P

At this point, the proof is exactly the same as the one of Prop. 5.7, with only the
appearances of functions Fy that depend on s.

In Chapter 5 (that is, the proof of Prop. 5.7), we considered non-uniform averaging,
which is not adapted to the online setting (because the regret is based on a uniform
average). We could also use a constant step-size that depends on the horizon ¢ (which
then needs to be known in advance). By using Abel’s summation formula (discrete
integration by part), we can use a time-dependent step-size sequence (7ys), as, using the
notation d; = E[||6; — 6]|3], and for decreasing step-sizes:

t

i 1 1em 1 1<
B[R] =1 D R0) <535 (B =0 5 3 5B

s=1 s=1

S

from the last equation

do Vs 12
—_— = — 4+ = —B
* 2tn 2t’7t Z
using Abel’s summation formula

%Zdiam(@)z( 1 )+dlam Z%BQ

=1 29541 275 2ty
using that 6, < diam(€)? for all s,

Il
~ | —
1M
(=%
w
—~
—_
—_
SN—

N

_ diam(€ Z Vs g2
2t%
By choosing vs = di;"\l/(ge) , we get, using the same inequalities as for the proof of Prop. 5.7:

DI IOMIEES WAORE L) (112)

This is exactly the expected regret and essentially the same bound as stochastic opti-
mization in Section 5.4. Note that from such a bound, if all Fy’s are equal, we can do an
“online-to-batch” conversion using Jensen’s inequality and exactly get the bound for reg-
ular projected stochastic gradient descent (which is no surprise, as the proof is essentially
the same).

We show in Section 11.1.4 that the rate in Eq. (11.2) is, up to constants, the best
possible over all Lipschitz-continuous functions over a compact set.

Exercise 11.1 () In the unconstrained online optimization with smooth functions, that
is, assuming that each Fy is L-smooth, and C = R?, provide a regret bound for online
gradient descent.
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11.1.2 Strongly-convex case (4)

Assuming strong-convexity (e.g., by adding 4[|0]|3 to the objective function), we will
get a rate proportional to B?log(k)/(uk). Indeed, assuming that the functions Fs are
all p-strongly-convex on €. We can indeed modify the proof above with the step-size
vs = 1/(us), to get (with modifications in red):
165 =013 < [105—1 = 013 — 2759, (Bs—1 — 0) + 725
E[Hes - 9”%’55—1) < ”95—1 - 9”% - 2'75Fsl(95—1)—r(95—1 - 9) + 7332
<

g
”95—1 - 9”% - 2’75 [Fs(es—l) - F5(9)+%”9371 - 9“3} + 7§B2'

Taking full expectations and isolating function values, we get:

B[F(0.-1) = Fi0)] < (=5 BI04~ 01B] — 5

_ 2 s p2
5 E[16, - 0113] ) + 5 B>

We can then use the specific form of step-size to get

p p 1
E[Fy(fs-1) = Fs(0)] < 5(s = 1)E[[|0s—1 — 0]13] — 5 E[l16s — 0II3] + 5—B>.
2 2 2us
Then, summing between s = 1 to s = ¢, we obtain, with a telescoping sum:

t

% > E[Fi(0:-1)] — % > Fo(
s=1

s=1

t
1 1
22— B? < (1 +logt),

H~|>—A

using the classical log(t) upper bound on the harmonic series. Note the appearance
of log(t), which would not be the case if we had used the step-size v, = %1 like in Exer-
cise 5.29 (but which would require a different averaging scheme with weights proportional
to s). For online learning, it turns out that the logarithmic term is unavoidable (Hazan
and Kale, 2014).

11.1.3 Online mirror descent ()

In this section, we extend the online stochastic gradient descent recursion analysis from
Section 11.1.1 to the online mirror descent framework, which will apply to the regular
stochastic case as well.

Mirror map. We assume given a “mirror map” ® : C4 — R, which is differentiable
and p-strongly convex (on the set € C Cg) with respect to a norm || - ||, that is,

D(n) > B(0) + ¥'(6) (- 0) + Slln — 6], wn.6ee.

We also assume that the gradient ® is a bijection from Cp to RY. Classical examples are:

e Squared Euclidean norm: ®(6) = 1(|0(|3 with full domain, and norm || - [| = [| - |2,
with p = 1.
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e Entropy: ®(0) = Zle 0;log 6; with domain Co = (R%)?, and norm || - || = || - |1,
with 4 = 1 (a result which is equivalent to Pinsker inequality?).

e Squared £p-norms: ®(0) = %H@H% with full domain, for p € (1,2], and norm || - || =
I llps with g =p —1 (see proof of strong-convexity by Ball et al., 2002).

See also Exercise 13.2 in Chapter 13 for an example of mirror map for matrices.

Online mirror descent. We consider the same set-up as the beginning of Section 11.1.1,
that is, we have convex Lipschitz-continuous functions Fj, for s > 1, and we access an
unbiased (sub)gradient g, that is, if F5 denotes the information up to (and including)
time s,

E[gsw:sfl} = Fsl(esfl)-

The online mirror descent iteration is defined by:
1
0; = argmin g, (0 — 6;_1) + —Da(0,6,_1), (11.3)
oee v

where € is a compact convex set, Dg(0,7) = ®(0) — ®(n) — ®'(n) " (§ —n) is the Bregman
divergence associated with the mirror map ®, and v is a step-size. If € C Cg, then the
update is simply defined by ®'(6;) = ®(6:—1) — Yg¢.

Proposition 11.1 Given the mirror descent recursion in Eq. (11.3), assume that each
stochastic gradient has bounded expected squared norm E[||gs||?|Fs—1] < B, for all s > 1.
Then, for every 6 € C, we have:

zt:IE[F(H )-F(@)]<iD (919)+B—27
— s\Us—1 s \"Yt o\Y, Vo 2'LL

Proof The proof follows the same structure as for online stochastic gradient descent
in Section 11.1.1. From the optimality conditions of the update in Eq. (11.3), we have
(0 —0,)7 (vge + ®'(6¢) — ®'(6;—1)) >0 for all 6 € €. Given 6 € €, we have:

Dq)(ov ot) - D<I>(9; 915,1)

D(0r—1) + D' (0r—1) (0 — 1) — ©(6;) — @' (6:) " (6 — ;)

D(O—1) — R(0) + D' (0—1) " (0 — O1—1) + (' (,—1) — @' (6)) " (6 — 6y)

D(0r-1) — ©(6:) + ' (Br—1) " (0 — 0:—1) + 79, (6 - 6,)

—Da (0, 0:-1) —vg; (-1 — 0) — 79/ (61 — 61—1)

I
< =500 = 00l =79 (01 = 0) + 3l gell o160 = Ora ]l <

/AN !

H9t|‘§72
T - ”YgtT(ot—l - 9),

using the strong-convexity of ® and the bound on gradients. By taking conditional
expectation, we get:

BQ,.Y2

E[Dg(8,6;) — D (6, 6;—1)|Fr—1] < —YF/(0i-1) " (0,1 — ). (11.4)

2see https://en.wikipedia.org/wiki/Pinsker%27s_inequality.
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This leads to the desired result by using a telescoping sum and the convexity property
Fi(0:—1) — Fy(0) < Fl(0;—1) T (0s—1 — 0). |

We can make the following observations:

e We can optimize for the step-size when the optimization horizon ¢ is known. Indeed,
for D? = 2supy gce Da(0,0'), and the choice v = D\/i/(BV1), this leads to
the regret bound DB/\/ut. Alternatively, decaying step-sizes can be used like
for regular SGD (which corresponds precisely to the feature map ® = | - [3).

e With the online-to-batch conversion, we also get the same bound when all F}’s are
equal for the averaged iterate.

e A classical application is for the simplex € = {6 € Ri,zgzl 6; = 1}, and the
entropy feature map. The update becomes 6; x 6;_1 o exp(—7g:) (where o denotes
the component-wise product), with then a normalization step to sum to one, which
is a multiplicative update, and the regret bound is equal to By/2log(d)/v/t. This
regret bound would be of order v/d (instead of /Tog d) if the Euclidean feature map
was used.

Exercise 11.2 (Stochastic mirror descent for ¢;-regularization) In the context of

Prop. 11.1, we consider equal functions F, = F, and assume that E[||gs||% |Fs—1] < B?

for all s > 1, and that 69 = 0. Show that using mirror descent with the mirror map

o(0) = %HGH% for p € (1,2], we get, for the average iterate 6; = 1 ZS 105, the bound

E[F(0,)] < F(0) + 2= l0]2 + Z52210 For d > 2, show that with p =1+ L, the last
t)] = 27t 2(p—1) - =< p logd’

term is less than 2B%vlogd, and, if 0, is the minimizer of F', with an appropriate choice

of v, E[F(8,)] — F(6.) < 2Z10:Ii/load.

11.1.4 Lower bounds (44)

In order to prove a lower bound, following Abernethy et al. (2008), we consider the set
C={0ecRY Ht9||OO < 1}, and the linear (hence convex) function Ft(g) : R4 — R defined
as Ft(s) (0) = /0, for e, € {—1,1}¢ for all s € {1,...,t}. The gradient vectors g; are
then simply equal to ;. We here have the exact deterministic gradient, with constants

B = +/d and diam(@) = 2V/d.

To obtain a lower bound of performance, it suffices to show that for any sequence (6s),

ap 1) - 2 R

e€é

is lower-bounded for € a well-chosen set. As already used in proving lower bounds in
Section 3.7 and in Chapter 15, this is lower-bounded by the expectation for any distribu-
tion on &, which we take to be all independent Rademacher random variables (note that
the algorithm is deterministic, with no noise in the gradients, but the problem itself is
random).



298 CHAPTER 11. FROM ONLINE LEARNING TO BANDITS

The regret of any algorithm is + ZS 1 S 0s_1, which has zero expectation because 051
does not use the information of 55 Moreover, using that the /1-norm is dual to the £-
norm:

= e

Therefore, from the following lemma, the regret is greater than d|+ >, L (e | > d/(8V1),
which is equal to Bdiam(€)/(16+/%), a lower bound that matches the upper-bound from
SGD from Eq. (11.2), up to a constant factor.

Lemma 11.1 (Khintchine’s inequality) Let n € {—1,1}! be a vector of independent
Rademacher random variables (with equal probabilities for —1 and +1) and x € R%. Let
p € [0,00). Then

1
EllTnl") " < Byllell> (11.5)
with B, = (p 2p/2F(p/2))1/2, where ' is the Gamma function.® The bound B, is less than

3D forp > 1 and 2\/— for p = 2. Moreover, if p > (E“mele/P > ||lz|l2, and if
p < 2, we have:

(E[lzTnl?)) """ = BEP |2, (11.6)

We also have when p > 1, with 1/p+1/q =1, (IE[|:1:T77|p])1/p > B,z
Proof (¢) We have, for s = 2", and p > 0:

—+oo
E[|s”] = p / PIR([s] > A)dA
0

(which can be checked using Fubini’s theorem). We then compute directly:

d d
_ 1 ts 1 —ts\| _ 2 2
=TI (56 +5¢ ) = ilzll cosh(tz;) < exp(t?]|z[35/2),

i=1
using that cosha < exp(a?/2) for any o € R. Thus, for A > 0

P(ls| > A) < 2P(s > \) = 2P(e!® > &) < 2%r>1foe ME[e'*] using Markov’s inequality,

< 2inf e exp(t?]|23/2) = 2exp(=A*/(2[|]|3)), with t = A/|z]2.

Thus, through the change of variable p = \/||z||2:

—+oo

+oo
BllsP) <2p [ 00 exp(-X/@lalB)dr =l x 2 [ ot expl-u?/2)d
0 0

3See https://en.wikipedia.org/wiki/Gamma_function.
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Thus, for Eq. (11.5), we can take B} = 2p f0+°°)\P—1e—/\2/2d)\ = p2r/? f0+°°up/2—1e_“du =
p2P/2T(p/2), with the change of variable u = A\?/2. Through Stirling formula T'(p/2)/? ~

p/(2e), and thus B, ~ \/]%, and one can then check the bound B, < 3,/p for p > 1,
and B, < %\/ﬁforp > 2.

Assuming ||z||2 = 1 without loss of generality, we have, using Holder’s inequality:

1/ 1/
=E[lz"n*] < (Ell="nl"]) " (Eflz"n|7]) ",
which leads to the last lower bound.

Moreover, for p > 2, we have directly ||z[2 < (E[|z " n[?] )1/;)7 and to prove Eq. (11.6),
for p € [0, 2], we have by Cauchy-Schwarz inequality:

_ 1/2 _ 1/2
1 = Ella 9 = E[le P2z pl>"/?] < (B[l Tn[P]) " (Bl nl*P) Y
1/2 ,2—p/2
< (EllzTgP)) B
The optimal constant in Eq. (11.5) is B, = 1 for p € (0,2], and B, = v2(I'(p/2 +

1/2)/+/m)"/? if p > 2, while the optimal constant in Eq. (11.6) is A, = 1 if p > 1, and
A, =2Y27YPif p < 1.847.4 ]

Thus, with the notations of the lemma above:
1/ 4
Elle"0lP)) " > B .

This leads to E|lz"n| > |lz[|2B5? = ||lz/|2(3 - 23/21(3/2)) ™' > ||x||2/8 for the lower bound

for online learning.

Exercise 11.3 (¢) What would upper and lower bounds be if the regret criterion is re-
placed by E[Z _y asFy(05-1)] —infpee 1 Z _1 asF(0) for an arbitrary sequence (o) of
positive numbers?

11.2 Zero-th order convex optimization

In this section, we consider the task of unconstrained minimization of a convex func-
tion F', given only access to function values, which is typically referred to as zero-th
order optimization (since the function value is the zero-th order derivative of F, while
the gradient is the vector of first-order derivatives).

If the function values are accessible with no noise and the function is smooth, then
one can get a gradient by finite differences by defining the following estimate:

n-3 1

i=1

F(0 + de;) — F(0)]e; € RY, (11.7)

0q|P—‘

4See https://en.wikipedia.org/wiki/Khintchine_inequality.
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where (ez)le{l _____ 4y is the canonical orthonormal basis of R?, with arbitrary precision
when ¢ tends to zero. Indeed, using the smoothness inequality from Eq. (5.10):

d

d 252
| E"(6) — I3 = %Z F(0+ de;) — F(6) — F’(Q)Tziei] < < (L6%/2)° = dL7o .

4

62

Therefore, assuming for simplicity that algorithms have infinite numerical precision at
the expense of d+ 1 noiseless function evaluations (one at 6, and d at each 6+ de;), we can
compute the exact gradient, and use gradient descent. Note also that for many functions,
the gradient can be computed easily with automatic differentiation techniques (see, e.g.,
Baydin et al., 2018, and references therein). The problem is more interesting with noisy
evaluations.

In this section, we first consider for simplicity the case where f is convex and smooth
(that is, essentially with bounded second-order derivatives) but only accessible with a
stochastic first-order oracle (unbiased, with variance ¢?), for which, in Eq. (11.7), the
noise in the function values explodes when § goes to zero.

That is, we will consider the iteration

0p =01 —v[= (F(Oi—1 + 62¢) + & — F(0i—1) — ) 2],

| =

where (; and (] are zero-mean random variables with variance o2, corresponding to the

additive noise on the two function evaluations. By writing ; = {; — ¢, we get:

9t = 91&*1 - ’}/[ (F(Ht,l + 5Zt) - F(Gt,l) + Et)Zt}, (118)

SO

where £; corresponds to the noise with the two function evaluations at 6;_1 and 6;_1 424,
thus of variance 202, and z; is sampled from a distribution so that the mean is E[z;] = 0
and the covariance matrix is E[z;2,'] = I.

There are two natural candidates: (1) z a signed canonical basis vectors selected
uniformly at random (that is, +v/de;, with i selected uniformly at random in {1,...,d},
and a factor v/d to obtain an identity covariance matrix), which corresponds to a single
coordinate change like in Eq. (11.7), or (2) z standard Gaussian vector (with mean zero
and identity covariance matrix). We consider the second option, as this will lead to an
interesting property relating the stochastic gradient estimate to the gradient of a modified
function.

Note that if F' is defined as an expectation F(6) = E¢[f(6,£)], the stochasticity at
time ¢ comes from a sample &. We then compute the function values f(6,&;) at two
different points with the same &, and we can get an improved bound (see the end of
Section 11.2.1).

The key in analyzing the iteration in Eq. (11.8) is to study g = % (F(6+0z) — F(6))z,
for a certain # and z and a standard Gaussian vector.
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For ¢ small, a simple Taylor expansion around 6 leads to
1 1
9=73 (F(6+62)— F(8))z = 5(5ZTF’(9) +0(6%))z = zz " F'(6) + O(6).

Thus, by taking an expectation with respect to z, we get E[g] = F’(0) + O(9), that is, we
have an almost unbiased gradient (for § small), and we can thus expect to use stochastic
gradient techniques. It turns out that the analysis will be made even simpler through
integration by parts and the property of the Gaussian distribution.

In terms of variance linked to noisy evaluations, the term %stzt has zero mean, but

its squared norm has expectation E[H %EtZtH;} = 5%202d. Thus, it explodes when ¢ goes
to zero, thus leading to some trade-offs we now look at.

11.2.1 Smooth stochastic gradient descent

For simplicity, we consider an L-smooth function F defined on R? (see next section for
the non-smooth version).

An important tool will be to consider the function Fj: R? — R defined as
Fé(e) = EZNN(O,I) [F(9 + 52)]7 (119)

which is the expectation of F' taken at point distributed as a Gaussian with mean 6 and
covariance matrix §21.

Approximation properties. We can analyze the difference between F' and F5 when F'
is L-smooth:
V0 € R, F5(0) — F(0) = E.n(o,n [F(0 +62) — F(0) — 6F'(0) " z].

Thus, using Jensen’s inequality, we get F5(8) > F(0) and using the smoothness bound
from Eq. (5.10), we get:

W0 € B, 0< Fy(0) — F(6) < Bl = 204, (1L10)
Moreover, we can compute the expectation of the squared norm of the gradient estimate
B[ (P60 +52) - F6)]2]
< [Hé( (0+62) = F(6) — 6F'(6) 2)2[|5] + 2E[ 12T F'(0)]]
< 2IE[L252 1211S] +2F"(0) "E[||2||322 "] F'(0) using smoothness,

4

L2 52 L2 52

= = d(d+2)(d+4) + 2||[F'(0)||3 - 3d < 15d° + 6d||F'(0) |3, (11.11)

where we have used that ||z||% is a chi-squared random variable and that we get in closed
form E[||z||S] = d(d + 2)(d + 4) and E[||z|322 "] = 3dI (see the exercise below).
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Exercise 11.4 Show that for a standard Gaussian vector z € R? (with zero mean and
covariance matriz identity), then E[||z||$] = d(d + 2)(d +4) and E[||z||322 "] = 3dl.

Stochastic gradient descent. We can now analyze gradient descent and take condi-
tional expectations given the information F,_1 up to time s — 1, and use the standard
manipulations from Chapter 5, starting from:

1
95 — 9* = 9571 — 9* — ”yg(F(Gs,1 + 52’5) - F(Hs,l))zs —

SESZS;
to get, by expanding the squared norm:

E[”es - 9*”§|3’~st]

< 0s-1— 9*”% - 27Ft§(98—1)—r(6‘s—1 —0.) )
1 v
+272]E[HS(F(9571 +d25) — F(stl))erHg‘?sfl} + 2§E[5§H25”3]
< 0sm1 = Oull3 = 29 F5(Bs-1) T (51 — 65)
o (L*6° F3 G / 2 v 2
+29% - | 15d° + 6d||F' (6s—1)|5] +2(5_2 - 2do” using Eq. (11.11),
< s — 0.l — 29 [Fs(0s 1) — F(6.)
2
1572 L26%d® + 24L4%d[F (6, 1) — F(0.)] + 4dg—202 using co-coercivity,
L
< 051 = 0u3 = 29[F(05-1) — F(0.)] + 27 50%d

2
+159°L?6%d* 4 24L~d[F (s—1) — F(6.)] + 4dg—202, using Eq. (11.10).

Thus, if v < ﬁ, we have 24L~v%d < v, and we get:

E[l|95 - 9*||§|§s—1] < ||6‘S—1 - 6‘*”% - V[F(Gs—l)_F(e*)} +’7L52d

+£7L52d2 + 4d?;—§0’2
< oar = 013 = A [F(Oum) = F(0.)] + 29L0% + 4Ly,
leading to, taking full expectations:
E[F(0,-1)] — F(6.) < %(E[H@S,l —0.113] —E[)16s — 9*||§}) + 2L6%d* + 4d;—202.
Summing from s =1 to s = t, we get
1 ¢ 1 2 2 72 7 2
- ;]E[F(Gs_l)] —F(8,) < %Heo — 0.3 +2L0%d" + 4d 50, (11.12)

We can now analyze various situations depending on the presence or absence of noise (see
empirical illustration in Figure 11.1):
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e If 0 = 0, then we can take J as close to zero as possible and get the rate, with
v = ﬁ, for the average iterate 6; = % Zi:l fs—1, and using Jensen’s inequality:

E[F(0)] - F0.) < 20— 0.1 (11.13)

As suggested at the beginning of Section 11.2, we only lose a factor of d compared
to regular gradient descent in Section 5.2.4.

e If 0 > 0, we can optimize over § to get (assuming o is known), with the choice
§* = 2vo?L~1d~1, E[F(6,)] — F(0. ) < 160 — 0.3 + 2v2 - 412 20d?2. With
the maximal allowed step-size v = 3 dL, this leads to

_ 24Ld
E[F(6;)] — F(6.) 1160 — 0.3 + od.

N

There is convergence only up to the noise level with a limiting bound od. We can
also use a step-size v that depends on the horizon ¢, by taking v = mt_2/3,
leading to:

d
E[F(B)] ~ F(6:) < 75 [24L1160 — 0.]15 + o).

We not only lose a factor of d in the bound, but the dependence in ¢ is worsened
from 1/t to 1/t'/3. Note that (a) the natural rate for convex stochastic first-order
methods is O(1/+/t), and (b) the dependence in o could be improved if the noise
level were known.

Extensions. We can also consider the case where we can do two function evaluations
where one can check that we can essentially remove the variance term in d3z o? due to
two noisy evaluations, removing in Eq. (11.12) the last term, and thus w1th improved
behavior. For related lower bounds, see Duchi et al. (2015).

Exercise 11.5 When two function evaluations are available, compute optimal values of §
and v and provide an improved convergence rate.

11.2.2 Stochastic smoothing (¢)

In this section, we consider the case where F' may not be smooth, which leads to consid-
ering the nice effect of randomized smoothing. This randomized smoothing can simply
be explained by seeing Fs as the convolution of the function F' by the density of the
Gaussian distribution with mean zero and covariance matrix 621. Since this density is in-
finitely differentiable, a continuous function will be turned into an infinitely differentiable
function. One particular instance of this phenomenon is shown precisely below.
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6=0.01-0=0.01 6=0.10- 0 =0.01 6=10.00- 0 =0.01
——no averaging —no averaging
0 ——averaging 0 —— averaging 0
b u -
= s 2 = 2
- - -
-4 -4 —no averaging
—averaging
0 5 10 0 5 10 0 5 10
# iterations  « 104 #iterations  « 104 # iterations 104
6=0.01-0=0.10 0=0.10-0=0.10 0=10.00- 0 =0.10
0 0 ——averaging 0
< <
b e
s 2 z 2
- -
-4 ——no averaging -4 ——no averaging
——averaging —averaging
0 5 10 0 5 10 0 5 10
# iterations  « 104 #iterations  «10* # iterations 104

Figure 11.1: Zero-th order optimization with Gaussian smoothing on a quadratic func-
tion F' in dimension d = 10, with step-size v = 1/(4Ld): two different levels of noise
added to the function values, o = 0.01 (top), and o = 0.1 (bottom), with three different
smoothing constants, § = 0.01 (left), 6 = 0.1 (middle), and 6 = 10 (right). Performance
improves with smaller noise variance o2, while § should be chosen not too large (then too
much bias) and not too small (too much variance).
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——original
——smoothed - § = .1
——smoothed - § =.5

-1 -0.5 0 0.5 1
0

Proposition 11.2 (Randomized smoothing) Assume F is B-Lipschitz-continuous.
Then the function Fs : R? — R defined in Eq. (11.9) is also B-Lipschitz-continuous.

Morerover, it is (@B) -smooth, with gradient equal to
1
0
Moreover, V0 € R, |F5(0) — F()| < Bé/d.

Proof If F is B-Lipschitz-continuous, then for any 6,6’ € R?, we have

1Ez~N(O,1) [(F(9 + 52) — F(@))Z} .

EZNN(O,I) [F(6‘ + 52)2’] =

|F5(0) — F5(0')] = |E[F(0+40z) — F(6' +62)]| <E[|F(0+62) — F(0' + 6z)|]
< E[B||6—6'|l2] = B||6 — ]|z,

which shows Lipschitz-continuity of Fs. In terms of approximation, we have:
V0 € RY, |F5(0) = F(6)] < Esno.n) [|F(0462) = F(0)|] < BoB.no.n[l2]l2] < BSVd.

We can now use the expression of the multivariate standard Gaussian density to get:

1 1
Fs(0) = ——= | F(O+6 — =|nl3)d
5(0) e J, T+ exp (= 5lInll2)dn
Then, assuming for simplicity that we can differentiate through the expectation, we get,
by integration by parts:

B0 = 3 )d/z/ F/(9+577)6XP(——|I77II )dn
- (27T1>d 5 5F’<9+5n>exp<—5||n||§)dn
= (27T1)d 1/ 8F(%1—7|-577) eXp(—%llnll%)dvy
= (27T1)d/25/ FO+6 )3€XP(8—U%||77||%) dn by integration by parts,

- (271)(1/2(1;/ (9+577)eXp(—%||77||§)( n)dn = ]E[(s (0 +62)z
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That is, the gradient is equal to

Fi(8) = E[%F(@ + 5z)z] - E[% (F(6 + 62) — F(o))z]

B

The function Fj is ( B)-smooth, since for 6,60" € RY,

1 B
1F5(0) = F5(6)l2 < 5Banio,ny [[F(0+02) = F(O'+82)|l12]] < F110=6"l|2B=nio,nll12]2]
|

In other words, the expectation of the gradient estimate happens to be exactly the gra-
dient of a smoothed version Fs of F. This will be used in the proof below. More-

over, the expression of F§ as an expectation leads naturally to the stochastic gradient
Fi(0) = $F (04 6z)z — $F(0)z, for which we have: E[F(0)] = F}(0) and

E[|I£50)113] < E[B?[|ll3] < 4B%d%.
Stochastic gradient descent. We have, for 6, a minimizer of F on R?, by expanding

the square,

105 = 0.5 = [105—1 — 6.3 — 2%([F(6‘s—1 +025) — F(0s-1) + ES]ZS)T(HS—I —04)

2 i1E (0 5 F(8 2
AL PO +62) = F(Ou) 2]z}

We have, using the previous inequalities:

2
E[||0s — 0[|3|Fs—1] = 1051 — 0]|3 — 27 F3(0s—1) " (Bs—1 — 0) +27° - 4B*d* + 2)_ . 524,

52
leading to
1
Fy(0:-1) = F5(0) < Z(E[llesfl—eué} —E[l0: ~ 013]) + 1B + 5507
_ 1 _ 921 _ _ 2 22 7 2 Vd
F(fs_1)— F(8) < o E[l0s—1 — 6l13] —E[|l6s — 0]13]) + 4vB*d + 550 d+2BéVd.
We thus get
t
1 1 gl
=Y F(O,_1)—F(O) < =—|6o— 0|3+ 4yB?d* + o%d +2BsVd.
t;< D=FO) < ool =013 + 478 + 5o%d + 2BV

This leads to a similar discussion as for the smooth case in Section 11.2.1, for the choice
of step-sizes:

e When ¢ = 0 (no noise in function evaluations), we can take § as small as possible
so that rounding errors do not perturb the finite differences, and we then only lose
a factor of d compared to the standard subgradient method studied in Section 5.3.
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e When o > 0, then we can optimize over §, with % = yo2B~'v/d. We then get

t
1 1
SN FO, 1) = F() < —|6p — 0|2 + 4yB2d? + 3d%/341/352/3 B2/3,
t; (0s—1) — F(0) 271&” o — 0|3 + 4y + v o

To optimize the rate for large values of ¢, we can take v = W for a final rate

d1/2 ) ) ) d3/2
- _ /3 L
2t1/4(3 160 — 0|12 + 60 )+4t3/4.

11.2.3 Extensions

In this section on zero-th order algorithms, we have focused on optimization algorithms
with potentially stochastic noise, with a criterion which is the function values at the final
time. This can be extended to online learning formulations with a different function F; at
time ¢, then using the regret criterion in Eq. (11.1). Online zero-th order optimization is
significantly more complicated, and in the next section, we will focus only on multi-armed
bandits, which are optimization problems over finite sets and already lead to significant
theoretical and practical developments. For more general cases, see Hazan (2022).

11.3 Multi-armed bandits

This section aims to provide the simplest results for multi-armed stochastic bandits.
There is extensive and rich literature; see Bubeck and Cesa-Bianchi (2012); Lattimore
and Szepesvari (2020); Slivkins (2019) for a more detailed account.

Multi-armed bandits are the simplest model of sequential decision problems where
information is gathered as decisions are made and losses incurred, where the “exploration-
exploitation” dilemma occurs. Beyond being a stepping stone for many more complex
models, it directly applies to clinical trials or routing in networks.

We consider k potential “arms” with associated means p"), ..., u(®¥) € R. Every time
we select the arm i, we receive a reward sampled independently of all other rewards
and the previous arm choices from a sub-Gaussian distribution with mean p(¥, and sub-
Gaussian parameter o. At time s, we select the arm i based on the information F5_1 up
to time s — 1 (that is, the rewards received before time s — 1) and receive the reward rs.
In this chapter, we focus on “plain” bandits, noting that many variations exist where
limited feedback is given to the algorithm, in particular “contextual” bandits, where a
feature vector is observed before each arm is selected and where rewards are unknown
functions of the feature vectors.

Criterion for reward maximization. Our criterion is the expected regret (adapted
to the mazimization of rewards), equal to
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As opposed to online learning in the previous section, here we are not dividing
the regret by t.

Denoting AW = maxX;e(1,... k} p® — 1) > the difference between the mean of the

best arm and the mean of arm j, and ngj ) the number of times the arm 7 was selected in
the first ¢ iterations, we can express the regret as

Ry =Y AVE[], (11.14)

Thus, the regret is a direct function of the number of times each arm is selected. For all
algorithms, we consider the natural unbiased estimate of the arm means at time s, that
is,

. ()

NGO, N ()

Heo =0 > rolim = ) >,
t  s=1 t a=1

where we imagine we select rewards from a sequence of i.i.d. samples xfli) with mean p(9)

from each arm. This implies that as we select some arms multiple times, we get a

more accurate estimate of 1Y) as the expected squared distance between ﬂfﬂ ) and ' is

proportional to 1/ ngj ). To simplify the exposition, we ignore the equality cases among
the various estimated [ng ), which is safe as long as the distributions of the arm values are
absolutely continuous with respect to the Lebesgue measure.

11.3.1 Need for an exploration-exploitation trade-off

We can now consider two extreme algorithms, highlighting the need to both “explore”
and “exploit”.

Pure exploration. If we select a random arm at each step, then, from Eq. (11.14) and
E[nﬁj)] = £, the expected regret is ¢ - %Z?:l AU) and depends linearly in t, that is, we
have a “linear regret”. At time step ¢, we get a reasonable estimate of the best arm, but
this incurs a strong loss along the iterations.

Pure exploitation. The previous strategy was ignoring the online estimates ﬂfﬂ ). The
pure exploitation strategy does the opposite by only selecting the arm with the current
largest estimate, assuming that the first k steps are dedicated to selecting each arm only
once. This has linear regret because there is a non-zero probability that the best arm
will never be selected again.

Exercise 11.6 Provide a lower bound on the regret of the pure exploitation strategy.
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11.3.2 “Explore-then-commit”

If we consider mk steps where we select exactly each arm m times, we can build the m esti-
mates 1), ..., (¥ which are all independent random variables, with means ), ..., u(*)
and with sub-Gaussian parameters o2 /m. Let i, be the optimal arm.

We then select the arm with maximal ﬂgi for all remaining t — km steps. The regret
for this algorithm is then equal to, using Eq. (11.14), for ¢t > mk:

k k
R = mY AD 4 (t—mk) > ADPGED > @0 Vi # j),
j=1 j=1
where the first term corresponds to the first m steps, for which this is the exact contri-
bution of the regret, and the second term corresponds to the other (¢ —mk) steps, where
the arm j is selected if ﬂffl)k is maximized for ¢ = j.
We can now upper-bound the second term by only imposing that an arm j is selected
if [Lfﬁg ugnk) (noting that A(+) = 0):

k
< mZA + (t — mk) ZA ﬂgf;}c))
=1

j=
)
< mZA —i—tZA(J)exp( (AALJU)Q ),

JF i JF i

by using sub-Gaussian tail bounds (see Section 1.2.1) on the difference of the m arm

values between j and i, (that is, ugnk) — ugngc is a sub-Gaussian random variable with

mean AU) and sub-Gaussianity parameter 202 /m).
Two arms (k = 2). For k = 2 arms, the upper-bound is, with A = A® for i # i,:

A2
mA + tAexp ( — —m),
402
and we can minimize approximately with respect to m by taking the gradient with respect
to m (assuming for a moment it is not restricted to be an integer), leading to A =
A%t
WJ'

tf—z exp ( — %;Q”) that is, we consider the candidate m* = L‘lAL; log

Ift> A2 exp ( 7 ) then m* > 1, while it is always less than t/2. We then have a
regret less than (using loga < a — 1):
402 A2t A? 402 A2t

R los g tthew |~ o (Frlos g

402 AVt

- 1)} = % {exp(A2/(402)) + 2log 2\/_}

402 AVE
<17 p(a? AVEy

(exp(a/(40%) -2+ 222
which is less than a constant plus 40v/t. As shown below, this simple algorithm will
achieve the lower bound (up to constant factors) for all possible algorithms. However,
this requires knowing A and ¢ in advance to select m* appropriately.
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More than two arms (k > 2). We consider the event A = {Vi # i, 4" — u(® <
\/%, i) — () > —ﬁ}, where r is a constant to be determined later This event
is true if suboptimal arms are not too overestimated while the optimal arm is not too
underestimated. If the event A is true, then the loss in rewards for the last ¢ — mk steps

is \/% (since only arms with means that are less than 2\/—% away from the

optimal one can be selected), while it is less than § = max;;, A' otherwise. Moreover,
using sub-Gaussian tail bounds and the union bound, P(A¢) < kexp(—%).

Thus, the regret is less than

rt r2
Re S ko +2—— +(5ktexp(— F)

where the first term corresponds to the explore phase and the last two terms to the
commit phase.

With m3/2 ~ rt/(ké), we can minimize the first two terms and get
72 )
202)"

With r = 0/21og(kt), we then get Ry < 6+ 3t2/3k/3§1/35%/3 (2 log(kt))*/?, which grows
as t2/3 and does not achieve the lower bound (see a better algorithm in Section 11.3.3).

R; < 3(rt)Y3(k6)Y/3 + 6kt exp ( -

e-greedy. We can mix exploration and exploitation with the “e-greedy” strategy, which
will update estimates /i() but spread the exploration phase over iterations by selecting
with some positive probability a random arm. The final regret is similar to explore-and-
commit (Auer et al., 2002a).

11.3.3 Optimism in the face of uncertainty (¢)

We consider the classical “upper confidence bound” (UCB) algorithm (Auer et al., 2002a),
whose principle is simple. As arms are being selected, confidence intervals for the values

of each arm are maintained as [,ugl) (1), @) 4 1/(1)]. The arm that is selected is the
one with maximal upper-confidence bound MEZ) + Vt( ). This is one instance of the general

principle of optimism in the face of uncertainty (Munos et al., 2014).

The precise algorithm is as follows (assuming that o is known):

e For the first k& rounds, select each arm exactly once, and form /l,(f) as the reward
received for arm ¢, with 1/](:) = 1/2po?log(k = /2po?log(k), with p > 0 to
be determined later.

e For all other t > k, select the arm 7; which maximizes ug )1—|— ¢ )1, receive the reward,

and update, for all 4, ug " as the average reward received for all arms i € {1,...,k},

with the interval width ut(i) = 1/2p0c? log(t)/nti).
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The confidence interval lenght for arm 4 is naturally proportional to o/ nii) with an

extra factor that ensures sub-linear regret.
Thus, as illustrated below for k = 4, we have k confidence intervals, and we select the
arm with the largest upper confidence bound (here i = 4).

- (4) (4)

FONYO) Aﬂé) +u2 a® L@ b+ vy
t !
i A+ i @ @
0, ) p
i+ vy
OB

The analysis consists in upper-bounding E[ngz)} for i # i, and using Eq. (11.14), that

is, Ry = Z#i* A(i)E[ngi)], to obtain the regret bound. We follow the proof technique
from Garivier and Cappé (2011). For simplicity, we assume that there is a single arm i,
with maximal mean.

The main idea of the proof is to compare the upper-confidence bounds to the optimal
arm mean p(+). That is, for i # i,, we have:

t
E[n{’] = > P(i, =
u=1
t

t
Zp(iu = i,ﬂff)_l + ngl > pl)) + ZP(M = i,ﬂff)_l + ijll < ul))

u=1
t

< Y P(iw =il + o > )+ TPl + vl < pl), (11.15)

u=1 u=1
. . . . . . ~(1x) (1*) ~(7) (2)
since if we select arm ¢ at time w (i.e., iy, = 7), then f, " + vy < i1 + Vg q-

In order to bound ]P’(uq(f*)l + Vl(;*)l < H(i*))7 it is tempting to apply a concentration

inequality for the average of n( *) independent random variables distributed from the
optimal arm distribution. However, these variables are not independent because the
obtained reward and the choice of arms are not independent. Instead, we need to use
our sequence of i.i.d. samples x,(f*), a > 1, with mean (™), and bound the probability
that at least one of these u — 1 averages of i.i.d. random variables is less than the desired

bound. Thus, we have, from sub-Gaussian tail bounds, for v € {1,...,t}:
A (T4 T T 1
]P)(ui_)l + u—)l ( )) < Zexp(—plog(s)) < w1 < tpj

Thus, the right term in Eq. (11.15) is less than 277,
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We now bound the left term in Eq. (11.15), as follows, for ¢ > k:

¢
ZP Ty =1, /]EL) 1+ l/< g 1> /N*))
u=1
t . .
= ZP by = ivﬂSL + \/2/"72105%(“')/”7(;)71 > /L(l*))

u=1

t

< S P(iu = i+ y/200%08(0) /), > p)) since u <,
u=1
t u—1 s
1 . .
= Z P(zu = z,nu L=8, - Z:z:g) +/2po2log(t)/s > ,u(l*)).
s
u=1 s=1 a=1

We can now swap the two summations to get the bound

t s
. 1 , .
) ]P’('u—— () = 5,= > 2 + \/2po?log(t <Z*>)
by =1,n, 1 =38 Sa:lxa po?log(t)/s > p

t—1

s=1u=s+1
t—1 1 s
< 3p( 0 4+ \/2p0%1 > )
2 Szx +V/2po?log(t)/s > p
because the events {4, = i, nfﬁl = s}, for u € {s+1,...,t} are mutually exclusive. We

can then use sub-Gaussian tail bounds, which are non-trivial (that is, less than 1) as soon

as AW > /2po2log(t)/s, leading to a bound
2
Zexp 2palog(t )/s)+s/(202)]

When s > %, then the summand is less than exp [ — $(A®)2/(20?)], and that

part of the sum is less than, with k = 2(A®))2/(25?):

—_

iexp(—sn) ot 1 <= = L‘.Q_
l—e " e"—1 Kk (A0)2

Otherwise, we bound the probability by one, and get a term equal to %. Thus,

overall we get that

2 2
&)]  42-p , Spo-log(t) =~ 8o
E[”t ] ST+ (AD)2 + (A2

For p = 2, this leads to a regret bound

ZA ( 2) (1610gt+8))

(eI
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Figure 11.2: Upper-confidence bounds for £k = 10 Bernoulli arms with random means:
plot of upper and lower bounds as a function of time ¢ (left), and regret (right).

which happens to achieve the lower bound (up_to constants, see below). We can also

obtain a regret that does not blow up when A goes to zero. Indeed, we always have
k(9 .

Yoising < t, leading to

R, = Z A(i)E[ngi)] + Z ADE[R] for a certain A,
i AD<A i ADSA
< @
< Ay YA (1+ AP (1610gt+8))
i, AD>A

N

2
A+ Y AD 4 k%(l(ﬁlogt +8) <> AD 480 \/kt(logt + 2),

by optimizing over A, which is also optimal up to logarithmic terms (see below).

If p > 2, then we only pay an increase in the bound proportional to p, while if p < 2,
the upper-bound on regret can start to be super-linear (and thus vacuous).

Lower bounds. It turns out that with k& arms, the best that can be achieved is a regret

of order ov/kt, and for the instance-dependent problem, or order log(t) >, 4. A"—(Qi) (see,
e.g., Bubeck and Cesa-Bianchi, 2012).

Illustration. In Figure 11.2, we plot the performance of the UCB algorithm with k = 10
arms. In particular, the right plot highlights that the upper confidence bounds for all
arms tend to be equal.

11.3.4 Adversarial bandits (¢)

We finish this section on multi-armed bandits by studying a non-stochastic set-up referred
to as the adversarial set-up. We now have arbitrary reward vectors y; € [0,1]%, ¢ > 1, that
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may vary with time and are assumed deterministic, and at each time step, we choose an
arm i, and we receive reward ,u,g“). This context where the reward vectors are selected
in advance (but arbitrary and unknown) is referred to as an “oblivious” adversary, as

opposed to an “adaptive” adversary where the functions can depend on past information.

The regret is then

t t
(@) _ (is)
max 1 TS
Note that in this set-up, there is no randomness in the environment and that we receive
rewards that are elements of [0,1] and not sampled in {0,1} from that quantity. The
stochastic setting can be seen as a particular subcase (but for which other algorithms,
such as UCB, can be applied; see a comparison at the end of this section).

Impossibility of deterministic policies. If the choice of i; € {1,...,k} is determin-
istic (and function of the past information), then there exists a reward sequence (u¢) so

that ,ugi“) =0 and ugi) =1 for i # i;. After ¢ steps, at least one arm has been chosen less

than ¢/k times. For that arm 3°_, ) >t t/k, and thus the regret is greater than
t(1 — 1/k) which is linear in ¢.

We, therefore, consider expectations from a randomized algorithm.

Hedge algorithm (#). We start with the situation where a full reward vector pu; €
[0, 1]* is observed at every iteration (after the choice of action, which is sampled from the
probability vector m;—1 in the simplex in k& dimensions). The expectation of the reward
is then 7,y The Hedge algorithm (Freund and Schapire, 1997) consists in starting
with 7y uniform and updating m; as follows:

D exp(yp)

. - —
Ej:l ﬂ-gi)l eXp(’Yﬂz(e]))

where v > 0 is a free parameter. This happens to be exactly the online mirror descent
algorithm from Section 11.1.3, with no randomness, applied to Fy(7) = u/ 7, with the
entropy mirror map. We thus get immediately an expected normalized regret (with
respect to the randomization of the algorithm) less than /2log(k)/+/t for the choice

v = /2log(k)/+/t. We therefore get a (unnormalized) regret proportional to /tlog(k).

vie{l,...,n}, 7t =

Exp3 algorithm (#4). To tackle the bandit case with limited feedback, we follow the
same strategy as the Hedge algorithm but with an unbiased estimator of the vector p; €
[0,1]%, from which we only observe the component u,ﬁ“’, where i; is sampled from m;_1.

The estimator suggested by Auer et al. (2002b) is an importance sampling estimator

and leads to the “Exp3” algorithm. It is defined as ﬂff’ = ugit)li#t/ﬁg?l; it thus has

expectation ji;, and variance E[||fi¢]|2] < E[|lf|3] < S 1/7", | which is not enough
to get a non-explosive bound. However, an improvement on Prop. 11.1 may be obtained
for the simplex.
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Proposition 11.3 The mirror descent recursion in Eq (11 3) for C the simplea: and P

the entropy mirror map, s equal to 9?) 9(1)1 exp(— 7915 )/ZJ 19(J)1 exp(— 791: ) for all
i € {1,...,d}. Then, assuming that g; has almost surely non-negative components and

E[Zf 1 9£l)1(gs )2|Fs—1] < B? almost surely for all s > 1, for every 6 € C, we have:

2

(0,6p) + —

1 < 1
=D _E[F:(.-1) - F.(0)] < Do
s=1

Proof Following the proof of Prop. 11.1, we have Dg(0:,0:—1) + vg, (0; — 0;_1) =

—y Zle H(i 1gti) logz _,exp(— Wg,gi)), which, using Exercise 1.14, is greater than

2

-5 Zd 9151)1( @ )) . This leads to the desired result. ]

We can now provide a regret bound for the Exp3 algorithm by using Prop. 11.3 and
noticing that we need to bound IE[ZZ 17T§Z)1(ﬂs P Fs1] = Z?Zl(ul(el))z < k. This
leads to, after optimizing with respect to the step-size, a non-normalized regret bound
proportional to +/ktlogk.

From adversarial to stochastic. In the stochastic set-up, the UCB algorithms pro-
vided an un-normalized regret of order /ktlog k, which is the same as the regret of the
Exp3 algorithm, which is aimed at the adversarial setting. For an analysis of Exp3 in the
stochastic case, see Seldin et al. (2013) for a similar regret bound.

11.4 Conclusion

In this chapter, we have provided extensions to the classical independent and identically
distributed setting that is the book’s main focus. In the convex case, algorithms and
analysis were similar to the classical case, and seamlessly allowed arbitrary sequences
of functions to be optimized. In the bandit setting, where only partial information was
provided, a dedicated algorithmic framework was presented (optimism in front of un-
certainty). There are multiple extensions, as described byShalev-Shwartz (2011); Bubeck
and Cesa-Bianchi (2012); Hazan (2022); Slivkins (2019); Lattimore and Szepesvari (2020).
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Chapter 12

Over-parameterized models

Chapter summary

— A model is said to be over-parameterized when it has sufficiently many parameters
to fit the training data perfectly. While many overparameterized models can signif-
icantly overfit the data, the ones learned by (stochastic) gradient descent typically
do not.

— Implicit regularization of gradient descent: for linear models, when there are several
minimizers (typically for over-parameterized models), gradient descent techniques
tend to converge to the one with minimum Euclidean norm.

— Double descent: for unregularized models learned with gradient descent techniques,
when the number of parameters grows and when gradient descent is used to fit the
model, the performance can exhibit a second descent after the test error blows up
when the number of parameters goes beyond the number of observations.

— Global convergence of gradient descent for two-layer neural networks: in the infinite
width (and thus strongly over-parameterized) limit, gradient descent exhibits some
globally convergent behavior for a non-convex problem, which can be analyzed for
simple architectures.

In this chapter, we will cover three recent topics within learning theory, all related to
high-dimensional models (such as neural networks) in the “over-parameterized” regime,
where the number of parameters is larger than the number of observations. When regu-
larization is added to the estimation procedures, we have seen in Chapters 7, 8, and 9,
that estimation can be numerically and statistically efficient by adding penalties to the
empirical risk. In this section, we consider primarily non-penalized problems, with a

317
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regularization coming from the choice of optimization algorithm (here, gradient descent).

ization capabilities of regularized learning methods. See Section 3.6 and Sec-

f The number of parameters is not what generally characterizes the general-
tion 9.2.3.

12.1 TImplicit bias of gradient descent

Given an optimization problem whose aim is to minimize some function F() over with
respect to a parameter § € RY, if there is a unique global minimizer 6., then the goal of
optimization algorithms is to find this minimizer, that is, we want that the ¢-th iterate 6,
converges to 6,. When there are multiple minimizers (thus for a function which cannot
be strongly convex), we showed only that F(6;) — infgcge F'(6) is converging to zero for
convex functions F' (and only if a minimizer exists, see Chapter 5).

With some extra assumptions, it can be shown that the algorithm converges to one of
the multiple minimizers of F' (Bolte et al., 2010) (note that when F' is convex, this set is
also convex). But which one? This is referred to as the implicit regularization properties
of optimization algorithms, and here, gradient descent and its variants.

This is interesting in machine learning because, when F(6) is the empirical loss on
n observations, d is much larger than n, and no regularization is used, there are multi-
ple minimizers. An arbitrary empirical risk minimizer is not expected to work well on
unseen data, and a classical solution is to use explicit regularization (e.g., 2-norms like
in Chapter 3 and Chapter 7, or ¢1-norms like in Chapters 8 and 9). In this section, we
show that optimization algorithms have a similar regularizing effect. In a nutshell, gradi-
ent descent usually leads to minimum #s-norm solutions, in a similar way that boosting
algorithms were related to ¢1-norm regularization in Section 10.3. This shows that the
chosen empirical risk minimizer is not arbitrary.

This will be explicitly shown for the quadratic loss and partially only for the logistic
loss. These results will be used in subsequent sections.

12.1.1 Least-squares

We consider the least-squares objective function' F(6) = 5-|ly — X6||3 from Chapter 3,
with y € R?, X € R"*4 such that d > n and (for simplicity) X X T € R"*" invertible (this
is the kernel matrix). There are thus infinitely many (a whole affine subspace) solutions
such that y = X6, since the column space of X is the entire space R™ and 6 has dimension
d > n. We apply gradient descent with step-size v < % = )\max(%XTX)_l, which is equal
to )\max(%XXT)_l, starting from 6y = 0, leading to 6; = 6;_1 — %XT(XHt_l — ), and

IWe use X as a notation for the design matrix to highlight that in this section we will consider
predictions that are also linear in .
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thus we have
_ Y T _ Y T
X@t —Yy= Xﬁt_l -y — EXX (Xﬁt_l — y) = (I — EXX )(X6‘t_1 — y),
leading to, by recursion,

X0, —y=(I- %XXT)t(XQO —y)=(I- %XXT)t(—y). (12.1)

We thus get || X0, —y||3 < (1— %)\max(XXT))%HyH% and hence linear convergence of X6,
towards y, with a convergence rate depending on the condition number of the kernel
matrix XX .

Moreover, when started at 6y = 0, gradient descent techniques (stochastic or not) will
always have iterates 6; that are linear combinations of rows of X, that is, of the form
0, = X Tay for some oy € R™. This is an alternative algorithmic version of the representer
theorem from Chapter 7.

Since X6, converges to y, X6, = XX Ty, converges to y. Since K = XX ' is in-
vertible, this means that oy is converges to K 'y, and thus ; = X "oy converges to
X TK~1y. It turns out that this is exactly the minimum fo-norm solution as by standard
Lagrangian duality (Boyd and Vandenberghe, 2004):

e 1 , 1
9len]1£d §|\6‘||§ such that y = X0 = 9len]1£d asgﬂgl 5H9||§+0<T(y—X6‘)

1
= sup a'y— =|| X"l with § = X "« at optimum,
acR™ 2

T L T
= sup a y——-a Ka.
acRn 2
The last problem is exactly solved for o = K 'y, with at optimum # = X "a. Note that

in Chapter 7, we used this formula for function interpolation to compare different RKHSs
(see Prop. 7.2).

Lojasiewicz’s inequality (#). It turns out that the linear convergence obtained from
Eq. (12.1) can be obtained directly for any L-smooth function, for which we have the
so-called Lojasiewicz’s inequality:

1

v € B, F(9) - F(6.) < - |IF O] (12.2)

for some p > 0.

In Chapter 5, we have seen that this is a consequence of p-strong-convexity (Lemma 5.1),
but this can be satisfied without strong convexity. For example, for the least-squares ex-
ample, we have, for any minimizer 6,:

1 2 1
/ 2 v T _ _ _ TyvT T _
IF'(0)]2 = an X(0 9*)‘2 (0= 0.)TXTXXTX(0-0.)
+ T
> M(g_g*)TXTx(g_g*),

n2
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where AT, (XX T) =\ (XTX)is the smallest non-zero eigenvalue of XX T (which is

min min

also the one of X " X). Thus, we have
Amin () 2A min ()
1E @3 > 2t x (9 — 0,3 = Dol 1 g) — pp.).
Thus, Eq. (12.2) is satisfied with u = LAF. (K). Note that this includes also the strongly-

mm(XTX) 2 )‘mm(XTX)'

When Eq. (12.2) is satisfied, we have for the ¢-th iterate of gradient descent with
step-size 7 = 1/L, following the analysis of Chapter 5 (Prop. 5.3):

convex case since )\+

F(0:) = F(0.) < F(0-1) = F(0.) - HF Oe-0)l3 < (1~ Z) [F(0:—1) — F(6.)].

Moreover, we can then show that the iterates x; are also converging to a minimizer of F'
(see Bolte et al., 2010; Karimi et al., 2016, for more details).

12.1.2 Separable classification

We now cousider logistic regression, that is, for y; € {—1,1},i=1,...,n,
1 n
F(0) == log(1 —yix] 0)), 12.3
(9) ngog( +exp(—yjz] 0)) (12.3)
with X € R"*? the design matrix (with rows equal to the input vectors z, ..., z,) such

that d > n and the kernel matrix XX T € R™*" is invertible. In the regression setting,
interpolation corresponds to X6 = y; in the classification setting, we predict perfectly
if and only if sign(X6) = y, which happens when y o (X6) (where o is the component-
wise product) has strictly positive components. Such an interpolator always exists (for
example, the one for regression on y).

Maximum margin classifier. Since XX | is invertible, there exists € R? of unit
norm such that Vi € {1,...,n}, y;z/ n > 0 (e.g., as mentioned earlier, y = X (X X T)~1y).
We denote by 7. the one such that
: T
min  y;x;
ic{l,...n Yiti 1

is maximal (and thus strictly positive). We denote by % > 0 its value. This 7, solves the
following problem, which can be rewritten as, using Lagrange duality:

1
—= sup min yz,;n = sup t suchthat Vie {l,...,n}, vz, n>t
P ||n||z<11€{1 o} Inll2<1,t€R

n
= inf sup  t+ Y oy, n—t)
€EL |1pll2<1,1€R ; '

E QY g
‘ 2
=1

= inf
n
a€RY

such that Zai =1, (12.4)
i=1
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with 7 o >0 | a;y;z; at optimum. Moreover, by complementary slackness, a non-
negative «; is non zero only for ¢ attaining the minimum in min;e(1, .. n} ylx;rn

Reformulation as an SVM. Because of positive homogeneity, we aim to have the
quantity min;eqy . ny yiz, n large and |||z small, and we can decide to constrain the
first and minimize the second one. In other words, we can see 7, as the unit-norm
direction of the solution 8, of the following optimization problem (with now non-negative
Lagrange multipliers aq, ..., ap):

1 1
inf —|0]|3 such that Diag(y)X6 > 1, inf sup =|0||3+a’ (1, — Diag(y)X6)
6eRd 2 9€R? qern 2

1 .
= sup a'l, — §||X—r Dlag(y)a”%
aERi

with §# = X T Diag(y)a at optimum.

Note that above, Diag(y) X6 > 1,, is the compact formulation of the inequality constraints
Vi € {1,....,n}, yiz/ 0 > 1. Given n, 0 is equal to n/ min;e g, 0} vz, n, so that the

optimal value of the problem above is % p2.

The vector 6, above is the solution of the separable SVM from Section 4.1.2 with
vanishing regularization parameter, that is, of $[|6[13 +C Y7, (1 — y;z/ 6)4 for C large
enough. See Section 4.1.2 for an illustration.

R

Divergence and convergence of directions. Because the logistic loss plotted below
is strictly positive and tends to zero at infinity, the function F' in Eq. (12.3) has an
infimum equal to zero, which is not attained. However, for any sequence 6, such that all
yix] 0y, i =1,...,n, tend to +00, we have F(6;) — infycra F(0) = 0.

loss

“yp(z)T0

In such a situation, gradient descent cannot converge to a point, and it has to diverge
to achieve small values of F. It turns out that it diverges along a direction, that is,
[164ll2 = +o0, with m@t — 1 for some n € R? of unit f5-norm. That direction 7 has

to lead to perfect classification (that is y;zn > 0 for all i € {1,...,n}). Among all
of them, the direction 7 is exactly the maximum margin one, that is, which maximizes
min;ery, . n} yiz, n > 0. See Gunasekar et al. (2018) for a detailed proof. Here, we just
give a simple argument on a slightly modified problem.
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Gradient flow on the exponential loss (#). We consider instead the logarithm of
the empirical risk associated with the exponential loss G(6) = log [ Y"1 | exp(—yiz; 6)],
which is asymptotically equivalent to the logistic loss for y;z, 6 tending to infinity for all

i €{1,...,n} (which is the case when gradient descent diverges). Moreover, we replace
the gradient descent recursion 6; = 6;_1 — vG'(6;—1) by the gradient flow
¢ (1) = =G'(&(7)). (12.5)

This ordinary differential equation approximates gradient descent for vanishing step-sizes,
as &(yt) ~ 0; for v tending to zero. The use of gradient flows instead of gradient descent
is a standard theoretical simplification that allows the use of differential calculus (see,
e.g., Scieur et al., 2017, and references therein).

We have, for all § € R%:

-y Yi; exp(— YiZ; 9
G/(Q) = 21711 QY L,
Zi:1 eXP( Yyix ?9 Z

e T
for a; = %, for i € {1,...,n}, leading to a in the simplex (with non-

negative components and summing to one). Thus, from Eq. (12.4) defining the maximum
margin hyperplane, we get:

1
IG" @) = - (12.6)
P
Moreover, comparing maxima and soft-maxima,?, we get:
—log(n) — min gz 0 <GO) < — min  yx] 6.
ie{1,...,n} ie{1,...n}

We thus have a flow 7 — &(7) that cannot converge as by Eq. (12.5) and Eq. (12.6),
I€"(T)|l2 = 1/p. Moreover, it maximizes a function that is a constant away from the
margin. Therefore, it has to diverge along a direction that maximizes this margin. We
now make this reasoning precise.

By integration by part, using G({( ) = G'E)TE () = —||G'(&(T))]]3 and
Eq. (12.6) twice:

ein yilE(r) > ~GE() ~ log(n)
- / 1 (€(w)) B~ log(n)
> /||G’ Dladu —log(n)  (12.7)
> —G<s<o>>+p27—log<> (123

2We use 0 > log (% S ) — max;e(1,....n} 2 = log (% Son, eFTAGE{L ) %) > log(1/n).

,,,,,
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(note that Eq. (12.7) is not needed to derive Eq. (12.8), but will be used later). Thus,
from Eq. (12.8), for 7 > p*[log(n) + G(£(0))], we have a non-negative lower bound.

Moreover the derivative of 7 — ||€(7)||2 is T — —G’({(T))T(%), and its magnitude

is less than |G’ (£(7))||2- This implies by integration that

el < 16 + |16 ad
We thus get from Eq. (12.7) and Eq. (12.6):
~G(&(0)) + 5 [ IG"(€())]|2du — log(n)
min T(Eo-) > 0
iefl,.., }yz (IIE(T)II2) 2 1€(0) H2+fo HG/ ))Hgdu
—G(&0)+5 (€O 1245 \G' ))szu)—%H§(0)Hz—log(n)
1€O) |2 + fo 1G"(€(w))]|2du
_ 1, ~CEO) KOt
P €O+ fyllG(E ))||2du
1 G(§0)+511£(0)[2+log(n (
%5 O e [ 16 Ew

The lower bound above tends to 1 when 7 tends to infinity, which is the maximal value.
We thus get convergence to the maximum margin hyperplane.

||2du> —.
1%

Alternative proof (#). We provide another informal derivation based on gradients.
The gradient F’ () of the original objective function based on the logistic loss is equal to

__1 exp(—yix] 0)
F/( ) Zz 1 14exp( UZITG)yle
Asymptotically, 0; will behave as ||0;||n, with ||6¢]|2 tending to infinity. Thus, because
we have a sum of exponentials with arguments that go to infinity, the dominant term
in F(6;) corresponds to the indices i for which —y;z7 is the largest. Moreover, all

of these values must be negative (indeed, we can only attain zero loss for well-classified
training data). We denote by I this set. Thus, asymptotically,

1
F'(00) ~ —— Zy exp(—|0;]|2yiz] n)w;
iel
Moreover, if we admit for simplicity that F’(6;) diverges in the direction —7, thus 7 has
to be proportional to a vector Ziel o;y;z;, where a > 0, and «; = 0 as soon as @ is

not among the minimizers of y;z/ n. This is exactly the optimality condition for 7, in
Eq. (12.4). Thus n = 7.

Summary. Overall, we obtain a classifier corresponding to a minimum #s-norm sepa-
rating hyperplane. See examples in two dimensions in Figure 12.1. Note that gradient
descent on the logistic regression problem may not be the most efficient way to obtain
a maximum margin hyperplane. See convergence rates by Soudry et al. (2018); Ji and
Telgarsky (2018) and a simpler subgradient algorithm below.
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t=11

Figure 12.1: Logistic regression on separable data estimated with gradient descent on the
unregularized empirical risk, at various numbers of iterations ¢. This is implemented by
minimizing the logistic loss function with data (””1) € R3. The dotted line represents the
maximum margin hyperplane, while the plain line represents the current classification
hyperplane.

Subgradient method for the hinge loss and perceptron (¢). For linearly sepa-
rable data, dedicated algorithms exist that are explicitly or implicitly based on the hinge
loss. If we consider the “margin” p > 0 defined as

= eiand [0]l3 such that Diag(y)X6 > 1,. (12.9)
S

To obtain a linear separator, one can use the subgradient method from Section 5.3 applied
to the cost function

F#)= max (1—yzx/6),.

ie{l,...,n}

The iteration is

0, =0;_1 +71yitz£‘9t—1<1yit$it7 (1210)
where i; € argmingey, .. n) yiz, 0,1, and v is the step-size. With @, being the minimizer
in Eq. (12.9), we have F(0.) = 0 = mingcga F'(0), and after ¢ steps, following the analysis
of Prop. 5.6, we get:

. ,YRZ p2
F,) <—+ —.
i E) S 5o
The quantity above is less than € as soon as 'YTRZ + QP—; < ¢, which can be achieved by
¥ = 4 and t = g_i - P1§2, thus an objective function less than ”—\/I%. If F(0;) < 1,

then, following Section 4.1), we have linearly separated the data, which happens as soon
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as we have t > (pR)?. The iteration in Eq. (12.10) is a variation on the perceptron
algorithm (Rosenblatt, 1958; Novikoff, 1962), presented in the exercise below.

Exercise 12.1 Eztend the analysis above to the stochastic gradient algorithm for the
objective function F(0) = 13" (1 — y;a] 0);. What can be concluded when the data
are i.9.d. and a single pass over the data is made?

Exercise 12.2 (perceptron) In the same set-up as above, we consider the iteration,
started at 0y, that at time t looks for an iy € {1,...,n} such that yita:iTt@t,l < 0 and, if

found, implements the update 0y = 6,_1 + y;,x;,. Show that all points are well-classified
if the number of iterations is greater than (pR)?.

12.1.3 Beyond convex problems (¢)

The implicit bias of gradient descent can be observed and analyzed in various models,
beyond linear ones. In this section, we focus on diagonal linear networks, where the
analysis of gradient flows is reasonably simple. We highlight the potential difference in
implicit biases depending on the chosen learning algorithm.

We consider our traditional least-squares model with design matrix X € R™"*¢ and
response vector y € R™, with the least-squares objective function: F(0) = 5-|ly — X 6|3,
where d > n, and with an invertible kernel matrix XX T € R™*", leading to infinitely
many minimizers. We consider different learning dynamics, which we study in continuous
time for simplicity.

From gradient flow to mirror flow. The gradient flow dynamics on @ is the ordinary
differential equation (ODE):

Lot = —F(0(1)) = X (X0(1) ~ ).

As shown in Section 12.1.1, 0(t) converges exponentially fast to the minimum ¢5-norm
interpolator. This can extended to the continuous-time limit of mirror descent presented
in Section 11.1.3. If we consider a p-strongly convex mirror map ® : R — R, the
mirror descent recursion is defined as ®'(Gy41) = @ (Ax) — vF'(A1), and we obtain the

continuous-time limit by setting 6(vk) = 0, leading to the ODE:

d _, ’
S (0(t) = —F'(60(1), (1211)

which is equivalent to ®”(6(t)) £0(t) = —F'(8(t)) = —2X T (X0(t) — y). This leads to

L 1X0(1) — 9] =~ X" (0(1) X T [X0(1) — ],
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which in turn leads to
d 9 2
Slxew -vi3) = -2
B 2)\min(XXT)
i

[(X0(t) —y]" X" (0(t) " X T [X0(t) —y]

< 1X6(t) - yli3-

Thus, like for the gradient flow dynamics, X60(t) converges exponentially fast to y. Since
from Eq. (12.11), ®'(0) is of the form ®'(6) + X T« for some o € R™, the corresponding
limit o (with the corresponding ., such that &' (f.) = ®(6p) + X ") of aft)
when ¢ tends to infinity is such X6, = y and ®'(0) = ®'(0y) + X "aeo, which is
exactly the interpolator of the data with minimum value of the Bregman divergence
Dy (6,80) = ®(0) — ®(8o) — ®'(6o) " (6 — bp).

Diagonal linear networks. Following Woodworth et al. (2020), we consider “diagonal
linear networks”, which are simple hidden layer neural networks defining a prediction
function of the form

d
f(z) = (uov) e = Zujvjxj,
j=1

for u,v € R? and u o v denoting the pointwise product. This is thus an alternative
(non-linear) way of defining a linear model defined by § = u o v. We study the gradient
flow dynamics for the objective function G(u,v) = F(u o v), that is,

d oG

Sult) = =S u(t),0(0) = —F'(u(t) o v(t) o v(0)
d oG /
Zolt) = =S (), 0(t)) = —F/(u(t) o v(t)) o u).

We thus have % [uou(t)—vou(t)] = 0, and therefore uou—vov is a constant function. If we
initialize v = 0 and u the constant vector equal to o € R, we have uou(t) —vouv(t) = a?1,4
for all t > 0. Thus, for §(t) = u o v(t), we have:

d d d )
2100 = u(t) o o) +v(t) o —u(t) = —F'(0(1)) o (uou(t) + vou(t)).

Moreover, we have §o(t) = (uou)o(vov)(t) = [uou(t)+vou(t)]*— [uou(t) —vouv(t)]?.

Thus, we obtain the following ODE for each component 6; of 6:

d
at%—(zt) =—F"(0(t));1/40;(t)% + o
It can be exactly cast as a mirror flow with mirror map ®(0) = E;l:1 q(8;) for q a

—1/2

convex function such that ¢”(n) = (4n* + a?) . By integrating twice, one obtains,

3By duality, we have infxg—, ®(0) — ®'(60) "0 = sup,cpn infgcpa ®(0) — ®'(60) 70 + o (y — X0),
which is equal to supgecpn @'y — ®*(¥/(00) + X T «), with optimality conditions ®'(0) = ®'(0p) + X T«
and X0 = y.
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with imposing ¢'(0) = 0:

1 1
¢'(n) = 5 argsinh(2n/a?) = —loga + - log 21 + Vo' + 4],

and then, imposing ¢(0) = 0, we get an even function of n defined as:
2

q(n) = gargsinh(%/az) + % [1—v/4n?/at + 1]
2
o

1
= glog 20+ Val + 42| = 2V A2 + ot + —

n 2
— =1 .
5 og«

When « tends to 400, we get g(n) ~ Z—z, and thus the implicit bias converges to the
Euclidean norm, and we recover the traditional geometry of gradient descent directly
on 6.

However, when « tends to zero, we get ¢(n) ~ |n|log é, and thus the implicit bias
corresponds to the ¢1-norm, showing how non-convex optimization can lead to a different
implicit bias. See more details by Woodworth et al. (2020), and an analysis of the extra
regularizing effect of stochastic gradient descent by Pesme et al. (2021).* Note that the
analysis above for diagonal networks explicitly shows quantitative global convergence of
the gradient flow for a non-convex objective; we consider in Section 12.3 qualitative results
which apply more generally.

Beyond linear networks. Characterizing the implicit bias of gradient descent can be
done in more complex situations. For example, Chizat and Bach (2020) show that with a
neural network with ReLu activations and infinitely many neurons estimated by gradient
descent on the empirical logistic loss, then in the infinite width limit, we get a predictor
that interpolates the data, with a minimum specific norm, for norms which are exactly
the ones obtained in Section 9.3.5

12.2 Double descent

In this section, we consider a recent and interesting phenomenon described in several
recent works (Belkin et al., 2019; Mei and Montanari, 2022; Geiger et al., 2020; Hastie
et al., 2019), which shows a particular behavior for overparameterized models learned by
gradient descent.

12.2.1 The double descent phenomenon

As seen in Chapter 2 and Chapter 4, typical learning curves look like the one below.

4See https://francisbach.com/implicit-bias-sgd/.
5See https://www.di.ens.fr/~fbach/ltfp/wide_implicit_bias.html for more details.
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Errors
A

underfitting — <— overfitting

> “size” of function space

Typically, the “capacity” of the space of functions H used to estimate the prediction
function is controlled either by the number of parameters or by some norms of its param-
eters. In particular, when there is zero training error at the extreme right of the curve,
the testing error may be arbitrarily bad. The bound that we have used in Chapter 4,
such as Rademacher averages for 3 controlled by the f2-norm of some parameters (with
a bound D), grows as D/4/n, which can typically be quite large. These bounds were
true for all empirical risk minimizers. In this section, we will focus on a particular one,
namely the one obtained by unconstrained gradient descent.

When the model is over-parameterized (in other words, the capacity gets very large),
that is, when the number of parameters is large, or the norm constraint allows for exact

fitting, a new phenomenon occurs, where after the test error explodes as the capacity
grows, it goes down again, as illustrated below.

Errors

A
underfitting overfitting over-parameterized regime

-
>

“size” of function space

T~ o _______

interpolation threshold

This section aims to understand why, starting from empirical evidence.

There may be no double descent phenomenon if other empirical risk minimizers
are used instead of the one obtained by (stochastic) gradient descent.

12.2.2 Empirical evidence

Toy example with random features. We consider a random feature models like in
Chapter 7 and Chapter 9, with features (v'x), for neurons v € R% sampled uniformly
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on the unit sphere. We consider n = 200, d = 5 with input data distributed uniformly
on the unit sphere, and we consider outputs y = (% + (v;rx)2)_l +N(0,0?), with o = 2,
for some random v,.

We sample m random features v1,...,v, € R? uniformly at random on the sphere,
and we learn parameters § € R™ by minimizing

n m

3 (5= Do 00w )+ AIOIB. (12.12)

We report in Figure 12.2 train and test errors after learning with gradient descent
until convergence: (left) varying m with A = 0, (right) varying A with m = 400 (we can
perform estimation for m = 400 efficiently because we can compute the corresponding

positive-definite kernel k(z,2’) = E,[(v x) (v "2") ], see Section 9.5).

Feature cardinality Regularization parameter

—train —train
—test —test

-
)]
-
)]

test error
)

test error
)

[6)]
[6)]

0 0
0 50 100 150 0 5 10

number of random features -Iogm()\)

Figure 12.2: Classical learning curve: (left) train and test errors as functions of the
number of random features, always less than the number of observations, (right) train
and test errors for ridge regression with the same features (i.e., using ¢o-regularization).

In the left plot of Figure 12.2, the number of random features m is less than n as
the test error diverges. But, when this number m is allowed to grow past n, we see the
double descent phenomenon in Figure 12.3. Similar experiments are shown by Belkin et al.
(2019); Geiger et al. (2020); Mei and Montanari (2022), in particular for neural networks.

No phenomenon when using regularization. When an extra regularizer is used,
that is A # 0 in Eq. (12.12), then the double descent phenomenon is reduced. In par-
ticular, if the regularization parameter \ is adapted for each m, then the phenomenon
totally disappears (see Mei and Montanari, 2022, for more details).

12.2.3 Linear regression with Gaussian projections (4)

To provide some theoretical justification for the double descent phenomenon, we consider
a linear regression model in the random design setting, with Gaussian inputs and Gaussian
noise.
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Feature cardinality
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number of random features
Figure 12.3: Double descent curve: train and test errors as functions of the number of
random features. For m < n = 200, this is exactly the curves from Figure 12.2 (left).

That is, we consider a Gaussian random variable with mean 0 and covariance matrix 3
the identity matrix, with n observations x1, ..., x,, and responses y; = xlTG* +¢&;, with ¢g;
normal with mean zero and variance o21.

To have a unique prediction problem with a varying number of features, we consider
additional random projections, that is, like in Section 10.2.2,° we consider a random
matrix S € R?™ with independent components all sampled from a standard Gaussian
distribution (mean 0 and variance 1). The main differences are that (a) we will per-
form an analysis in the random design setting, and (b) we will also need to tackle the
overparameterized regime m > n.

We will compute the expectation of the risk of the minimum norm empirical risk
minimizer (as detailed in Section 12.1.1), which is the one gradient descent converges to.
See Bach (2023a) for further more precise asymptotic results using random matrix theory.

We denote by X € R™ ? the design matrix, and Y = %X TX the non-centered
covariance matrix, and by K = XXT € R™ " the kernel matrix. We will need to
compute expectations with respect to the data X, e and the random projection matrix S.
The estimator 0 is equal to S7 with 7 € R™ a minimizer of ||y — X Sn||3.

The excess risk is denoted R(A) = (6 — 6,)%(0 — 6,), and we now consider the two
regimes m > n (underparameterized) and m > n (overparameterized). In both cases,
as already seen in Chapter 3, the expectation of the excess risk will be composed of two
terms: a (squared) “bias term” fR(biaS)(é) corresponding to o = 0, and a “variance term”
Ra1) (§) corresponding to 6, = 0.

Underparameterized regime. In the under-parameterized regime where n > d, the
minimum norm empirical risk minimizer is simply the ordinary least-squares estimator.
We denote by 1, = (ST2S)"1ST%6, € R™ the minimizer of (8, — Sn)"X(0. — Sn). We
have Sn. = IIgf, with Ilg = S(STXS)"1STY € R?¥*4 which is a projection matrix such
that Hss = S, HQS = HS, and ngns = ZHS.

6For an analysis without random projections, see Hastie et al. (2019).
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If m < n, the estimator is obtained from the normal equations ST X "X S/ =S"X Ty,
and can be expanded using 6, as follows:

6 = SH=S(S"X"XS8)1STX Ty
= S(STXTXS)1STX X0, +S(STXTXS)'STX e using y = X0, +¢,
= NO,+SSTXTXS)18TXT e,

with N = S(STXTXS)"1STXTX. Conditioned on S and X, the expected excess risk
is equal to:

E.[R(0)] = o?tr (XS(STXTXS)1STES(STXTXS)'STXT) +||=V/2(NO, - 6.)
= 2t (STES(STXTXS)™) + tr (N6, —0.) " S(N0. —06.)).

2

For the variance term (first term above), for S fixed, since X has a Gaussian distribution,
the matrix STX T XS is distributed as a Wishart distribution with parameter ST XS and
n degrees of freedom (see, e.g., Haff, 1979, for computations of moments of the Wishart
distribution). Thus, if n > m + 1, we have:

K (STXTXS) ) = (57w,
sl s : : (var) (9 (var) (9 a’m :
which in turn implies Eg x . [TR (6‘)} =Ex,. [TR (6‘)} = independently of
n—m—

the choice of the sketching matrix S.

For the bias term, the computation is more involved. We expand

Ex.. [RO2) ()] Ex[tr (N8, —6.) S(N6. —6.))]
= 0]%0,4+20]2S(STXTXS5)"1sTXT X0,
+0] XTXS(STXTX8)1sTes(STXTXS)"1sTx T X,.
To compute the expectation, we will first condition on X .S and use the Gaussian condition-

ing formulas from Section 1.1.3, which leads to, for any matrices A and B of appropriate
sizes (proof left as an exercise):

E[X|XS] XS(STeS) 18Ty = XIIg
E[tr(AX"BX)|XS] = tr(AllgX ' BXIg) + tr(B)tr(AS(I —IIg)).

This leads to, with .S assumed fixed, using the identities above:
Ex,[RP*)(@)] = 0]20, +Ex[20,25(STX"X9) ST X XTIs6.]
+Ex [0/ I X TXS(STXTXS)'STeS(STXTX8) ST X T XIs0, ]
+Ex [tr (XS(STXTXS)'STES(STXTXS)'STXT) - tr (6.0] 2(I —g))].
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Now, using properties of Ilg, we get:

Ex.[RP*)(9)] = 6]%0. +Ex[20]25(ST2S)"'ST50,]
+Ex [0/ 2S(STES) 1S TES(STES) ST, ]
+Ex [tr (STES(STXTXS) ™) - tr (0.0, (I — S(STES)'STY))].

We can now group some terms and use HgZHS = Yllg to get:
Ex[RO™S(0)] = 615 —Tig)p. - [1+Ex[tr (STRS(STXTX8) )]
_ T _ ) T —1¢T
— 9TS(I - )b, (1 Ftr (n_ ———(57z8)7's zs)),

using expectations of Wishart random variables. Overall, we get:

Ex . [RP9) (@) = 0]S(1 —T0g)6. - n—1

n—m-—1
-1
= 0] (2-%8(STRS)LsTR)e,  ———
( ) ) n—m—1
We can further bound the bias term; we have, for S Gaussian, following the same rea-
soning as in Section 10.2.2:

Es[0,) (I-Tlg) " S(I-11s)0.]

= Eg [nlgﬂi%% (0. — Sn)"S(6. — Sn)] by definition of IIs,

< Eg [gnin (0, —SST€) TS0, —SST€)] with i constrained in the column space of S,
< gmm Es[(0. — SSTE)TR(0, — SSTg)} by swapping minimum and expectation,
€R

= min (9329* —2¢TE[SST]N0, + gT]E[SSTESST}g) by developing,
EERE

=6) (E —XE [SS’T]( [SSTESS’T]) IE[SS—r )9* by minimizing in closed form,

= 0] (E —mI((m+1)T + tr(T ) using Wishart expectations,

= 0] (S + (D)) ((m+1)T + tr(Z)I) 'y

2tr(%) tr(X) N\~ 2tr( ) 5 .
— « S 10412, < 1.
o] -0, ( + o 1]) 0 1 10«5, using ¥ < tr[X] - T

N

Overall, for the underparameterized regime, we obtain an upper-bound equal to

times UQTm + 2;54(3) - 10«13, which a similar excess risk bound as for ridge regression
from Section 3.6 and Section 7.6.4, with tr(X)/m playing the role of the regularization
parameter, but with the extra term 1/(1—m/n) due to the random design setting and the
lack of regularization. This leads to a classical bias-variance trade-off with a U-shaped

curve. See Bach (2023a) for sharper results.

I S
1-m/n
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Overparameterized regime. In the overparameterized regime, when m > n, then
the kernel matrix is almost surely invertible, and the minimum /¢s-norm interpolator 6 is
equal to (using the formulas from Section 12.1.1)

6=57=5S"TXT(XSSTX") (X0, +¢).

We can decompose the expectation with respect to € of the excess risk R(é) as follows:

E.[R()] = o*tr((XSSTXT)'XSSTEsSTXT(XSSTXT)™)
+[2V2(SSTX T (XSSTX )X — I)6. 3.
We can now use the same reasoning as in the under-parameterized regime, but now taking

expectation with respect to S (with X fixed). We have for any symmetric matrices A
and B of compatible sizes (proof left as an exercise):

E[tr(ASBST)[STXT] = tr(X"(XX")'XAX(XX")'XSBS")
+tr(B)tr [AI - X (XX )1 X)]
E[SISTXT] = XT(XX")'Xs.
Therefore, for the variance term proportional to o2, for which we take A = ¥ and

B=STXT(XSSTXT)"2XS, we obtain two parts from the identities above. The second
part of the variance term becomes:
tr[STXT(XSSTXT)2XS] tr [E(I - X" (XX ") X)]

= [(XSSTXN) M tr[5(I-X"(XX")"'X)].
The first part of the variance term is:

tr (XXX ) TXSX (XX )X SSTX T (XSSTXT)2xSST)

= tr (XX ' XEXT(XX)).
Thus, using the expectation of the inverse Wishart distribution, the variance term is
E.s[RV™(0)] = o?tr (XX1) XX (XX "))
o2t (XX

m-—n-—1

(2 - XXX )X

For the bias term, we have:

[=2(SSTXT(XSSTXT) ™' X — 1)6.|3
= 0]%0,4+60] X"(XSSTXT)"1X85TxSSTX T (xSSTx ) X0,
—20]%5STXT(XSSTX )1 X0,
= 0]%0, +tr(ASBS")-20]2SSTXT(XSSTx )1 X4,
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with A = ¥, and B = STXT(XSSTXT)71X0.0] XT(XSSTXT)"1XS, with condi-
tional expectation given XS, simplifying the product XSSTXT(XSSTXT)~! = I, and
using XSBSTXT = X0,0] X T:
6] 6,
+tr (X T(XX )T XSX (XX ) X0 X T(XSSTXT) 1 XSsT)
+tr(STXT(XSSTXT) ' X0,0] XT(XSSTXT)'XS) - tr [B(1 - X (XX 7)1 X)]
—20] X T(XXT)1x8ssTXT(XSSTX )1 X0,
= 0/%0,
+0] X T( XX IXxeX (XX )1 X,
+tr(XSSTX ) 'X0.0] XT) tr [S(I - XT(XXT)'X)]
—20] =X T(XX )71 X0, by simplifying,
= /I -X"TXXH)1X)2(I-XT(XXT)"1X)e,
+tr(XSSTXT)T'X0.0] XT) 0 [B(I - X T (XX ) X)),
by grouping terms. This leads to, by rearranging terms,
E.s[RP2)(@) = ]I -XT(XX) ' X)2(I - X"(XXT)"1X)6,
1
— O XXX )X, tr [E(T - X (XX T)TLX)].
0 XT(XXT) e[S - XT(XXT) )]
Pulling together bias and variance, when m tends to infinity, we get the performance:
E.s[Roo(@)] = 6] (I-XT(XX")'X)2(I-X"(XXT)"1X)0,
+otr (XX )T XEX (XX ).
Overall, we get:
N A 1 _
Ecs[RO)] = EesRoc(O0)] + ——tr [EI-XT(XXT)'X)]
(O] XT(XXT)TIXO, + o tr((XXT)7H).
Thus, as a function of m, we get a descent curve on the right of m = n. See Bach (2023a)
for a detailed expression obtained after taking the expectation with respect to X. While
the limiting bias term typically has a better value than for the under-parameterized
regime, for the variance term, the limit when m tends to 400 does not always go to zero
when n tends to infinity. See Bartlett et al. (2020) for conditions under which the end of

the double descent curve can lead to good performance when o2 > 0. See illustration in
Figure 12.4.

12.3 Global convergence of gradient descent

In Section 9.2.1, we alluded to the property of gradient descent for overparameterized
neural networks, which converges to a global minimum of the objective function despite
being non-convex. We present more formal arguments in this section, with a general
result without proof, as well as a detailed proof for linear neural networks.
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Figure 12.4: Example of a double descent curve, for linear regression with random pro-
jections with n = 200 observations, in dimension d = 400 and a non-isotropic covariance
matrix. The data are normalized so that predicting zero leads to an excess risk of 1 and
the noise so that the optimal expected risk is 1/4. The empirical estimate is obtained
by sampling 20 datasets and 20 different random projections from the same distribution
and averaging the corresponding excess risks

12.3.1 Mean field limits

In this section, we present results from Chizat and Bach (2018), following closely the
exposition from Bach and Chizat (2022).” More precisely, we consider neural networks
with one infinitely wide hidden layer, and we first rescale the prediction function by 1/m
(which can be obtained by rescaling all output weights by 1/m) and express it explicitly
as an empirical average as

f@) = =S mpolw] )
j=1

where 7; € R is the output weight associated to the j-th neuron, and (w;,b;) € RI*!
the corresponding vector of input weights. The key observation is that the prediction
function h is the average of m prediction functions z — n; a(w;r;v +b),forj=1,...,m,
with no sharing of the parameters (which is not true if extra layers of hidden neurons are
added).

To highlight this parameter separability, we define v; = [nj, w;r, bj} i € R4t2 the set
of weights associated to the hidden neuron j € {1,...,m}, and we define the function
U(v) = ¥(n,w',b): z — no(x w+b), so that the prediction function h is parameterized
by v1,...,v,m € R¥2, which is now

h= %zm:qf(vj). (12.13)

The expected risk is of the form

R(h) = E[(y, h(z))],

"See also https://www.di.ens.fr/~fbach/ltfp/wide_convergence.html.
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which is convex in h for convex loss functions (which is the case throughout the book,
even for neural networks, such as the logistic or square loss), but typically non convex

inV = (v1,...,0m). Note that the resulting problem of minimizing a convex function
R(h) for h = % 27:1 U(v;) applies beyond neural networks, for example, for sparse

deconvolution (Chizat, 2021).

Reformulation with probability measures. We now define by P(V) the set of prob-
ability measures on V = R%*2. We can rewrite Eq. (12.13) as

h=h(,v1,...,0m)= /V\If(v)du(v),

where p = % E;n:l 51,]. is an average of Dirac measures at each vy,...,v,, € V. Follow-
ing a physics analogy, we will refer to each w; as a particle. When the number m of
particles grows, then the empirical measure % Z;n:1 d,; may converge in distribution to
a probability measure with a density, often referred to as a mean field limit. Our main

reformulation will thus consider an optimization problem over probability measures.

The optimization problem we are faced with is equivalent to

uelflng\?) IR( /v \If(v)du(v)), (12.14)
with the constraint that u is an average of m Dirac measures. We now follow a long line
of work in statistics and signal processing (Barron, 1993; Kurkovd and Sanguineti, 2001),
and consider the optimization problem without this constraint, and relate optimization
algorithms for finite but large m (thus actingon V- = (v1,...,vs) in V™) to a well-defined
algorithm in P(V), like we already did in Section 9.3.2.

Note that we now have a convex optimization problem, with a convex objective in y
over a convex set (all probability measures). However, it is still an infinite-dimensional
space that requires dedicated finite-dimensional algorithms. In this section, we focus on
gradient descent on w, corresponding to standard practice in neural networks (e.g., back-
propagation). For algorithms based on classical convex optimization algorithms such as
the Frank-Wolfe algorithm, see Section 9.3.6.

From gradient descent to gradient flow. Our general goal is to study the gradient
descent recursion on V = (v1,...,v,,) € V™, defined as
Vi = Vieer — ymG' (Vie—1), (12.15)
with .
G(V) = R(h(v1,- .., vm)) = R(% ;\p(vj)),
In the context of neural networks, this is exactly the back-propagation algorithm. We

include the factor m in the step-size to obtain a well-defined limit when m tends to infinity
(see below).
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For convenience in the analysis, we look at the limit when the step-size v goes to
zero. If we consider a function W : R — V™ with values W(kvy) = V}, at t = kv, and
we interpolate linearly between these points, then we obtain exactly the standard Euler
discretization of the ordinary differential equation (ODE) (Suli and Mayers, 2003):

W = —mG'(W). (12.16)

This gradient flow will be our main focus in this paper. As highlighted above, and
with extra regularity assumptions, it is the limit of the gradient recursion in Eq. (12.15)
for vanishing step-sizes 7. Moreover, under appropriate conditions, stochastic gradient
descent, where we only observe an unbiased noisy version of the gradient, also leads in
the limit v — 0 to the same ODE (Kushner and Yin, 2003). This allows us to apply
our results to probability distributions of the data (x,y), which are not the observed
empirical distribution but the unseen test distribution, where, for a single over the data,
the stochastic gradients come from the gradient of the loss from a single observation.

Wasserstein gradient flow. Above, we have described a general framework where we
want to minimize a function F' defined on probability measures:

Fp) = fR(/V\I/(v)d,u(v)), (12.17)

with an algorithm minimizing G(v1,...,vy) = R(& > W(v;)) through the gradient
flow V = —mG/'(V), with V = (v, ..., vm).

As shown in a series of works concerned with the infinite width limit of two-layer
neural networks (Nitanda and Suzuki, 2017; Chizat and Bach, 2018; Mei et al., 2018;
Sirignano and Spiliopoulos, 2020; Rotskoff and Vanden-Eijnden, 2018), this converges to
a well-defined mathematical object called a Wasserstein gradient flow (Ambrosio et al.,
2008). This is a gradient flow derived from the Wasserstein metric on the set of probability
measures, which is defined as (Santambrogio, 2015),

Walu,v)? = inf /||v—w|\2dww>
yEI(p,v)

where TI(p, v) is the set of probability measures on V x V with marginals p and v. In a
nutshell, the gradient flow is defined as the limit when ~ tends to zero of the extension
of the following discrete-time dynamics:

. 1 2
u(t+v) = o F(v)+ %Wz(u(t), V)"
When applying such a definition in a Euclidean space with the Euclidean metric, we
recover the usual gradient flow 4 = —F’(u), but here with the Wasserstein metric, this
defines a specific flow on the set of measures. When the initial measure is a weighted sum
of Diracs, this is precisely asymptotically (when v — 0) equivalent to backpropagation.
When initialized with an arbitrary probability measure, we obtain a partial differential
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equation (PDE), satisfied in the sense of distributions. Moreover, when the sum of Diracs
converges in distribution to some measure, the flow converges to the solution of the
PDE. More precisely, assuming ¥ : R¥*! — 3 a Hilbert space (in our neural network
example, H is the space of square-integrable functions on R?), and R’(h) € H the gradient
of R, we consider the mean potential

J(olp) = <\I/(v),9%’(/vllf(w)du(w)>>, (12.18)

so that the gradient flow equation on each particle becomes v; = —J'(v;|p) (where p is
the time-dependent aggregation of all particles).

The PDE is then the continuity equation (see, e.g., Evans, 2022):

Dupte (v) = div(jae(0).7 (v]pae)), (12.19)

which is understood in the sense of distributions. The following result formalizes this
behavior (see Chizat and Bach (2018) for details and a more general statement).

Theorem 12.1 Assume that R : H — [0,+oo] and ¥ : V = R¥*2 — K are (Fréchet)
differentiable with Lipschitz differentials, and that R is Lipschitz on its sublevel sets.
Consider a sequence of initial weights (v;(0));>1 contained in a compact subset of V and
let pugm = = >oiy vi(t) where (vi(t), ..., vm(t)) solves the ODE (12.16). If juo,m weakly
converges to some pg € P(V) then pim weakly converges to py where (ug)i>o s the unique
weakly continuous solution to (12.19) initialized with po.

In the following paragraph, we will study the solution of this PDE (i.e., the Wasserstein
gradient flow), interpreting it as the limit of the gradient flow in Eq. (12.16) when the
number of particles m tends to infinity.

Global convergence. We consider the Wasserstein gradient flow defined above, which
leads to the PDE in Eq. (12.19). We aim to understand when we can expect that when
t — 00, u converges to a global minimum of F' defined in Eq. (12.17). Obtaining a global
convergence result is not out of the question because F' is a convex functional defined
on the convex set of probability measures. However, it is nontrivial because, with our
choice of the Wasserstein geometry on measures, which allows an approximation through
particles, the flow has some stationary points that are not the global optimum.

We only consider an informal general result without technical assumptions before
referring to Bach and Chizat (2022) for a formal simplified result and Chizat and Bach
(2018) for the general result.

Theorem 12.2 (Informal) If the support of the initial distribution includes all direc-
tions in R4, and if the function W is positively 2-homogeneous, then if the Wasserstein
gradient flow weakly converges to a distribution, it can only be to a global optimum of F'.

Chizat and Bach (2018) present another version of this result that allows for par-
tial homogeneity (e.g., with respect to a subset of variables) of degree 1 is proven, at
the cost of a more technical assumption on the initialization. For neural networks, we
have W(n,w",b)(x) = mno(w'z + b), and this more general version applies. For the
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classical ReLU activation function v — max{0,u}, we get a positively 2-homogeneous
function, as required in the previous statement. A simple way to spread all directions
is to initialize neural network weights from Gaussian distributions, which is standard in
applications (Goodfellow et al., 2016).

From qualitative to quantitative results? Our result states that for infinitely many
particles, we can only converge to a global optimum (note that we cannot show that the
flow always converges). However, it is only a qualitative result in comparison with what
is known for convex optimization problems in Chapter 5:

e This is only for m = +o00, and we cannot provide an estimation of the number of
particles needed to approximate the mean-field regime that is not exponential in ¢
(see such results, e.g., by Mei et al., 2019).

e We cannot provide an estimation of the performance as a function of time that
would give an upper bound on the running time complexity.

Moreover, our result does not apply beyond a single hidden layer, and understand-
ing the non-linear infinite width limits for deeper networks is an important research
area (Nguyen and Pham, 2020; Aratjo et al., 2019; Fang et al., 2021; Hanin and Nica,
2019; Sirignano and Spiliopoulos, 2021; E and Wojtowytsch, 2020; Yang and Hu, 2020).

In the remainder of this section, to present a simpler analysis, we focus on linear
neural networks and first reformulate them as optimizing over positive definite matrices.

12.3.2 From linear networks to positive definite matrices

We consider “linear” neural networks, that is, neural networks with no activation function.
For example, for € R? we consider f(z) = UV'x € R¥ where U € R¥*™ and
V € R¥™._ This is a linear function f(x) = Ox, with © of the form © = UV € Rk*<,
Assuming that we minimize some smooth convex risk function G : R¥*¢ — R, we aim to
minimize G(UV ).

It can be rewritten as the function G applied to a linear projection of the matrix

(g)(g)‘r = (ggi g“;), which is of the form WW T with W = (g) e Rk+d)xm,

Thus, we can analyze instead the minimization of functions of the form G(WWT) for
W € R¥*™ where G is a smooth convex function defined on positive semidefinite matrices
of size d.

The goal of this section is now to minimize a convex function G over positive-
semidefinite (PSD) matrices, using plain gradient descent techniques on a non-linear
parameterization of such matrices. This is done to illustrate optimization for neural net-
works, noting that faster algorithms based on projected gradient descent presented in
Chapter 5 could also be used. We already studied a special case in Section 12.1.3, where
the ordinary differential equation could be integrated in closed form, while, here, we rely
on more qualitative arguments.
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12.3.3 Global convergence for positive definite matrices

We consider a twice continuously differentiable convex function G : R¥*? — R (which
only needs to be defined on symmetric matrices). We consider m vectors wy, . . ., w,, € R?
put into a matrix W = (w1, ..., wy,) € R™™, and the cost function F(W) = G(WW ),
where we have WIW T = Z;n:l w,w;r This is thus an instance of the framework developed
in Section 12.3.1, but, since the space of quadratic functions is finite-dimensional, there
is no need to let m tend to infinity, and we can keep m < d.

We consider the gradient flow W = —1F/(W), that is, W'(t) = —3F'(W(t)), where
the factor % was added so simplify formulas later. Since F' is twice differentiable, this

ordinary differential equation (ODE) is defined for all ¢ > 0. To compute the gradient of
F, we perform an asymptotic expansion as follows:

FW+A) = GWWT +AWT + WAT +o(]|All2))
= FW)+tr[G'(WWT)(AWT + WAT)] + o(||A]l2)
= F(W)+2tr [ATG(WW W] +o(|All2),

so that F'(W) = 2G'(WW )W, and the flow becomes W= —G'(WWT)W. By project-
ing onto each of the m columns of W, this leads to the following flow for each “particle”
w; € R4

’Lbj = —G/(WWT)’LUJ‘,

which is a linear ODE, but with a time-dependent matrix G’(WWT) which depends on
the aggregation of all particles since WW T = Z;n:l w]w;r

We denote M = WW T and A = G'(M), which are functions of time defined for all
time ¢t > 0. We then have:

M=WWT+WWT = -G'(M)M — MG'(M) = —AM — MA.

Preservation of rank. If at time zero M = WW T has full rank, then the rank is
preserved throughout the flow. This is a simple consequence of the ODE for r(M) =
log det(M), equal to

= tr [MIM] = tr [M~ (=AM — MA)] = —2tx(A).

Thus, since A is continuous for all positive times, the log determinant is finite for all
times as soon as it exists at initialization, and we thus obtain a full rank matrix. If
m > d, which corresponds to an over-parameterized situation, and the columns of W
are initialized randomly (e.g., from a standard Gaussian random variable), then WW T
indeed has full rank.

Exercise 12.3 (¢) Show that if at initialization, M = WW'T has rank r < min{d, m},
then M has rank r at all times.
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Global optimality conditions. The problem of minimizing G(M) over PSD matrices
has the following optimality condition: (a) tr[MG'(M)] = 0 and (b) G'(M) = 0. Note
that once (b) is satisfied, (a) is equivalent to MG'(M) = 0.8

e Necessary conditions (no need for convexity). If M is optimal, then for all A
such that M + A = 0, G(M + A) — G(M) > 0. When A is small, this leads to
tr[AG' (M)] = 0.

Taking A small along —M or M, we get: tr[MG’(M)] = 0 as necessary condition.
Taking A = uu' for all u € RY, we get G’(M) 3= 0 as a necessary condition.

o Sufficient conditions. If the conditions are met, then for any matrix N = 0, we get
from the subgradient inequality for the convex function R:

G(N) = G(M) + tr [G'(M)(N — M)].

Using condition (a), we get : tr [G'(M)M] = 0, while condition (b) ensures that
tr [G’(M)N] > 0. Thus, M is a global optimum.

If M is invertible, the optimality conditions simplify to G'(M) = 0.

Global convergence. (#) If the flow in M is initialized with a full-rank matrix and
converges to some M.,? we now show that it satisfies the two optimality conditions above
(and thus, it has to be a global optimum). Note that while we know that M is invertible
for all time ¢ > 0, it is often not the case for M., (see examples below).

The first condition (a) is a direct consequence of —G'(Moo) Moo — MooG'(Ms) = 0
(by taking the trace), which is satisfied at convergence (this is the stationary condition,
stating that all particles stop). The difficult part is to show the second condition (b),
which can be interpreted as ensuring that no other potential particles could enter and
increasing the rank of M while reducing the cost function.

We now assume that Ay, = G'(My) is not PSD, that is, Apin(Ae) < 0. We choose
1 > 0 such that A\pnin(Aeo) < —7, and —7 is not an eigenvalue of Ay, (which is possible
because there are at most d distinct eigenvalues). This implies that for u such that
llul2 =1 and u' Agou = —1n,

n=—u'Asu < ||ull2] Ascull2 = [ Accul2

by Cauchy-Schwarz inequality and the impossibility of having Accu = —nu (which is the
equality condition for Cauchy-Schwarz inequality). We denote by 5 > 7 the minimal
value of such || Axul|2 (for all u that satisfies ||ullz = 1 and u ' Asou = —7).

The idea is to show that sufficiently close to convergence, once a particle has a direction
in
K={ueR |lula=1, u"Asu < —n},

8For two PSD matrices A and B of the same sizes, AB = 0 < tr(AB) = 0.
91t does under basic assumptions on R, such as piecewise analyticity, see Bolte et al. (2006).
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its direction never gets out of K, and that it leads to a contradiction (the set K is not
empty because Apin(Aso) < —7).

We now introduce the time dependence explicitly.

Choice of particle close to convergence (¢). We have M(t) - M. Thus there
exists to such that [|A(t) — Ao |lop < €, for all ¢ > ty, with € well chosen (small enough).

Let yo € Ry K, yo # 0 (it exists since K is not empty). Since W (to) € R?™ has full
rank equal to d, then there exists ag € R™ such that yo = W (tg)ap.

We then consider a particle z(t) = W (t)ag € R%. By construction, 2’(t) = W (t)ag =
— AW (t)ap = —A(t)z(t), and z(to) = yo € R+ K. We now show by contradiction that
we must have z(t) € Ry K for all ¢ > to. If ¢; is the smallest ¢ > to such that 2(t) ¢ RL K
(which is assumed to exist by contradiction), then by continuity, z(t1) € R+0K, that

is, 2(t1) T Aswz(t1) = —nz(t1)T2(t1). We then have, with z; = 2(¢;), and using that
Z/(tl) = —A(tl)z(tl):
iz(t)TAooz(t) B 2z(t1)TAooz’(t1) B 2(t) T Asoz(t1) 2'(t1) T 2(th)
dt 2t)Tz(t) lt=t, 2(t1) T 2(t1) 2(t1)T2(t1)  2(t1) T 2(t1)
2 Ao A(t) 21 2 Asoz1 2] A(t1)21
== —2 T +2 T T
21 21 21 %1 21 21
_ _221?1@021 n 2Z1TAOO(AO?F— A(t1))z1 n 22?130021 ZlTA_Stl)Zl.
21 21 21 21 21 21 21 21

Using that [|A(t1) — Asollop < € and 2z(t1) T Asoz(t1) = —nz(t1) " 2(¢1), this leads to
d z(t) T Asoz(t) 2z1TA§0z1 n 2||A0021||25
dt Z(t)TZ(t) t=t1 Zirzl H21H2

< =287 420 4 2|| Asollope + 27,

+ 20 + 2ne

which is strictly negative for € small enough, which is a contradiction because it would

imply that for ¢ just above ¢, “ii;é‘?(i)“) < Z(zl(zj)éj’(;(gl) = —n, and thus, z(t) € Ry K.

Final contradiction. (#) We now have that the particule z(¢) is in Ry K for all ¢ > .
We then have for all ¢ > #,
d
—z
dt
leading to, after integration, ||z(¢)||3 > ||z
This contradicts the convergence of z(t)

(6)T2(t) = =22(t) TA@)=(t) = 2( = 2(t) T Awoz(t) = [2()13¢) > 2(n — )23,

(to)||3 exp(2(n—e)(t—tp)), and thus a divergence.
= W(t)Oéo.

12.3.4 Special case of Oja flow

As an illustration of the convergence results above, we consider the function

1
G(M) = 51 —CI.,
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for a symmetric matrix C' € R?**?, for which the flow can integrated in closed form. We
have G'(M) = M — C, and thus the following gradient flows:

=—GWWHW=CW -WW'W and M =CM+ MC —2M?.

If we initialize W (0) = V € R¥*™ we obtain a solution in closed-form (as can be checked
by taking derivatives and showing that M = CM + MC — 2M?), as

M=WWT =exp(Ct)V (I +VTC  (exp(2Ct) — 1)1/)_11/—r exp(Ct).

This is the Oja flow, up to a change of variable (Yan et al., 1994). It is interesting to note
that if we use m < d particles, the rank of WW T is always less than m < d, and in fact,
the same as the rank of the initialization. The global minimizer of R on PSD matrices
is the positive part of C', whose rank can be strictly smaller than m, and thus, it cannot
converge to the global optimum of R. The minimum number of particles is the number
of positive eigenvalues of C.

Vanishing initialization. If V = /al € R¥*? we get:

M = aexp(2Ct) (I + aC~ ! (exp(2Ct) — 1))71

Then, M is a spectral variant of C, thus with the same eigenvectors, and eigenvalues

2ct . . .
I +acf‘f(em_1) for small «, where c is the corresponding eigenvalue

~
~

_ c
m = 14+e—2¢tc/a

of c.

Thus, when « tends to zero (and therefore closer to the stationary point), the eigen-
values m stay at zero until they increase to the final positive values ¢, and this increase
happens around ¢ = % log é We thus observe incremental learning of each eigenvector,
with each eigenvector corresponding to a positive eigenvalue ¢, which is a very different
optimization dynamic from the one obtained from projected gradient descent, which cor-
responds to m = ¢(1 — e~t) where all eigenvectors come in together. This incremental
learning at different time scales is common in non-convex optimization, see Saxe et al.
(2019); Gidel et al. (2019) for linear networks, and Berthier (2023); Pesme and Flammar-
ion (2023) for diagonal linear networks, where precise statements can be made.

12.4 Lazy regime and neural tangent kernels (4)

For over-parameterized one-hidden layer neural networks, with prediction functions of
the form (note the rescaling by 1/m):

an o(w; Ta4b;) %Z (v),

with ¥ defined in Section 12.3.1, we have seen two types of learning procedures in Chap-
ter 9 when the number of neurons grows unbounded:
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e Optimizing over all layers, leading to the mean-field limit presented in Section 12.3.1
and with the non-Hilbertian norm ~;. This corresponds to all parameters being
initialized with a scaling that does not depend on m.

e Optimizing over the last layer only, leading to the kernel regime, with the Hilbertian
norm 7, defined in Section 9.5. The input weights (w;, b;) are all sampled without
scaling. For the output weights, n; can be O(1) or O(y/m) if initialized with zero-
mean (so that the overall norm of the prediction function remains bounded in high
probability). Since this is a convex optimization problem, scaling does not matter
as much.

Lazy training. We now consider a third regime, which we refer to as the “lazy” regime,
following Chizat et al. (2019). It corresponds to initializing each n; with a scaling pro-
portional to y/m. This is made possible by having zero mean initializations so that a
mean of m terms is of order O(1/4/m) and not O(1) (leading to an overall predictor that
remains O(1)). We will formalize this training regime by seeing this model as a diverging
constant « (here y/m) times a classical model with a mean-field limit.

We thus consider the minimization of the objective function G(V) = R(h(V')) with
respect to V = (v1, ..., U ). In the lazy regime, we end up minimizing R(ah(V)) with a
scaling factor « that tends to infinity, using a gradient flow on V, started at V(0) such
that ah(V(0)) remains bounded. In our neural network example, & = v/m, and h is the
regular neural network.

We consider the gradient flow to minimize G(V), with a step-size 1/a? (scaling
adapted to have a non-trivial dynamic), that is,

d 1
aV(lt) = —EDh(V)TJ%’(ah(V(t))), (12.20)
where Dh(V) is the differential of h at V' (that is, a linear function from R(4+2)x™ 6 ().

For the predictor ah(V), we get:

%[ah(V(t))] — _DR(V(E)Dh(V (1)) R (ah(V (1)). (12.21)
At initialization ¢ = 0, ah(V(t)) remains bounded by construction, and since the op-
timization will tend to make the predictor better and better, we can expect it to re-
main bounded. Thus, we can expect R(ah(V (t))) and R'(ah(V (t))) to be O(1). Thus,
from Eq. (12.20), we obtain that the parameters V change at rate O(1/«a), while from
Eq. (12.21) the predictor changes at a rate which is independent of «. Thus, in the
limit of large «, the parameters only move infinitesimally, while the predictor still makes
significant progress, hence the name lazy training (see more formal arguments by Chizat
et al., 2019).

Equivalent linear model. Since parameters move infinitesimally, the model ah(V)
behaves like an affine model, ah(V(0)) + aDh(aV (0))(V — V(0)), and thus the corre-
sponding cost function R(ah(V)) behaves like a convex function, hence leading to at-
tractive global convergence results for neural network training (see, e.g. Du et al., 2018).
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However, since we have an explicit linear model, the lazy regime also leads to a posi-
tive definite kernel, which we now define (with the same properties as traditional kernel
methods in Chapter 7).

Neural tangent kernel (¢). If we assume that 2(V(0)) = 0 (e.g., for neural networks,
assuming that all initial neurons come by pairs with the same input weights and opposite
output weights), then the affine model has a linear part proportional to Dh(aV (0))V.
We can thus associate to it a kernel, referred to as the neural tangent kernel (Jacot et al.,
2018).

To make things concrete, for neural networks with one hidden layer, h(z,v1,...,vm,) =
\/Lﬁ >t njo(w, z + b;), the corresponding features, for each j € {1,...,m}, are
o 1 .

derivative with respect to n; \/—_a(wj (0) "=+ b;(0))
m
1

derivative with respect to w; \/—_nj (0)o” (w;(0) T2 + b;(0))
m
1

derivative with respect to b; (0)o” (w;(0) " + b;(0)).

Tl
When the initialization of neuron weights is random, we get the equivalent kernel by the
law of large numbers:

k(z,2") = E[O’(U)TI +b)o(w' 2’ +b) + E[a/(szzr +b)o’ (w' ' +b)(x" 2 + 1],

whose first part is the traditional random feature kernel, but which has an additional part,
which makes for a richer model but cannot correct the limitations of kernel methods (see,
e.g., Bietti and Bach, 2021, and references therein).

12.5 Conclusion

In this chapter, we have presented a series of results related to over-parameterized models,
confirming that some form of regularization is needed: as opposed to previous chapters,
where (except for boosting procedures in Section 10.3) an explicit penalty was put on
the model parameters, overfitting is avoided by “computational regularization”, that is,
through the implicit bias of gradient descent techniques. This was formally shown for
linear models, but this extends more generally (see, e.g., Lyu and Li, 2019; Chizat and
Bach, 2020)

We also described how over-parameterization, while not detrimental to generalization
performance, can be a blessing in terms of optimization, with qualitative results showing
global convergence for infinitely overparameterized problems. Obtaining non-asymptotic
results (in terms of convergence times of number of neurons) remains an active area of
research.
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Chapter 13

Structured prediction

Chapter summary

With appropriate modifications, we can design convex surrogates for output spaces
that are arbitrarily complex and with generic loss functions, starting with multi-
category classification.

Like for binary classification, these convex surrogates lead to efficient algorithms
that predict optimally given infinite amounts of data (Fisher consistency).
Quadratic surrogates that extend the square loss lead to simple, intuitive, and con-
sistent estimation procedures with well-defined decoding steps once a score function
has been learned. They can be extended to smooth surrogates.

Non-smooth surrogates can be defined in the general structured prediction frame-
work, that extends the support vector machine.

In most of this book on supervised learning, we have focused on regression or binary
classification, which led to estimating real-valued prediction functions directly when pre-
dicting a real-valued output (least-squares regression) or indirectly through convex surro-
gates (support vector machine or logistic regression) where the binary output in {—1,1}
was obtained by taking the sign function. As shown in Section 4.1, the use of convex
surrogates comes with strong theoretical guarantees in terms of achieving the Bayes error
(that is, the optimal performance on unseen data).

In this chapter, we tackle arbitrary output spaces Y, with arbitrary loss functions,
which are ubiquitous in practice (see examples in Section 13.2). Most developments from
Section 4.1 will extend with appropriate modifications.

We start in Section 13.1 with the natural extension to multi-category classification
with the 0-1 loss, which directly extends binary classification, before describing in Sec-
tion 13.2 a more general class of problems, referred to as structured prediction. We then

347
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present surrogate methods in Section 13.3 and their desirable properties before describ-
ing the two main classes, that is, smooth surrogates in Section 13.4 and non-smooth
surrogates in Section 13.5. We then present generalization bounds in Section 13.6 and
experiments in Section 13.7.

13.1 Multi-category classification

We dealt with binary classification with Y = {—1,1} in Section 4.1.1 by estimating real-
valued prediction functions and taking their signs. Going from 2 to k > 2 classes requires
multi-dimensional vector-space valued functions. To preserve symmetry among classes,
we will consider k-dimensional outputs. That is, for Y = {1,...,k}, we will estimate a
function g : X — R¥, and predict as f(z) € arg max;eqi,.. x} 95 () C Y.

When k = 2, we recover our traditional framework by mapping {1,2} to {—1,1}
and taking the sign of go(x) — g1(x), highlighting the general fact (valid for all k) that
predictions are invariant by the addition of a constant vector to g(x) € R*.

In the binary case, the convex surrogates we considered were all of the form ®(yg(x)).
In the multi-category case, there is significantly more diversity. In Section 13.1.1 below,
we describe the most commonly used convex surrogates and, when possible, the corre-
sponding optimal predictors and their relationship with the Bayes predictor for the 0-1
loss, equal to argmax c(1, .. x P(y = z|x). Generalization bounds will then be derived,
first for stochastic gradient descent used on linear models in Section 13.1.2 because it
does not require any new developments, and then using Rademacher complexities in Sec-
tion 13.1.3. In later sections, we show how this can be generalized to general output
spaces.

Throughout this section on multi-category classification, we will identify elements y of
{1,...,k} with the corresponding canonical basis vector in R¥, that is, the vector § € R¥
with all zero components except a one at index y.

13.1.1 Extension of classical convex surrogates

All binary convex surrogates presented in Section 4.1.1 have natural extensions that we
now present. We consider a label y € {1,...,k} (also identified to a canonical basis
vector §), and a vector-valued function g : X — RF. Our goal is to build a convex
surrogate S(y, g(x)) (which is convex with respect to its second variable).

Softmax loss. We can extend the logistic loss and its relationship with maximum
likelihood by considering the conditional model:

exp(g; (%))

Sy exp(gi(x))

by definition of the softmax function from R* to the simplex in R¥, defined as softmax(u); =
k
exp(u;)/ 3 iy exp(us).

Py = jlz) = = softmax(g(z));,
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The negative log-likelihood (often referred to as the cross-entropy loss) for this model
is then equal to

k

Sy, g9(z)) = —IOM:—Ux lo exp(g;(z
(y,9()) S lexp(gl(w gy() + g(; p(g()))

= —7' g(x)+log (Z GXP(QJ‘(QU)))

j=1

The minimizer of the surrogate expected risk E[S(y, g(x))] is then equal to g*(z); =
logP(y = j|z)+c(x), for any function ¢ : X — R; thus, the predictor arg max;je(1,... 1} 9°(2);
is the Bayes predictor, which will lead to consistent estimation. A calibration function
relating the excess surrogate risk and the 0-1 excess risk will be derived in Section 13.4 in
the more general structured prediction case (with the same square root behavior as for
logistic regression).

Square loss. The square loss has a natural extension S(y, g(x)) = ||y — g(z)||3, with a
minimizer of the surrogate expected risk equal to g*(z) = E[g|x]. Again, the predictor
argmax;ec(1,... k} g*(x); is the Bayes predictor (note that this is an instance of the “one
vs. all” framework presented below), with a calibration function derived in Section 13.4,
also with a square root behavior typical of smooth surrogates.

Hinge loss. The maximum-margin framework presented in Section 4.1.2 can be ex-
tended in several ways. We present the one that has natural extensions in structured
prediction. The goal is to make g, (z) strictly larger than all others g;(z), for j # y, with
potential slack, that is, we aim at finding the lowest £ > 0, such that

Vi # vy, gy(z) = gi(x) +1-¢.

The lowest such £ can obtained in closed form, leading to the surrogate:

S(y,g(x)) = s k}{1u7ﬁ3+9( ) — g(x)y }.

Finding the minimizer of the expected surrogate risk is not as easy. We have for a given

z e X,
k

E[S(y,g(x))|z] = Y P(y=ilz) sup " {Lizj +9(z); — g(x);}.

i=1 je{l

Assuming without loss of generality that posterior probabilities given x are non-increasing,
the global minimizer of the quantity above can be shown (proof left as an exercise) to be
achieved for ¢g1(x) > ga2(x) = - - = g (), and we thus need to minimize

P(y = 1|z)(1 + g1(z) — g2(2))+ + (1 = P(y = 1]x))(1 + g2(z) — 91(x))+

If P(y = 1]x) > 1/2, then the optimal g;(z) — g2(z) can be shown to be equal to 1, and
the prediction is optimal. Otherwise, it is not, hence, we lose consistency in general,
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as for k > 2, it is not always the case that the posterior probability of the most likely
class exceeds 1/2. A consistent version of the non-smooth hinge loss will be discussed in
Section 13.5.

One vs. all (¢). This class of techniques essentially solve k different binary opti-
mization problems, by solving independently for each g;(x) predicting y; € {0,1}. Using
convex surrogates for these problems and taking into account the mapping from {0, 1} to
{—1,1}, the overall cost function is:

k

S(y,9(x)) =Y _ ®((2y; — 1)g;(x)),

J=1

with ® one of the convex surrogates from Section 4.1.1. For the square loss, we recover
the multivariate square loss, but other losses can be used as well. The expected surrogate
risk given = € X, is then equal to

k

E[S(y. g(@))la] = Y {P(y = jlo)®(g; () + (1 — P(y = jla))@(~g;(x) }.

j=1

For a differentiable strictly convex function such that ®(z) < ®(—z) for z > 0 (which
excludes the hinge loss), minimizing it is done by setting P(y = jlz)®'(g;(z)) = (1 —
P(y = j|z))®'(—gj(z)). One can then show that g;(x) is a strictly increasing function
of P(y = j|z), and thus we get consistent predictions (in the population case), with also
calibration functions (see Zhang, 2004b, Theorem 11).

Beyond. As reviewed by Zhang (2004b), there are many examples of convex surrogates

to estimate the k functions g1,...,9x : X — R, based on several principles. Reductions
to binary classification problems go beyond one vs. all approaches, for example, by con-
sidering several subsets A of {1,...,k} and solving the binary classification problems of

deciding y € A vs. y ¢ A. This approach based on error-correcting codes (Dietterich and
Bakiri, 1994) will also be considered within the general surrogate framework.

Exercise 13.1 Consider the following surrogate S(y,g(x)) = >, ®(—gi(x)), with the

additional constraint that Zle gi(x) = 0, with a strictly convex decreasing function ®.
Show that if g* is the minimizer of E[S(y, g(x)], then for alli,j € {1,...,k}, P(y = i|x) >
P(y = jlz) = g; (z) > g;(x). Conclude on the consistency of this convex surrogate.

13.1.2 Generalization bound I: stochastic gradient descent

In these following two sections, we will consider generalization bounds for Lipschitz-
continuous losses (all losses in the section above are Lipschitz-continuous, potentially once
restricted to a bounded set), like done in Chapter 4 with estimation errors controlled by
Rademacher complexities, and Chapter 5 using single-pass stochastic gradient descent
(SGD). We start with SGD because the analysis can be done without the need for new
tools.
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Linear models. Since we will leverage convergence results for convex optimization
algorithms, we need to consider linear models. We thus assume that we have a feature
vector ¢ : X — R almost surely bounded by R in fy-norm, and that the vector-valued
function g : X — R* is parameterized linearly as (¥ (z) = 07 p(z), with 6 = (0y,...,0) €
R¥>k_ We aim to estimate 6 restricted to a ball of radius D for a certain norm .

Several candidates are natural for the norm €2: the simplest one is the Frobenius norm
defined through its square [|0]2 = S0 [16:]2 = S2F, Z;l:l 07;, which corresponds to
the Euclidean norm for the matrix 6 seen as a vector, and for which all results related to
SGD will apply. Another classical norm is the nuclear norm (a.k.a. trace norm) defined
as the sum of singular values of 8, which will push for low-rank 6 with similar properties
as the ¢1-norm in Section 8.3. Other norms, such as the /;-norm or “grouped” norms,
could also be considered for variable selection. For these norms, optimization tools such
as stochastic mirror descent from Section 11.1.3 are needed (see Exercise 13.2 for the
nuclear norm).

Note finally that we could use (positive definite) kernel methods with the kernel trick
from Section 7.4.5 to deal with infinite-dimensional feature vectors.

Sampling assumptions. Following the rest of the book, we assume that we have n
ii.d. pairs of observations (z;,y;) € X x {1,...,k}, ¢ = 1,...,n. Given the function
g : X — R* defined through the linear model above, we consider the expected risk
R(f) for the predictor f: X — {1,...,k} defined as f(z) € argmax;es,.. ) 99 (2); and
the 0-1 loss. As already mentioned and shown in the subsequent section, the excess risk
R(f) — R* (where R* is the minimum risk overall measurable functions, not only the
ones obtained from the model), will be bounded by an increasing function of the excess
surrogate risk Rg(g) —RE (again RY is the minimal value across all measurable functions).
We thus focus on the excess surrogate risk.

Using the same decomposition as in Section 4.5.4, we consider an estimator g € RIxk
that depends on the observations and subject to the constraint ||f||p < D (other norms
could also be considered) for some real value D. A bound on the expected excess risk
is obtained by the sum of the approximation error inf|g.<p Rs(g?) — R% and the

estimation error Rg (g(é)) —inf)jg),<p Rs (9(?). We focus on the latter quantity, a random
quantity we bound through its expectation.

We assume that the convex surrogate S : Y x R¥ — R is Lipschitz-continuous with
respect to its second variable, that is, its subgradients S’(y,u) € R¥ are bounded by G
in #/5-norm.

Single-pass SGD. We consider the following SGD iteration, for ¢ € {1,...,n}, with
an arbitrary subgradient of the surrogate S:

0y =Tp (01 — o (1) (e, 6, 1p(2) ).
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The analysis of Section 5.4 exactly applies, and with the choice v = #, we obtain
the following generalization bound:

. DRG
E[Rs(ge,)) — inf Rs(g?)] <

, 13.1
I6lr<D Vn (13.1)

which is exactly the same as for real-valued predictions.

Exercise 13.2 (Mirror descent for trace-norm penalty (¢)) We consider the fol-
lowing mirror map on R¥** U(g) = %HU(G)HZQ), where o(0) is the vector of singular
values of 0. Show that for p € (1,2) is (p — 1)-strongly-convex with respect to the norm
le()lp- Show how to apply stochastic mirror descent on a nuclear norm ball and provide
a convergence Tate.

13.1.3 Generalization bound II: Rademacher complexities (¢)

Another approach we followed in this book is to assume we can compute a minimizer
of the empirical risk beyond linear models (in particular for neural networks). We thus
assume a generic space of functions G of functlons from X — Rk and define § € §
as the minimizer of the empirical surrogate risk 3%( ) =23, (yl, (x;)) over g € G.
Following Section 4.2 and Section 4.5, the expected estimation error Rs(g)—infzeg Rs(g)
is then less than twice the Rademacher complexity

Rn(S,9) = [SUP Zaz Yir 9(2:))

geg n

where the expectation is taken with respect to the data and the Rademacher random
variables ¢1,...,6, € {—1,1}. In the real-valued case, we used a contraction principle
(Prop. 4.3) that allows us to get rid of the surrogate cost S as long as it is Lipschitz-
continuous. Such a contraction principle also exists for vector-valued prediction func-
tions (Maurer, 2016) and is presented in Prop. 13.1 below. Its application leads to

1 n
R, (S,9) < \/iG-E[sup—Z(gé)Tg(:vi)], (13.2)
9€9 M i2]
where now each ¢, € {—1,1}* i = 1,...,n, is a vector of independent Rademacher

random variables. This bound allows us to obtain a bound for all the function spaces
that we considered in this book. We consider linear models below (and compare them to
the SGD bound from above) and leave neural networks as an exercise.
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Linear models. In the set-up of the previous section (linear models with Frobenius
bound), we can further upper-bound in Eq. (13.2) as:

n n

R.(S.9) < v2G E[sup— > () ()] = V3G -E[ sup ~ 3 ()T p(e)]

9§ M5 lele<D ™ {4

= 2yie 5| S]] < 20va (=] S eeien )

DG - 20| 1112112 12 DGRV?2k
= —_— . ) 4 < TtV ek
n 2 (E[;Ilw(%)lzllazllzlp] < NG

We thus obtain the same bound as in Eq. (13.1), but with an extra factor of v/&, showing
that the Rademacher average technique, as opposed to the real-valued case, does not
lead to the same result as SGD. However, it applies more generally to non-convex loss
functions (as long as they are Lipschitz-continuous) and non-linear predictors.

Contraction principle (¢). We now provide a proof for the vector-valued contraction
principle, taken from Maurer (2016). The proof follows the same structure as the proof
of Prop. 4.3 for k£ = 1, and we start from a key lemma.

Lemma 13.1 Given any functions b : © — R, a : © — R* (no assumption) and c :
R* — R any 1-Lipschitz-functions (with respect to the {2-norm), we have, for e € {1,1}
a Rademacher random variable, and e’ € R™ a vector of independent Rademacher random
variables:

0€O© [dSC]

k
E[sup {b(o) + ac(a(o))}} < ]E{sup {b(@) + \/izs;aj(e)}] :
j=1
Proof (¢4) Writing down explicitly the expectation with respect to e, we get:

E. [sup {b(o) + ac(a(o))}] - %sup {b(o) + c(a(e))} + %Sup {b(o) - c(a(e))}

[dSC] 0€O© , 0€O ,
_ oy HOEUO) | o) —clo0)
0,0'cO©

By taking the supremum over (6,0’) and (#’,6), and using Lipschitz-continuity of ¢, we
further get the bound

b(8) +b(0") | |e(a(d)) — c(a(d))| b(#) +0(0")  la(d) —a(®)]2
e,sel/lge 2 + 2 S 9,59959 2 + 2 ‘

In the proof of Prop. 4.3 (for k = 1), we then applied the same set of equalities to obtain
the desired result without the constant /2. Here, we can use Khintchine’s inequality
from Lemma 11.1, that is, for any vector v € R¥, [|v]2 < V2 E[| 2?21 sgij for any
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vector v € R¥ and independent Rademacher random variables €/, ...,&’. This leads to
the bound:
b)) + b)) V2 k , /
bSO VAV g 1) } (a:(0) — a:(0 }
9,891’15(—) 2 T 2 [ ZEJ(GJ( ) —a;(0') }
- (6) 9/ \/_‘ / :|
< E| sup —4——2 S (a(0) — a6 ‘
ote 2 3 <)(as0) ~ as(¥)

using properties of expectations and suprema,

i b(o) L V2 ~ }
= E| sup —-—> g(a;j(0) —a;(0")| by symmetry,
_0,0/5@ o5 Z i(a;( i(6°))| by sy y
< E|sup {b(@)—l—ﬁZa;aj(H)}} which is the desired result. ]
0€© :
i =

Proposition 13.1 (Vector-valued contraction principle) Given any functions b :
O = R, a; : © = R¥ (no assumption) and c; : R¥ — R any 1-Lipschitz-functions (with
respect to the la-norm), for i = 1,...,n, we have, for ¢ € R™ a vector of independent
Rademacher random variables, and &' € R™* o matriz of independent Rademacher ran-
dom variables:

{sup { + Zszcz a;(6 }} < E{sup {b(e) + ﬁzn:zk:s;jaij(o)}} .

€0 6€o i=1 j=1

Proof (#4) We consider a proof by induction on n. The case n = 0 is trivial, and we show
n+1

how to go from n > 0 to n+1. We thus consider E., | ..., [sup {b(@) + Z aici(ai(H))}]
9€o Pt

and apply Lemma 13.1 with fixed €4, ..., e,, leading to the bound

k n
1rEnrEh s {Sup {b(9) +Y e (0) Eici(ai@))}] ;
j=1 i=1

E
€oe

and apply the induction hypothesis with &;, ,; fixed to obtain the desired result. |

Exercise 13.3 (Multi-cateagory classification with neural networks (¢)) We
consider the neural network with outputs in R¥, that is, using the notations from Sec-
tion 9.2, f(x) = Z;n:l a(w;-rx + b;)nj, with now n; € R¥. Extend the estimation error
analysis from Section 9.2.8 by imposing a constraint on Z;nzl [17;ll2-

13.2 General set-up and examples

Now that the multi-category classification has been presented, we consider the same
general set-up presented earlier in Section 2.2, that is, we want to predict a variable
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y € Y from some = € X, and given a prediction z € Y, we incur the loss {(y, z), with the
loss function £ :Y x Y — R.

Like in Section 2.2, given a test distribution p on X x Y, we can define the Bayes
predictor

f*(z) € arggleig/jf(yﬂ)dp(ylw) (13.3)

in the usual way. While it led to simple closed-form formulas for the 0-1 loss and binary
classification, this will not always be the case. Nevertheless, our goal will still be to
achieve its (optimal) performance at a reasonable computational cost.

13.2.1 Examples

We now consider classic examples with their applicative motivations in natural language
processing, biology, or computer vision—see more examples by Nowak et al. (2019) and
Ciliberto et al. (2020):

e Multi-category classification: Y = {1,...,k} and a loss matrix L € REXE  wwith
£(i,7) = L;j. The usual 0-1 loss from Section 13.1 corresponds to L;; = 1,5, but in
most applications, errors do not have the same cost (for example, in spam prediction,
classifying a legitimate email as spam costs much more than the opposite).

e Robust regression: Y = R, with ¢(y,z) = p(y — z) and typically p non convex.
When p is convex, such as p(d) = |§| or p(§) = 62, there is no need for a surrogate
framework, but then regression may be non-robust to strong outlier perturbations.
Having a non-convex p, such as, p(6) = 1 — exp(—4§2) leads to robust regression.

e Ordinal regression: this is a particular case of the situation above, where the loss
matrix has a specific structure where the loss L;; is increasing in |¢ — j|. This is
common when using a rating system with a few discrete levels. One possibility is
to ignore the discrete structure of the loss and use least-squares regression together
with rounding, but this does not lead to optimal predictions.

e Multiple labels: Y = {—1,1}*, with cardinality 2%, with the traditional Hamming
loss £(y,2) = i|ly — z|li = 3|ly — z[|3, which counts the number of mistakes and
will be a running example in this chapter. Other scores, such as precision/recall!
or F-scores?, are typically used (and may not be symmetric) and can be treated as
well with the frameworks presented in this chapter. These are detailed by Nowak
et al. (2019).

Multiple label prediction is common in multimedia applications, where there are
potentially k objects in a document, and one wants to predict which ones are
present.

e Permutations: Y is the set of permutations among m elements, that is, y a bijec-
tion from {1,...,m} to {1,...,m}. We have then |Y| = m!. A common loss func-
tion is the “pairwise disagreement”, equal to £(y,z) = Zznjzl Ly(iysy() Lz(0)<=()>

1See https://en.wikipedia.org/wiki/Precision_and_recall.
2See https://en.wikipedia.org/wiki/F-score.
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but other losses such as the discounted cumulative gain® can be used, or losses of
the form Y7 | £;(ay(;) — bey(i)) for vectors a,b € R™ and functions ¢; : R — R. Pre-
dicting permutations occurs in information retrieval and ranking problems where
the permutation encodes a user’s preferences over a set of m items. See Nowak
et al. (2019) and references therein for a review of classical losses used in practice.

e Sequences: Y is the set of sequences of potentially arbitrary lengths over some
alphabet; this has applications in natural language processing (e.g., translation
from one language to another), computational biology (DNA basis or amino-acid
sequences), or econometrics/finance (prediction of time series, where the alphabet is
usually not finite). The cardinality of y is thus large (or infinite), and the Hamming
loss is commonly used.

e Trees, graphs: Y is set of potentially labelled graphs over some vertices. Classic
examples include the prediction of molecules (which can be represented as graphs)
or the grammatical analysis of sentences in natural language processing.

Why is it difficult? Structured prediction is challenging for two reasons:

e Computationally: we need to predict large structured (often discrete) objects from
real-valued outputs.

e Statistically: there is a potential curse of dimensionality in both &k (the underlying
dimension of the problem, to be defined later precisely) and the input d, in addition
to a complicated combinatorial structure.

Our goal is to obtain polynomial-time algorithms in k, n, and d to attain the optimal
prediction, that is, we aim to obtain:

1. Computational tractability by introducing convex surrogates (to use convex opti-
mization) and efficient decoding steps (often dedicated algorithms).

2. Fisher consistency (excess risk goes to zero in the population case) and calibration
(sub-optimality for the convex surrogate leads to sub-optimality for the true risk).

Following the rest of the book, we will always go through vector-space valued predic-
tion functions. Thus, there will always be two components:

1. Learning some scores from data, implicitly and explicitly, in a Hilbert space H
or R*, where k is the (potentially implicit) “affine dimension” of Y.

2. Decoding step to go from score functions to predictions (obvious and somewhat
overlooked in the binary classification case, as this was simply the sign).

From one learning framework per situation to a general framework. The de-
velopment of structured prediction methods has seen two streams of work: first, methods
dedicated to specific instances (in particular, cost-sensitive multi-category classification,
ranking, or learning with multiple labels), then generic frameworks that encompass all
the particular cases. In this book, we focus on the latter set of techniques.

3See https://en.wikipedia.org/wiki/Discounted_cumulative_gain.
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13.2.2 Structure encoding loss functions

To achieve guaranteed predictive performance, we will need to impose some low-dimension
vectorial structure, which in turn imposes some specific structure within Y, hence the
name “structured prediction”. More precisely, we will assume that we have two embed-
dings of the label space Y into the same Hilbert space H, that is, two maps x, v : Y — H
and a constant ¢ € R, such that

V(y,2) €Y x Y, Ly, 2) = c+ (x(2),%(y)) (13.4)

This assumption is called “structure encoding loss function” (SELF) (Ciliberto et al.,
2020). This can be an implicit or explicit embedding (see examples below). Note that
the representation is not unique as given a pair (x, ), any pair (Vx,V~*¢) is valid for
any invertible operator.

/\ There are two different embeddings of outputs in Y, while typically one for the inputs
in X.

Bayes predictor. With the assumption in Eq. (13.4) above, we can now express the
optimal predictor in Eq. (13.3) as:

£ € argnin (x(2), | v)iblyln)). (13.5

Thus, to obtain Fisher consistency, it is sufficient to estimate well the conditional ex-
pectation fy P(y)dp(y|x) € H; this is what smooth surrogates will do in Section 13.4.
However, what is only needed is, in fact, sufficient knowledge of this conditional expecta-
tion to perform the computation of f*(z) above. This will lead to non-smooth surrogates
in Section 13.5.

Examples. We can now revisit the list of losses described in Section 13.2.1 to check if a
SELF decomposition exists. In our analysis, we will need a bound on Ry, = sup_cy ||x(2)]l,
which we also provide here.

e Binary classification, with Y € {—1,1} and the 0-1 loss: H = R, x(y) = —y/2
and (z) = z, since {(y,z) = lyz. = §+ — &, with Ry = 1/2.

e Multi-category classification: Y = {1,...,k} and a loss matrix L € REXxE
with £(i,j) = L;;. This corresponds to the usual “one-hot” encoding of discrete
distributions, where (i) € R” is the i-th element of the canonical basis. We then
have £(i,j) = Li; = ¢(i)" Ly (j), that is, x(j) = Ly (j). For this case, we have
Ry =supjeq,.. gy I1L(:,5)]|2. In particular, for the 0-1 loss, we have L;j = 1;.;, and
we can write £(,7) = 1 — (i) "¢ (5), and we can take x(i) = —(i), with Ry = 1.
We can also choose to have a feature map ¢ with values in {—1, 1} instead of {0, 1},
in particular for the general reduction to binary classification problems.

e Robust regression: Y = R, with the loss {(y, z) = 1—exp [~ (y—2)?], which can be
written as, using the Fourier transform, £(y, z) = 1— ﬁ I exp(—w?/4) cosw(z—
z)dw, which leads to the existence of an infinite-dimensional K.
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Indeed, we can select H to be the set of square integrable functions from R to
R?, with ¥(y)(w) = e‘“’z/s(cos“y), and x(2)(w) = — 51 e‘w2/8(cos“’z), leading to

sin wy _m sinwz
R} =L [ exp(—w?/4) = ﬁ

e Multiple labels: for Y = {—1,1}*, the traditional Hamming loss can be rewritten
as ((y,z) = £ — LyT2. We then have, 1(y) =y and x(z) = —z/2, and Ry = /m.

Note here that choosing the 0-1 loss is not advocated as it is non-zero as soon as a
single mistake is made, and it requires a lot of observations in practice (as can be
seen by having a constant R, that grows exponentially in k.

e Permutations: for the pairwise disagreement, we have directly H = R* with

k = m(m - 1), with w(y)u = 1y(i)>y(j) and X(Z)ij = 1z(i)<z(j) for ¢ # j, and
Ry < m. For the loss €(y,z) = > (ayu) — bya))?, we have ¢(y) = y and

X(z) = =2 % z, with Ry < /2(m + 1).

e Sequences: we consider binary sequences for simplicity, that is, Y = {—1,1}™, but
it extends more generally to all factor graphs (Wainwright and Jordan, 2008) and
types of labels. Using the Hamming loss like for multiple labels ignores the sequen-
tial structure and does not enforce any notion of consistency between two successive
elements of the sequence. On top of the feature yi,...,ym € {—1,1}, we can add
the features y1ya, y2ys, - -« Ym—1Ym € {—1,1}, that allows to consider losses that
encourages perfectly predicted sequence of size 2, for example, by considering the

m—1

Z1
loss £(y, 2) = 2077 Lyte; or yypadessn = 2ojor \Yi%i T Yit12j41 — Y52 Yi412541 )

Like for binary classification or regression, the loss choice is independent of
the function space considered (local averaging, kernels, neural nets).

Reduction to binary problems. We have encountered several examples above, where
the feature map ¥ has binary values in {—1,1}™. We will see below that natural convex
surrogates end up simply considering each of the m labels independently (ignoring their
potential dependency, i.e., in the ranking case, where components of W(y) are 1,(;)<y ()
not all values are possible). This can be useful in structured cases like sequence models
or ranking, but also in multi-category classification with the 0-1 loss.

13.3 Surrogate methods

In this section, our main concern will be to obtain consistent convex surrogates, convex so
that we can run efficient algorithms from Chapter 5, consistent so that we are sure that
given sufficient amounts of data and sufficiently flexible models, predictions are optimal.
In particular, this will allow us to derive generalization bounds in Section 13.6.
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13.3.1 Score functions and decoding step

Binary classification. In this book, we have performed binary classification by learn-
ing a real-valued function g : X — R, and then predicting with f(x) = sign(g(z)) €
{—1,1}. In the language of this chapter, we have learned a real-valued score function and
applied a specific decoding step from R to {—1,1} (the sign function). We now present
the general surrogate framework.

General surrogate framework. In this chapter, we will consider functions f : X — Y
that can be written as:

f(z) = decog(z),
where

e g: X — H is a function with values in the vector space H, referred to as a score
function.*

e dec: H — Y is the decoding function.

We then need a surrogate loss S : Y x H — R, that will be used to form empirical and
expected surrogate risks:

n

1
Rs(g) =~ > S(yi,g(xi)) and Rs(g) =E[S(y,g(x))].
i=1
For binary classification where Y = {—1,1}, we had S(y,g(x)) = ®(yg(z)) for ® a
convex function.

13.3.2 Fisher consistency and calibration functions

Following the same definition as in Section 4.1, we denote R the minimim S-risk, that
is the infimum over all functions from X to 3 of Rg(g) = E[S(y, g(z))]. It is equal to:

5 = E[ inf E[S(y, mla]]

The loss is said “Fisher-consistent” if we can get an arbitrary small excess risk R(f) — R*
for f = dec o g, as soon as the excess S-risk of ¢ is sufficiently small. In other words,
perfectly minimizing the S-risk should lead to the Bayes predictor.

A stronger property that enables the transfer of convergence rates for the excess S-risk
to the excess risk is the existence of a calibration function, that is, an increasing function
H : Ry — Ry such that R(deco g) — R* < H[Rg(g) — R%]. Note that, like in the binary
classification case in Section 4.1.3, a more refined notion of consistency can be defined
and studied, see, e.g., Long and Servedio (2013).

4In statistics, the score function often refers to the gradient of the log-density with respect to param-
eters. There is no link between these two definitions.
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13.3.3 Main surrogate frameworks

As described in Section 4.1, for binary classification, we saw two classes of convex surro-
gates:

e Smooth surrogates, where the predictor minimizing the expected surrogate risk led
to a complete description of the conditional distribution of y given x, that is, since
we had only two outcomes, knowledge of E[y|z]. Classic examples were the square
loss and the logistic loss. Then, when going from the excess surrogate risk to the
true excess risk, the calibration function was the square root.

e Non-smooth surrogates, where the predictor minimizing the expected surrogate
risk already provided a thresholded version, that is, sign(E[y|z]). The calibration
function, however, did not exhibit a square root behavior but rather a (better)
linear behavior.

In this chapter, we will present extensions of these two sets of surrogates: (1) least-
squares (or more generally smooth surrogates), (2) max-margin (non-smooth that esti-
mates the discrete estimator directly), as they come with efficient algorithms and guar-
antees. But there are other related frameworks that we will not study (Osokin et al.,
2017; Lee et al., 2004; Blondel et al., 2020). In particular, probabilistic graphical models
in the form of conditional random fields are popular (Sutton and McCallum, 2012).

13.4 Smooth/quadratic surrogates

We first look at a class of techniques that extends the square and logistic losses beyond
binary classification for the whole class of structure encoding loss functions. We first
start with quadratic surrogates, following Ciliberto et al. (2020), where the analysis is
the simplest and most elegant.

13.4.1 Quadratic surrogate

Given the SELF decomposition in Eq. (13.4), we consider estimating a score function
g : X — JH with the following surrogate function:

S(y, 9(x)) = lv(y) — g(@)],

for the Hilbert norm || - ||. In other words, we aim at directly estimating E[¢(y)|x] for
every € X. The decoding function is then naturally

dec(s) € argrzneiél (x(2), 9(2)),

since, when g(z) = E[¢(y)|z], it leads to arg mi? E[(x(2),¢(y))|z] = arg Hliél E[l(y,z)|z],
z€ z€
which is the optimal predictor.

For the binary classification case, it leads to the square loss framework from Sec-
tion 4.1.1, but in the general case, it extends to the many situations alluded to earlier.
The decoding steps will be described in Section 13.4.3.
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When the loss function is induced by a positive-definite kernel, then this framework
is also referred to as output kernel regression (see, e.g., Brouard et al., 2016), or kernel
dependency estimation (Weston et al., 2002).

13.4.2 Theoretical guarantees

For the framework proposed above, we can prove a precise calibration result by leveraging
the properties of the square loss. We first notice that

Rs(9) - Rs = E|||g(x) - El(y)la]]*]. (13.6)

Moreover, by construction, the function defined by ¢*(z) = E[¢)(y)|z] is the minimizer of
the expected S-risk, and the Bayes predictor is indeed f* = dec o g*.

We can then express the excess risk using the decomposition of the loss as:

R(deco g) — R*
= R(decog)— R(deco g*)

= E[E[t(y, deco g(x)) - £y, deco g*(x))\x”

- E'E[w(y),x(decog( )) = x(dec o g*(z ] by the SELF decomposition,
- E < [¥(y)|z], x(dec o g(x)) — x(dec o g*( >” by moving expectations,

= E < [¥(y)|z] —g(z), x(dec o g(x)) —x(decog*(év))ﬂ

+E[(g(x), x(dec 0 g(x)) — x(dec 0 g*(2)))] .

by adding and subtracting g(z). The definition of the decoding function implies the
negativity of the second term. Thus, we get:

R(dec o g)~R* < E[GE [V ()lz] — g(@), x(dec o g(x)) — x(dec o g*(ﬂﬁ))ﬂ}
< 2 sup Ix(2)||-E [HE[ )|z] —g(x)H} using Cauchy-Schwarz inequality,
< 2 ileq;) lIx(2)|| - \/E[H<E[1/J(y)|:1:] - g(a:)HZ} using Jensen’s inequality,

= 2R;-y/Rs(g) — RE because of Eq. (13.6),

which is precisely a calibration function result. A key feature of this result is that the
constant Ry typically does not explode, even for sets Y with large cardinality (see examples
in Section 13.2.2). To get a learning bound, we then need to use learning bounds for
multivariate least-squares regression, which behave similarly to univariate least-squares
regression (see Section 13.6). For example, if we assume that the target function g*(z) =
E[(y)|x] from X — H is in the space of functions that we are using for learning, then



362 CHAPTER 13. STRUCTURED PREDICTION

penalized least-squares with the proper choice of regularization parameter will lead to
explicit convergence rates. Otherwise, we need to let the parameter go to zero to obtain
universal consistency. See Ciliberto et al. (2020) for more details.

13.4.3 Linear estimators and decoding steps

When the function g is linear in the observations ¢ (y;), i = 1,...,n (e.g., local averaging
methods from Section 6.2.1, or kernel methods from Section 7.6.1), that is,

9(@) = Y- wilapo(u),

for well-defined functions w; : X — R, we see that the decoding step is

n

dec(s) € arg Hliél <X(z), sz(:zr)w(yl)> = arg min w;(z)l(y;, 2), (13.7)
ze
i=1 i=1
that is, there is no need to know the loss decomposition to run the algorithm. This makes
the decoding step even easier with the following examples:

e Robust regression: Y = R, with the loss {(y,z) = 1 —exp [— (y— 2)?]. Eq. (13.7)
then leads to

arg mayx ; wi(z)exp [ — (i — 2)?],

which is a one-dimensional optimization problem that can be solved by grid search.

e Multi-category classification: Y = {1,...,k} and a loss matrix L € R*** with
(i,§) = Lij. Eq. (13.7) then leads to argmax.cq1, k} 2oiq Wi(2) Lz

e Multiple labels: Y = {—1,1}* with ¢(y,2) = & — 1yT2. Eq. (13.7) then leads to

argmax,c(_j 1}k 27 i wi(z)y;, which leads to a closed-form formula for z.

e Permutations: for the pairwise disagreement, the optimization problem does not
have a closed form anymore and is an instance of a hard combinatorial problem
(“minimum weighted feedback arc set”), which can be solved for small m, and with
simple approximation algorithms otherwise (see Ciliberto et al., 2020).

e Sequences: When using separable loss functions, we return to the classical multiple-
label setups. However, when using losses over consecutive pairs, we need to minimize
with respect to 2 € {~1,1}" a function of the form 7", u;z; + Z;’;l VjZiZj41,
which can be done in time O(m) by message passing algorithms (see, e.g., Murphy,
2012).

13.4.4 Smooth surrogates (¢)

Following Nowak-Vila et al. (2019) and as done in Section 4.1, we can also consider
smooth surrogate functions of the form:

S(y,9(x)) = cly) — 2(¥(y), 9(z)) + 2a(g(z)),
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where a : H — R is convex and f-smooth, that is, for any h,h’ € H, a(h’) < a(h) +
(d'(h),h' —h)y + §||h — 1|2, We also assume that a(0) = 0 and that the domain of its
Fenchel conjugate includes all ¢(y) for y € Y. The square loss corresponds to a(h) =
3lIRl* and c(y) = ¥ (y)|>.

We consider the decoding function dec : H — Y equal to

dec(h) € argmin x(z)"d'(h).
z€H

For the square loss, we recover exactly the quadratic surrogate.

Examples. Three examples are particularly interesting:

e Softmax regression: for multi-category classification, we can always take ¥ (y) =
7 € R* the “one-hot” encoding of y € {1,...,k}. The convex hull of all ¥(y)
for y € Y is then the simplex in R¥. Softmax regression corresponds to a(y) =

log (3] exp(x;)).

e Reduction to binary logistic regression: when ¥ (y) € {—1,1}"™, we can con-
sider a(h) = > log 2 (exp(hi/2) — exp(—hi/2)), leading to independent logistic
regression

e Graphical models (¢): The examples above can be made more general using the
graphical model framework. We consider sequences in {—1, 1} for simplicity, but
this extends to more general situations, that is, more complex graphical models (see,
e.g., Murphy, 2012). For ¢ (y) composed of all y; and y;y;+1. To build the function
a, we consider the convex hull of all ¢(y), for y € Y, and for any elements of this
convex hull (which corresponds to a probability distribution on Y), we consider its
negative entropy which is a convex function b. We then take a to be the Fenchel
conjugate of b.

For ¢ (y) = y, we recover independent logistic regression, while for the sequence
models, we recover conditional random fields (Sutton and McCallum, 2012).

o “Perturb-and-MAP”: In situations where one can efficiently maximize linear
functions of 1 (y) with respect to y € Y. In other words, we can compute the convex
function ag(z) = max,ey(y)"z. Then we can make it smooth using stochastic
smoothing, as presented in Section 11.2, that is, define a, = E[ao(z + au)] for a
random variable v € R* (typically a Gaussian). When we use Gumbel distributions
for w, and Y = {1,...,k} with ¥(y) = g, we recover the softmax function, but the
framework is mode generally applicable (see Berthet et al., 2020).

Calibration function. We then have, by definition of the Fenchel-conjugate a*(u) =
supp,egc(u, h) — a(h):

Rs(g) = E[E[c(y)|z] - 2E[ (1)), 9(2)) + 2a(g(m))}
Ry = E[Elc()la] + inf ~2(E[(y)la] h) +2a(h)|
= E[E[c(y)|z] — 2a*(E[¢(y)|2])], by definition of a*,
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leading to a compact expression of the excess S-risk and a lower bound:
Rs(g) =R = E[—2(E[p(y)lz]. g(x)) + 2a(g(x)) + 2a" (E[(y)|2])]

> %E[Haxg(x))—E[wynx]uﬂ,

where we have used the (1/3)-strong-convexity of a*.

Moreover, like in the previous section, we can express the excess risk as:

R(decog) — R = R(decog) — R(deco g")

E[£(y, dec o g(x)) — {(y, dec o g* ()]

E[(4(), x(dec 0 g(2)) = x(dec o g*(2)))]a]]

b()le], x(dec 0 g(2)) — x(dec o g*(2)))]]

()] - a'(9(x)), x(dec 0 g(2)) — x(dec o g*(2)))] ]
+E|(a/(g(x)), x(dec o g(x)) - x(dec o g (2)))] |.

By definition of the decoding step, we get:

R(decog) — R < E[(E[v()la] - o (9(2)), x(dec o g(x)) — x(dec 0 g*(@)))]]

< 20p (=) - B[ B [p)le] ~ o'ty

< 25 I E[[EWl] - 9()]] = 2/BRe - \/Rele) — R,

We thus have the same calibration function as for the quadratic surrogate but with
an extra factor of v/B. For example, this applies to softmax regression.

E
E

= E[(E
o

[
[

(®

Comparison with quadratic surrogates. The comparison between quadratic and
smooth surrogates for structured prediction mimics the one for binary classification from
Section 4.1. While both lead to consistent predictions and similar calibration functions,
they differ in their Bayes predictors, with typically smooth surrogates leading to more
natural assumptions (see, e.g., Section 13.7.2).

13.5 Max-margin formulations

Rather than extending the square or logistic loss from binary classification to structured
prediction, we can also extend the hinge loss, leading to “max-margin formulations” in
reference to the geometric interpretation from Section 4.1.2. In this section, we assume
that for any y € Y, z — £(z,y) is minimized at y, that is, the loss provides a measure of
dissimilarity with y.



13.5. MAX-MARGIN FORMULATIONS 365

13.5.1 Structured SVM

Following Taskar et al. (2005); Tsochantaridis et al. (2005), we consider a traditional
extension of the support vector machine with a simple interpretation.

We consider a score function, which is a function of x € X and y € Y, with the decoder
arg max.cy h(z, z). The score S(y, h(x,-)) is defined as the minimal £ € Ry such that for
all z € Y,

h(xvy) 2 h(ZE, Z) + é(za y) - ﬁ(y, y) - 5

The intuition behind this definition is that we aim at making h(z,y) larger for the ob-
served y than for the other h(z,z), with a difference that is stronger when y and z are
further apart, as measured by the loss.

If we take the particular form h(z, z) = (¢(z), g(x)) for g : X — H, then the constraint
becomes

(W(Y), g(@)) = (¥(2),9(x)) + (x(v),¥(2)) — (x(¥),¥(y)) — &,

which is equivalent to

§= (¥(z) —¥(y), x(v) + g(z)),

and thus the score function is:

S(y,9(x)) = max (¥(2) = ¢(y), x(y) + g(x))- (13.8)

z€Y

For binary classification with the 0-1 loss, this recovers exactly the SVM. Moreover, this
convex loss is computable as soon as we can maximize linear functions of x(z); thus, this
applies to many combinatorial problems, in particular those described earlier.

However, this approach is not consistent; that is, even in the population case where the
test distribution is known, it does not lead to the optimal predictor in general; note that
there are subcases, such as multi-category classification with the 0-1 loss and a “majority
class”, where the approach is consistent (Liu, 2007) (see exercise below).

Exercise 13.4 (¢) For the multi-category classification with the 0-1 loss, show that the
structural SVM is Fisher-consistent if for all x € X, max;jeq,. 1y P(y = jlz) > %

.

13.5.2 Max-min formulations (¢4¢)

Following Fathony et al. (2016); Nowak-Vila et al. (2020), we can provide a non-smooth
surrogate, which is both consistent and comes with a calibration function that does not
have a square root. In the binary case, the support vector machine led to a target
surrogate function, which was exactly the Bayes predictor, in values in {—1,1}. We will
see that it is possible to reproduce in the general case. We still assume that for any y € Y,
z +— £(z,y) is minimized at y, that is, the loss provides a measure of dissimilarity with y.

Given the expression of the Bayes predictor in Eq. (13.5), that is,

fr(x) € argr}ég(X(Z),E[w(y)lx]%
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we can define the function g*(z) = x(f*(z)) € H, which is defined as
*(x) € in (h,E ,
'(a) € arg min (1, E[(y)]z])

which happens to be a subgradient at E[¢)(y)|x] of the function

b:pur— — min (h,u) =— min ", ).
1 hex(y)< py = —min(x(y'), 1)

Thus, if we can design a surrogate function S so that E[S(y, g(z))|z] has minimizer g*(x)
defined above, we can consider the decoder function with our desired consistent behavior:

dec o g(z) € arg min z/J(y’)Tg(:v),
y'eY
for which
decog*(z) € argmin ¢(y) g"(z) =argmin (y") x(f*(z))
y'eY y'€Y
= argminl(y, f*(z)) = f*(x),
y'eY

because of our assumption on the loss £(y, z) being minimizer with respect to y at z.

To have a subgradient g*(z) of b at E[t)(y)|x], to be a minimizer of E[S(y, g(z))|z], it
is sufficient to consider (this is not the only choice):

S(y, g(x)) = b"(9(x)) = (9(2), P(y)),

where b* is the Fenchel conjugate of b restricted to M(y) C H the closure of the convex
hull of all ¥(z), 2z € Y, that is,

b*(h) = max (u,h) —b(p) = max (u,h)+ min(x(y), p).

HeEM(¥) HEM () y'eY
We thus have:
S.gl@) = max (o)) + min(c(w)p) - Gl 00)  (139)
= | Dax i (9(x) +x(W"), 1 — () + Uy, y).

Note the similarity with the maximum-margin SVM loss in Eq. (13.8), which considers
y' = y instead of the minimization with respect to ¢’ € Y. This extra minimization makes
the surrogate loss function more complicated to minimize (though it is still convex) but
leads to a Fisher-consistent estimator.

Fisher consistency. We now prove that any minimizer g* of E[S(y, g(ac))] over all
measurable functions from X to H leads to the optimal prediction, with

dec o g*(x) = argmax (y') " g*(x) = f*(x).
y'eY
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As in Section 13.4.4, for x € X, any minimizer g* has a value g*(x) that minimizes
E[S(y, 9(x))lx] = a(g()) — (g(), E[(y)|x]).

By definition of a, g*(z) is a minimizer of & — (h, E[¢)(y)|z]) over h € M(x). Thus, given
the expression of the Bayes predictor in Eq. (13.5), we get ¢*(z) = x(f*(z)) € H. This
leads to decog*(x) = f*(z) because of the assumption that z — £(z,y) is minimized at y.
We can also get a linear calibration function in generic situations; see Nowak-Vila et al.
(2020) for details.

Optimization algorithms. In this book, we have focused on optimization methods
based on subgradients. For the loss defined in Eq. (13.9), this requires to have an optimizer
€ M(v), which requires solving a min-max problem in general. Below, we consider the
multi-category classification problem with 0-1 loss, where this can be achieved, and refer
to Nowak-Vila et al. (2020) for algorithms based on primal-dual formulations.

Binary classification with the 0-1 loss. In this situation, we can compute a* () =
1|p| with domain [—1, 1], leading to a(v) = (Jv| — 1/2)+, and a formulation that is close
to the binary SVM (but non-identical).

Multi-category classification. for Y = {1 ...,k} and the 0-1 loss, a short exercise
shows that we obtain

2jeagile) +14] -1

S(y, g9(z)) = acpmex Al ,

where the maximizers in A can be obtained in closed form (together with the subgradient).

13.6 Generalization bounds (¢)

In this section, we provide generalization bounds for the structured prediction problem
with smooth convex surrogates defined in Section 13.4. For simplicity, we will assume
a linear model with feature vector ¢ : X — R?, and that the feature vector is flexible
enough so that the minimizer of the expected surrogate risk is indeed a linear function
of ¢, that is, g9 (x) = 0T p(2). Taking care of an approximation error would lead to
developments similar to Section 7.5.1.

For real-valued prediction functions and linear models, we looked at two frameworks
to obtain generalization bounds: one based on Rademacher complexities and one based
on stochastic gradient descent. For multi-category classification in Section 13.1, we con-
sidered both and only considered SGD in this section as it leads to better bounds. More-
over, we could use kernel methods when ¢ is only known through the associated kernel
function (using in particular Section 7.4.5), but we stick to explicit feature maps for sim-
plicity. Finally, for least-squares, we could directly extend the ridge regression analysis
from Section 7.6, which does not use Rademacher complexities. We instead focus on
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Lipschitz-continuous losses, that is, we assume that a has gradients bounded by G in
fo-norm.

We thus assume that there exists 6, € R¥** such that o/ (E[¢(y)|z)]) = 0. p(z),
and thus Ry = E[S(y,0, ¢(z))]. We assume i.i.d. observations (z1,y1), ..., (@n,yn) €
X x Y, and the single pass gradient descent recursion, initialized at 0 and defined for
te{l,...,n}, as

0 = 01 — Yo () S (ye, 0,1 o)) T M,

for a positive definite matrix M'/2, which will allow to include some penalty function of
the form tr[06 T M ~1].

The analysis of Section 5.4 exactly applies, and with the choice v; = 7, we obtain the
following generalization bound:

1 _ ~G?R?
E[Rs(g¢.))] — Rs(g%)) < n tr[0] M10.] + —

With the optimal choice of v, we get:

GR(tr[0] M~16,])1/?
7 .

We can then use the calibration result to obtain a consistency result for the structured
prediction problem with a bound in n=/4.

E[Rs(g,))] — Rs(g"")) <

Examples of structured regularization. The prediction function is characterized
by a matrix # € R4**¥ and without further knowledge, it is natural to use the Frobenius
norm or the nuclear norm as regularization or constraint. In particular, set-ups where
the k columns have a specific structure, some particular squared norm tr[98 " M 1] can
be natural.

For example, in the ranking problem with the pairwise disagreement loss, where ¥ (y)
is indexed by two indices 4,j € {1,...,m}, it is natural to consider ;; = n; —n; for a
matrix 7 € R¥™ (see Section 13.7.2 for more details).

13.7 Experiments

In this section, we present two experiments highlighting the benefits of structured pre-
diction and illustrating the results from this chapter.

13.7.1 Robust regression

We consider a toy robust regression problem to illustrate the use of the quadratic sur-
rogates presented in Section 13.4.1. We use a simple one-dimensional robust regression
problem, where we compare the square loss and the loss £(y, 2) = 1 —exp(—(y — 2)?). We
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Figure 13.1: Robust regression in one dimension, with heavy-tail noise (fifth power of
Gaussian noise): regular square loss (left), vs. robust loss (right).

generate data with heavy-tail additive noise and plot below the best performance for ker-
nel ridge regression with the Gaussian kernel, with the optimal regularization parameter
(selected for test performance).

Since we use a kernel method, we can use Section 13.4.3, that is, once the n data-
dependent weight functions wi(x),...,w,(x) are estimated using ridge regression, we
need at test time to compute argmin,ecr Y., wi(2)l(y;, 2) = argmin.er Y5 w;(z)(1—
exp(—(y; — 2)?)), which can be done by grid search. See results in Figure 13.1, where we
see that the robust loss is indeed more robust to outliers.

13.7.2 Ranking

We illustrate structured prediction on a ranking problem, where Y is the set of permuta-
tions from {1,...,m} to {1,...,m}. We consider two different loss functions:

e Square loss: ((y,z) = >.", (y(i) — 2(i))?, with ¥(y) =y € {1,...,m}™. For this
loss, we only consider the square loss. We thus need to fit a function h : X — R™
using least-squares directly on y. The decoding step a for test point x is then simply
to sort the m components of h(z).

e Pairwise disagreement: {(y,z) = ZTFI (1y(i)<y(j) - 1z(i)<z(j))2, with the fea-
ture (y) € {1,137 1/2 defined as ¥(y)i; = Lyi)<y(y) for i < j. We thus
need to learn a function ¢ : X — R™™~1)/2: we consider the square loss, where
we minimize expectations of ||[¢)(y) — h(z)||3, as well as the logistic loss, where we
minimize the expectation of 3, _;log (1 + exp(—1(y)izhij(x))).

In terms of decoding, given the function h, at test point z, we need to maximize
ZKJ- 9i5(2)1.(i)<=(j) With respect to a permutation z when using the square loss,
while we need to maximize }°,; _; tanh(g;;(2))1.(i)<~(;) when using the logistic loss.
This is an instance of the “minimum feedback arc set problem”, which is an NP-
hard problem with known approximation algorithms (Ailon et al., 2008). When the
weights g;;(x) are of the form u(h;(x) — h;(x)) for a non-decreasing function v and
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a function g : X — R™, then it can be solved by sorting h. Thus, when either the
square loss or the logistic loss is used, using a specific model g;; = h; — h; leads
to simpler decoding. For the square loss, using this specific model leads exactly to
performing least-squares on y € R™.

population utilities empirical utilities

3 3
2
1
< <
0
1
-2
0 0.5 1 .
X X
8 population permutations 8 Expected (y)
I : [] | : II
6 6
[ | | II [
>4 >4
| [
2 2
0 0
0 0.5 1 0 0.5 1
X X

Figure 13.2: Top Left: utilities hq, ..., hy,, top right: empirical utilities Ay +n1, ..., by +
Nm- Bottom: population permutations y*(z) € {1,...,m} (left) and conditional expec-
tation Ely|x] € [1,m] (right).

Placket-Luce model. We generate data from the Plackett-Luce model (Marden, 1996),
that is, from m functions hy(z),..., hp(z), with the random permutation obtained by
sorting the m real values hi(z) + 71, ..., hm(z) + N in ascending order, where each 7;,
t=1,...,m, is a Gumbel random variable. Our convention is that y(7) is the position
of item 14, that is, y(i) = 1 if h;(x) 4+ n; is the lowest, and y(i) = m is h;(z) + n; is the
largest.

If m;(x) = softmax(h(zx)), this happens to be equivalent to the model where y(m) is
selected with probability vector 7(x), and then y(m — 1) with probability vector propor-
tional to 7(z) (but without the possibility of taking y(1). In other words, the probability
of selecting a permutation z is equal to:

7T(x)z(m—l) 7T(I")z(m—2) o T2(2)
™I T(2) 2(m) 1 = 7(T) 2(m) — T(T) 2(m—1) 1) + m(2(2))

7T(x)z(

so that a

7i(x xp(h;(x
Moreover, we also have E[1,¢)<y)lz] = w]-(w)]—iw)@-(w) = exp(h;;)’gﬁe(x;()hj(w)),

logistic regression model for predicting 1,(;)<,(;) has a target function equal to h; — h;.
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However, the target function for the square loss, E[y|z], can be expressed as products of
softmax functions of subsets of hq,...,h,,, and thus are not linear in these functions.

We consider X = [0, 1] and consider functions hy, . . ., h,, which are linear combinations
of cosine functions cos(27kz) and sine function cos(27wkz) for k € {0,1} for the generating
functions. See Figure 13.2 for an illustration.
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Figure 13.3: Top: using the square loss £(y,z) = ||y — z||3 with the square surrogate.
Bottom: using the pairwise disagreement loss £(y, 2) = || (y) — ¥(2)||3, with the square
surrogate, and logistic surrogate.

We consider situations where the prediction model we use for the functions ¢ and h
includes the ones generating the data, hence a well-specified model for the logistic loss,
but not for the square loss. In Figure 13.3, we provide learning curves where we vary
the number n of observations, for three classes of prediction functions based on sines

and cosines: for the small model, we use exactly the same model class as for hq, ..., hm,
that is, k € {0,1}, while for the middle model, k& € {0,...,3}, and for the large model,
k€ {0,...,15}. We use a fixed regularization parameter proportional to 1/n.

In the top-left plot of Figure 13.3, the quadratic surrogate with ¢ (y) = y is considered,
and the small model is not well-specified. Thus, when n grows, the testing error does not
go down to zero, similarly for the bottom-left plot where the square loss is used with the
pairwise disagreement loss function. For the logistic loss, however, where even the small
model is well-specified, we obtain a learning curve that goes closer to zero.
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13.8 Conclusion

In this chapter, we explored surrogate frameworks beyond binary classification, focus-
ing on convex surrogates. These convex formulations can be used with any prediction
functions (linear in the parameter, such as kernel methods, or not, such as neural net-
works) and come with guarantees for linear models. We presented several principles,
e.g., margin-based techniques or frameworks with probabilistic interpretation through
maximum likelihood.



Chapter 14

Probabilistic methods

Chapter summary

Probabilistic models can lead to intuitive algorithmic formulations but sometimes
misleading interpretations. In particular, maximum a posteriori (MAP) estimation
does not work best when the parameters are generated from the prior distribution.
Minimum mean-square estimation (MMSE) is preferable (for the square loss).
Generative models (such as linear discriminant analysis) that explicitly try to model
the input data with simple models can lead to biased but efficient estimators in
large dimensions compared to their discriminative counterparts (such as logistic
regression).

Bayesian inference can be used naturally for model selection using the marginal
likelihood, both for model selection among a finite number of choices or with Gaus-
sian processes.

PAC-Bayesian analysis: aggregating estimators provide natural statistically effi-
cient estimators with an elegant link with Bayesian inference.

In this chapter, we first consider probabilistic modeling interpretations of several

learning methods, focusing primarily on identifying losses and priors with log-densities
but drawing clear distinctions between what this analogy brings and what it does not.
We then show how Bayesian inference naturally leads to model selection criteria and end
the chapter with a description of PAC-Bayes analysis.

14.1 From empirical risks to log-likelihoods

Many methods in machine learning may be given a probabilistic interpretation through
maximum likelihood or “maximum a posteriori” (MAP ) estimation. For example, con-

373



374 CHAPTER 14. PROBABILISTIC METHODS

sider the regularized empirical risk as:

n

RO) = 13 by, fola) + 20(0),

=1

multiply by —n and take the exponential to get:

exp(-nR(8) = exp (= D Uy fol)) - A0(6))

= Hexp [ = Uy, fo(zi))] - exp [ — AQ(0)]. (14.1)

We can give a probabilistic interpretation by considering a likelihood, that is, a density
(with respect to a well-defined base measure),

p(yilzi, 0) o< exp [ — £(ys, fo(z:))],

and a prior density

p(0) x exp [ — )\Q(G)} ,

so that we have:

n

exp(—nR(0) o« [ plei.0) - p0).

i=1

which is precisely the (conditional) likelihood for the model where 6 is a parameter and
where, given 6, all pairs (z;,y;) are independent and identically distributed.

A Overloading of notations for probability densities, where the symbol p is used for all
random variables.

A Note the difference between conditional likelihood and likelihood.

There is more to probabilistic interpretation than simply taking the exponen-
tial, e.g., generative models, Bayesian inference for hyperparameter learning
(as done in later sections), dealing with missing data through the expectation-
maximization algorithm, etc.

We only scratch the surface here, and from a learning theory point of view.
See Murphy (2012); Bishop (2006) for many more details.

In this section, we primarily focus on the formulation in Eq. (14.1) and now look at
specific examples for data likelihoods and priors.
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14.1.1 Conditional likelihoods

For logistic regression where Y € {—1,1}, we can interpret the loss as the conditional
log-likelihood of the model where

1
]P)(yi = 1|‘Ti) = 1+ exp(—fé}(xi))7

which can be put in a compact way as p(y;|z;) = m = o(yi fo(z:)).

To apply logistic regression, there is no need to assume that the model is

A well-specified, that is, there exists a 6, so that the data are actually generated

from the model above. For the non-parametric analysis, this is often assumed.

For least-squares regression, we can interpret the loss 3(y; — fo(2;))? as a Gaussian

model with mean fy(z;) and variance 1. We can also estimate a more general variance

parameter that is uniform across all z (homoscedastic regression) or depends on z (het-
eroscedastic regression).

No need to have Gaussian noise! Simply zero mean and bounded variance are
enough for the analysis.

Exercise 14.1 Show that the negative log-density of the Gaussian distribution with mean
p and variance o2, that is, —log p(y|u, 0) = 5oz (x—p)?+ 3 log(2m)+5 log o2 is not convex

in (w,0?), but is jointly convex in (u/o?,072).

14.1.2 Classical priors

We can interpret classical regularizers that we have already encountered in previous

chapters. For the squared {-norm with Q(6) = 3||0[|3, this corresponds to a Gaussian

distribution with mean zero and covariance matrix A\~'1.

For the ¢1-norm with Q(0) = A||0||1, this is the so-called Laplace (or double exponen-
tial) prior:

exp(—A[f;1).

| >

d
p(0) = H

Exercise 14.2 Show that the variance of a Laplace-distributed random variable is equal
to %.
A2

The interactions between regularization terms and priors can go both ways, and we can

consider other classical priors. One that will be useful later in the Bayesian setting is the
multivariate Student distribution (often used marginally for independent components):

p(6) « (B+1013) ",
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08 Densities 0 Negative log-densities .
—— Gaussian —— Gaussian
—— Laplace —— Laplace

061 —— Student 157 —— Student |1

4 -5 0 5

Figure 14.1: Classical priors in one dimension, all normalized to zero mean and unit
variance: (left) densities, (right) negative log-densities.

leading to the regularizer (o + d/2)log(8 + $|6||3), which is not convex in 6. This will
be used within sparse priors in the next section.

Exercise 14.3 () We consider a random vector 8 which is Gaussian with mean zero and
covariance matriz nl, with 1/n being distributed as a Gamma random variable with pa-
rameters « and 3, that is, n with density p(n) = %:)(1/77)“‘1 exp(—B/n). Show that the
marginal density of 0 is the Student distribution with density p(0) = c(8 + 3|0(|3)~*~4/2,

with ¢ = (277%61/2 Baré?$d/2), and that E[G@T} = %I ifa>1.

This can be misleading as even when the target function is sampled from the
prior, MAP estimation may not work. See Section 14.1.4.

The expression of regularizers as log-densities may lead to the impression that MAP
estimation is particularly well suited when (1) the conditional model is well-specified,
that is, there exists 0, such that p(y|x) is indeed proportional to exp(—£(y, fo.)), and (2)
the optimal 0, is sampled from the prior distribution proportional to exp(—AQ(#)). As
we now explain, this is not the case at all.

14.1.3 Sparse priors

As shown in the next section, the Laplace prior is not a good prior for sparse data. We
consider the following ones instead. For each one-dimensional component, we consider:

)\l/a
e Generalized Gaussians: p(f) = %m exp(—A|#|*), with variance A\~2/® FE%Z;
e Student: p(f) = (2751/2 ﬁaré‘z‘ﬂ/z)l(ﬁ + 262)72~1/2 with variance % if > 1.

. Mixture of two Gaussians: p(f) = aN(0]0,03) + (1 — a)N(6]0,72), with variance
aog + (1 — a)72.
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Laplace Student «=3/2 OGeneralized Gaussian a=1/2

o

-10 0

-15 -5 \
-15
-10

-10 0 10

Figure 14.2: Sparse priors in two dimensions.

It turns out that all of these examples happen to be “scale mixtures of Gaussians”, that
is, they can be seen as the (potentially continuous) mixtures of Gaussian distributions
with zero mean but different variances:

0= [ et )
plv) = e 2 dq(n),

o V2m
where ¢ is a probability measure on R,. For the third example, this is straightforward,
with ¢ being a weighted sum of two Diracs at o2 and 72. For the Laplace distribution
(generalized Gaussians with «« = 1), one can check by direct integration that we can

. . . . . . . 2
take ¢ to be an exponential distribution, that is, with density ¢(n) = )‘? exp(—nA?/2),
while for the Student distribution, ¢ has an inverse Gamma distribution, with density
q(n) = %n’”"le’ﬁ/n (see Exercise 14.3).

As we show in Section 14.3.2, this hierarchical model can be used with marginal
likelihood maximization, leading to reweighted least-squares algorithms that are close to
the “n-trick” from Section 8.3.1, and thus provides a Bayesian interpretation.

Exercise 14.4 A density p(f) on R is said super-Gaussian if logp(0) is convex in 6>
and non-increasing. Show that scale miztures of Gaussians are super-Gaussian.'

14.1.4 On the relationship between MAP and MMSE (4)

In this section, following Gribonval (2011), we consider a very simple conditional model
of the form
y=0+¢, (14.2)

where ¢ is normal with zero mean and covariance matrix 021, assuming o2 is known. We
have prior knowledge on 6 in the form of a prior density ¢(#). Given the observation of y,
our goal is to obtain an estimator of # with the most favorable properties, which we define
here as the minimum squared error (this estimator will be generalized in Section 14.3).

That is, given an estimator é(y), we consider the criterion:

70) = [ a@)lo o).

IThe converse is not true, see Palmer et al. (2005).
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As shown in Section 2.2.3, the optimal estimator (i.e., function) 6 : R — R is the a
posteriori mean, that is R
Ounse(y) = E[6]y],
assuming that 6 is sampled according to ¢() and y follows the model in Eq. (14.2). Here,
MMSE stands for “minimum mean-square error”. We now want to compare it with the
maximum a posteriori parameter

Ouap(y) € argmax p(fly) = argmax ¢(0)p(y|6).
HcRd OcRd

Gaussian prior. When ¢ is a Gaussian distribution with mean zero and covariance
matrix 721, then (6,y) is a Gaussian vector and from conditioning results presented in

Section 1.1.3, we have

T2

Onise(y) = E[0ly] = 212

while the MAP estimate is also equal to TQTF—QUQy because, for Gaussians, the mean and
the mode are the same, but, as we will show later, Gaussian priors are the only ones for
which these two are equal.

Simple expression of the MMSE. We denote by p(y) the density of y, that is,

ply) = /de(yﬁ)dH:/ p(0)p(y|0)do

Rd

1 1
|40 Gz e (= 510 v},

using the expression of the Gaussian density. We can now express the a posteriori mean
as, introducing the gradient of the Gaussian density:

Ovse(y) = E[0]y] :/Rd P6.Y) g

p(y)
_ ,2 [ Pwlop®) 1
- T /]Rd p(y) 2~ vd

0'2 1 1 1
- »(y) 0) Gmomyar — =6 —yll3) =6 —y)do
YT W) /Rd 1) Gromyire exp (= 55110 —yll2) (0 - v)

1 o’ 9 1
= V- G o O o (- gl - )]

Thus, using integration by parts, we get:
2
. 1
avse(y) = y+ 7—/ q'(0)exp (= 5= 10 — yll3)d0
( R4 20
1
! 2
= S — _ d
Yt G 1) /qu (y = mexp (= 55 lnll3)dn

= ) = 02%<1ogp<y>>. (14.3)
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Figure 14.3: Comparison of MMSE and MAP for the spike-and-slab and Laplace priors:
MMSE for the spike-and-slab prior (left), MMSE for the Laplace prior (middle), MAP
for the Laplace prior (right).

We thus get an explicit expression of the minimum mean square error estimate. Note
that for a Gaussian prior, y is (marginally) normally distributed; hence, the gradient
of logp(y) is a linear function, and the MMSE is affine in y if and only if the prior is
Gaussian.

Exercise 14.5 (¢) Show that the posterior covariance matriz can be expressed as var(6|y) =
2

(logp(y)).

d
2 4
1
o°l +o dydyT

Expression of the MAP estimate. If ¢(6) = exp(—h(f)), then the MAP estimate is
friap (y) € argma L||9— 13+ R(6)
Map(y) € argmax 57510yl ,

with optimality condition, for differentiable h, § —y — UQd%(log q(0)) = 0; thus we have:

éMAP (y) =y + azd%(log q) [éMAP(y)} . (14-4)

Exercise 14.6 (44) We denote by f(y) = —logp(y). Show that the MMSE estimator

Oumse(y) = y — o2 f'(y) defined in Eq. (14.3) is the MAP estimator for the negative
. . o 2

log-prior g that satisfies g(Ommsr(y)) = f(y) — %||f’(y)||§ for all y € RY.

Differences between MMSE and MAP. Given the expressions in Eq. (14.3) and
Eq. (14.4), we can now study how the two estimators differ for the various sparse priors
that we have described above, where we consider the one-dimensional case for simplicity
(which extends to independent marginal priors in the multi-dimensional case) (see plots
in Figure 14.3):
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e Spike-and-slab: this is the model essentially used in the analysis of the Lasso in
Chapter 8, for which MAP with the Laplace prior (that is, the Lasso) is shown to
have favorable properties. We consider the prior, which is the mixture of a Dirac at
zero (with weight o) and a Gaussian with mean zero and variance 72. The variance
is then equal to (1 — a)72, and p(y) is the mixture of two Gaussian distributions,
centered in zero, with variances o2 and o2 + 72.

Exercise 14.7 Show that the marginal density p(y) for the spike-and-slab prior is

2 2
equal to p(y) = QW exp ( - 2%?) + (1 — Q)W exp( — 72(0,2y+7_2)).
Provide an expression of éMMSE(y) and of éMAp(y).

e Laplace: this is the model for which the MAP estimation leads to the Lasso method.
For q(6) = % exp(—Al6]), the variance is equal to 2/A%. We can compute the MMSE
by explicitly computing p(y) by integrating separately over positive and negative
numbers (see the exercise below). We see in Figure 14.3 that the MMSE is very far
from the soft-thresholding operator from Section 8.3.1. In other words, the Lasso
is not adapted to signals that are sampled from the Laplace distribution but rather
to signals sampled from the spike-and-slab prior.

Exercise 14.8 Show that the marginal density p(y) for the Laplace prior can be
expressed using the Gauss error function erf(a) = % Iy exp(—t?)dt, as: p(y) =
% exp ()‘22‘72 — /\y) [1 — erf()\i/%% )} + % exp (>‘22‘72 + /\y) [1 — erf()\i;%% )] . Provide an

expression of 9MMSE(y) and of éMAp(y).

Exercise 14.9 When q is a Gaussian distribution with mean zero and covariance ma-
triz C, provide an expression of the MMSE and MAP estimates.

Exercise 14.10 (¢) Provide a closed-form expression for the marginal density p(y) for
the Student prior.

14.2 Discriminative vs. generative models

We consider a traditional supervised learning set-up, with (z,y) € X x Y. The goal is for
any z € X to obtain a good conditional predictive model of y given z, that is, to get a
good model for p(y|x).

We can first directly model p(y|z) with a parameterized conditional model (like done
for least-squares or logistic regression). This will be called the discriminative approach.

We can also consider a joint density p(z,y), and obtain p(y|z) = % x p(x,y)

using Bayes rule. Most often (in particular for classification problems), the joint model
is obtained by modeling y and x|y, that is, the conditional model of the inputs given the
outputs, with a particularly simple model. This will be called the generative approach.
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14.2.1 Linear discriminant analysis and softmax regression

We consider a generative model with Gaussian class-conditional densities with a common
covariance matrix, with € R? and y € {1,...,k}:

y ~ multinomial(r)
xzly=1i ~ Gaussian(p;, X).

We can then compute the distribution of y given x as (removing all parts that are inde-
pendent of 7):

Py =ilz) o Ply=i,2) =mexp [~ 5(x—p) X (@ — )]
o< mexp | — gpi 7] exp(p X)),
This implies that, defining the softmax function softmax : R¥ — RF through softmax(v); =

Vi

it fek
Py =ilx) = softmax[(,ujZflx +logm; — 2 X7 ;);] = softmax [(w] @ + b;)s]

Z,
that is, the conditional model is the softmax function of a linear model, which is pre-
cisely the definition of softmax regression from Section 13.1.1, with w; = X~ 'y;, and
b; = logm; — % MIE_l 1;. The availability of a generative model will lead to alternative
parameter estimation algorithms (see below). Note that (a) for & = 2, we recover logis-
tic regression and that (b) we can apply the softmax regression model for any set of k
prediction functions f1,..., fr beyond affine functions.

Note, finally, that the common covariance matrix is often restricted to be diagonal.

Maximum likelihood estimation. Given observations (x1,41),. .., (Zn, yn), the pa-
rameters of the model above can be estimated naturally by maximum likelihood. It turns
out that for the particular case of multinomial and Gaussian random variables, this is
equivalent to computing empirical moments (proof left as an exercise), that is, the estima-
tor or 7 is the vector of empirical proportions of each class. In contrast, the estimator of
each mean p; is the empirical mean of observations with class 7, and the joint covariance
is a weighted combination of the empirical covariances of each class.

Exercise 14.11 (Quadratic discriminant analysis) Assume that the class-conditional
covariance matrices are different for each class. Show that the conditional model is still
a softmazx function, but now of “affine + quadratic” functions of x.

14.2.2 Naive Bayes

We consider discrete data, that is x € {1,...,m}? and y € {1,...,k}, and the following
generative model

y ~ multinomial(m)
d
zly=1 ~ H multinomial(x;|60;;),
j=1
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where m € R*, and each 6;; is in the simplex in R™. In other words, given y, the d
components x1,...,2rq are independent.

Using the usual “one-hot” encoding of discrete distribution, we see each x; in R™ as
one of the canonical basis vectors so that the probability of z;;|y = ¢ is equal to []/"; 9;2];
We can then compute

Ply=ilr) x Ply=iz)= HnyHHH%“

i=1j=1a=1

log P(y = i|x) Z yz(log ™ + Z Z (log 0jia) :Cja)

j=1la=1

Like for linear discriminant analysis, we thus also get a softmax model softmax[(w;r x4+
bi)i} , with b; = log 7;, and w; with components log ;4. Also, like for linear discriminant
analysis, we can obtain maximum likelihood estimates for each parameter of multinomial
variables using empirical proportions.

14.2.3 Maximum likelihood estimations

As shown above, for linear discriminant analysis and naive Bayes, we obtain conditional
models corresponding to softmax regression, for which we can use optimization algorithms
to get the relevant parameters (this is the discriminative approach followed in this book).

However, we can also use the generative models to estimate parameters in closed form.
For example, for linear discriminant analysis, the maximum likelihood estimates for the
class proportions are the empirical class proportions 7;, the means are the empirical
means, and X = Zle ;2;, which allows us to compute w; and I;i, through the formula
above, instead of having to solve a convex problem. The key question is: which one is
better?

Discriminative vs. generative learning. When making an even simpler assumption
of ¥ diagonal, we can study the potential benefits of the discriminative and the generative
set-up, following Ng and Jordan (2001): the generative approach has a stronger bias but
potentially a lower variance.

For both linear discriminant analysis (LDA?) in Section 14.2.1 and Naive Bayes in
Section 14.2.2, if we use the conditional log-likelihood as a criterion, the discriminative
approaches in the population case optimize the correct criterion directly, and thus must
lead to better or equal performance. However, in the unregularized case, to approach the
population case for logistic regression, we need a number of samples proportional to d
(e.g., by considering our bounds on Rademacher complexities in Section 4.5 with data
with equal variance in all directions). For LDA or Naive Bayes, we need to estimate
d separate quantities simultaneously, and when using concentration inequalities and the

2Not to be mixed with Latent Dirichlet Allocation (Blei et al., 2003), which is a generative model for
collections of text documents.
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Figure 14.4: Comparison of LDA with full covariance matrix, LDA with diagonal co-
variance matrix, and logistic regression, on a well-specified binary classification problem
(Gaussian class-conditional densities with same covariance matrix), with independent
components and non-independent components (with a smooth transition, which is linear
in the matrix logarithm). For independent components (left parts of the plots), linear
discriminant analysis with the independence assumptions leads to better performance.

union bound, we should expect to have n larger than a constant times logd to attain
the population performance. We thus get a larger bias with generative approaches but
significantly less variability. See the experiments in Figure 14.4, more details by Ng and

Jordan (2001), and a similar approach to variable selection in regression (Fan and Lv,
2008).

14.3 Bayesian inference

For simplicity, in this section, we consider random observations z € Z that could be the
traditional pair (z,y) € X X Y in supervised learning, but we note that Bayesian inference
applies much more generally. See more details by Robert (2007).

We assume that we have a set of probability distributions over z, with densities with
respect to some base measure, which are parameterized by some vector § € © (a subset
of a vector space), and which we denote p(z|6), and refer to as the likelihood function. We
assume some prior distribution with density ¢() with respect to the Lebesgue measure. In
the Bayesian methodology, we assume that 6 is sampled once from the prior distribution
and that we obtain 4.i.d. observations z1,. .., 2, € Z sampled from p(z|6).

By independence and identical distributions, the overall joint distribution of the data

and 0 is

P21, 20, 0) = q(0) [ [ p(2il0).

i=1

We can then obtain the posterior distribution of 6 given the data (z1,...,z,), which is
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proportional to p(z1, ..., 2, 0), and with density:

q(0) ITiz, p(zil0)
q(n) [ 15y p(ziln)dn

As already noted, the mode of the posterior distribution is the “maximum a posteriori”
(MAP) estimate, which is rarely used within Bayesian inference (see some reasons in
Section 14.1.4). Other estimates or estimation procedures are preferred, all using the
posterior distribution as the main source. Thus, being able to characterize this posterior
distribution is the computational tool (see below).

p(0)z1,...,2n) = f
©

Posterior mean. A good summary of the posterior distribution is the posterior mean
f@ 0p(0|z1,...,2,)d0 and is traditionally associated with parameter estimation with the
square loss. This was called the MMSE in Section 14.1.4.

Bayesian model averaging. Given the multiple models characterized by the posterior
distribution, we can consider performing inference on unseen data through the mixture
distribution

/ p(2|0)p(0]z1, . . ., 2,)d0.
©

Thus, overall, Bayesian inference naturally leads to parameter estimation procedures
that can be studied both from a computational perspective (see Section 14.3.1) and a
statistical perspective, as part of the “PAC-Bayes” framework described in Section 14.4.
But it can also be used for model selection, as described in Section 14.3.2.

14.3.1 Computational handling of posterior distributions

This section gives only a brief account of algorithms to characterize posterior distribu-
tions. See many more details by Gelman et al. (1995); Robert (2007).

Conjugate priors. In rare instances, the posterior distribution has a simple form. Two
classic examples are the Gaussian prior on the mean parameter of a Gaussian variable
and the Dirichlet prior on the parameters of a multinomial distribution.

Gaussian approximation (Laplace method). When the number of observations
gets large, then, the integral defining the normalizing factor of the posterior distribution
can be written as:

n

/@q(n) [1pziln)dn = /@eXP [n x (%logQ(n) + % anlogp(ziln)dn)},

i=1 i=1

and thus as [ exp(nh(f))d6 for a certain function h. The Laplace method is a traditional
approximation technique for approximating integrals of that form when the function h
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has a global maximum within the interior of ©.3 This maximizer is exactly the MAP
estimate fyap, and the approximation is exactly equivalent to modeling the posterior
density as a Gaussian with mean fyap and covariance matrix %h”(@M AP) L.

Sampling. Obtaining independent samples from the posterior distribution is often

enough for inference purposes, and many algorithms exist, such as Markov chain Monte
Carlo methods (Robert and Casella, 2005).

Variational inference. An alternative to sampling is to approximate the posterior
distribution by a family of simple tractable distributions that are made to fit the posterior
as closely as possible. See Blei et al. (2017) and references therein.

14.3.2 Model selection through marginal likelihood

Probabilistic models are often naturally defined hierarchically, with prior distributions
that have themselves parameters (which we can call hyperparameters), themselves with
their own prior distribution (often called hyperprior distribution). For example, using
the above notations, the prior distribution is g(6|\) with a hyperprior r(\), with often a
data distribution that depends on both 6 and A.

While we could still treat A as a random variable on which Bayesian inference is
performed, it is common to perform maximum-likelihood estimation on A, or more gen-
erally, maximum a posteriori estimation. This is sometimes called “type II maximum
likelihood” or “empirical Bayes”. This leads to a form of hyperparameter selection for A.
More precisely, we maximize

p()\|zlv"'7zn) S8 p()\azlv"'vzn):/p()\aeazlv"'vzn)de
(C]
s v [ T ptei6. Vaen.
©i=1

The quantity [ [T, p(2i|0)q(8|\)df is referred to as the marginal likelihood, and its
maximization is a generic tool for hyparameter selection, with many applications. We
present briefly two of them below.

Selection among finitely many models. A classical application of marginal likeli-
hood maximization is to consider m different models, that is, m different distribution
p;j(2]0;), with potentially parameters 6; € ©; living in different spaces, with prior distri-
bution ¢;(6;). With a uniform distribution on the models, model selection is performed
by maximizing with respect to j € {1,...,m}:

/@, [12)(2i165)4;(6;)d6;.

J =1

3See https://francisbach.com/laplace-method/ for details.
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Let’s consider the Gaussian approximation obtained from the Laplace approximation.
One can show that we obtain penalized maximum log-likelihood with a penalty equal to
% logn, where d; is the dimension of ©;, leading to the Bayesian information criterion
(BIC) (see Robert, 2007, Chapter 7). See the discussion in Section 8.2.2.

Sparsity with automatic relevance determination. As mentioned in Section 14.1.3,
we consider a prior distribution ¢(|n) which is Gaussian with mean zero and covariance
matrix n/. Maximizing the penalized marginal likelihood ends up being similar to the
“n-trick” from Section 8.3.1. Indeed, when we consider regression with Gaussian noise,
that is, when ¥ given 6 is normal with mean ®@ and covariance matrix o1, then y given n
is Gaussian with mean ® Diag(n)® " + 021, and thus we can compute the log-likelihood
in closed form, which leads to a natural (non-convex) cost function to estimate 7.

Gaussian processes. The example above may be extended to kernel methods pre-
sented in Chapter 7. Indeed, it is possible to define a probabilistic model of random
function from a set X to R such that the marginal distribution of f(z1),..., f(z,) is
Gaussian with mean zero and covariance matrix K € R"*" where K;; = k(z;, z;), where
k is a positive definite kernel function. This allows us to combine Bayesian inference with
non-parametric kernel learning. See more details by Rasmussen and Williams (2006).

14.4 PAC-Bayesian analysis

In this section, we briefly review a generic framework to obtain generalization guarantees
for randomized or averaged predictors like those from Bayesian inference. For more
details, see Alquier (2021) and the many references therein.

14.4.1 Set-up

We consider the classical supervised learning framework that we have been following
throughout the book, namely, with n pairs of i.i.d. observations (x;, y;) from a distribution
pon X xY, aloss function £ : Y x R — R. We assume that we have a family of prediction
functions fy : X — R, parameterized by § € © (which is a subset of a vector space
equipped with the Lebesgue measure).

We consider predictors that are not based on selecting a single 8 € ©, but a probability
distribution p over 6. Given that probability distribution, we can consider:

(a) arandomized predictor fp, where 6 is sampled from p. Then the generalization per-
formance will be considered with this extra randomness (on top of the randomness
of the training data),

(b) the posterior mean = — [ fo(x)dp(f) which is a function from X to R and then
only the randomness of the training data need to be considered. Note that in this
situation, the final prediction function is not in the set of all fy, § € ©, and is often
called an “aggregated predictor”.
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The generalization bounds that will be presented will be valid for all potential probability
distributions p, including ones that depend on the data, which implies that we can then
optimize the bounds over the distribution, leading to a candidate which is very close to
the Bayesian posterior distribution (but with an added temperature). Like in Bayesian
inference, we consider a fixed probability distribution ¢ on ©, which we will refer to as
the prior.

We use the notation R(0) = E[{(y, fo(x)] for the expected risk (a deterministic func-
tion of #), and JAQ(H) = L5 U(ys, fo(x;)) for the empirical risk (which is a random

function of with expectation R).

14.4.2 Uniformly bounded loss functions

We assume that almost surely, for all § € ©, we have: £(y, fo(x)) € [0, £s] (for example,
with the 0-1 loss for binary classification, or with bounded predictors for regression).
Following the exposition of Alquier (2021); Catoni (2003), in the proof of Hoeffding’s
inequality in Section 1.2.1, we saw that for all § € © and s € R, we have:

5202

E[exp (s(R(6) — JAQ(H)))] < exp ( 8n00 )

Integrating over 6, we get

~ 5202,
/@E[exp (s(R(®) — R(9)))]dq(6) gexp( — )

We now use the variational formulation of the log-partition function (also known as the
Donsker-Varadhan formula), with h(6) = s(R(0) — R(6)).

log /O exp(h(6))dg(8) = sup /O h(0)dp(0) — Di(plla),

pEP(0)

with P(6) the set of probability distribution on © and D(p||q) the Kullback-Leibler di-
vergence between p and ¢, defined as (see also Section 15.1.3):

D(pllq) = /@ log (52(6)) do(6).
This leads to

lexp (sup [ 5(8(0) = R0)dot0) ~ Disl)] < exo (=)

Thus, using Chernoff bound,* we obtain that with probability greater than 1 — 6,

PN s202, 1
sup [ S(R(6) = R(O)dp(6) ~ Diplla) < "= + o .
peP () JO n

4See https://en.wikipedia.org/wiki/Chernoff_bound.
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or, in other words, for all p € P(6),

~ 1 1 362
/@ R(0)dp(0) < /@ R(O)dp(®) + - D(plla) + ~ log 5 + 2.

We thus get a bound on the average generalization error based on the average empirical
error. The bound can be empirically computed for any p and minimized, with the optimal
distribution being proportional to exp(— sﬂ%(@)) q(6), which is often called the Gibbs
posterior distribution. With s = n, this is exactly the Bayesian posterior distribution.
Denoting ps this distribution, we get with probability greater than 1 — §, that

=~ 1 1 sl2
R(O)dps(0) < inf R(0)dp(8) + =D 10 + —==.
[ xOan@ < int | R0)ap(0) + L Dloll) + S lon + 2

Beyond integrated risks. For convex loss functions, by Jensen’s inequality, the risk
of the posterior mean = — [o fo(x)dp(0) is less than the integrated risk, so the bound
applies.

Moreover, by applying Jensen’s inequality to Eq. (14.5), we can get a bound in ex-
pectation as for all p € P(0) (again p may depend on the data):

2

[ [ %(0)p(0)] <E[ [ &@)dst0) + L0l + =],

Moreover, for the Gibbs posterior, by applying Jensen’s inequality, we get:

R . s€2
E| / ROp0)] < it [ ROYp(O) + D(qu) S (14.6)
e pEP(©) Jo 8n
Finite set of models. We consider m prediction functions fl, R fn By considering

all Diracs in Eq. (14.6), we get that

1 1 sl?
< i - —=.
/IR Ydps(0)| < Glrelg fR(@)—l-Slogq(e) + n

logm
n

With ¢(#) = 1/m and optimizing over s, we get the usual £, like we obtained for

empirical risk minimization in Section 4.4.3.

Lipschitz-continuous losses, linear predictions, and Gaussian priors. See the
tutorial from Alquier (2021) to recover rates similar to ones that can be obtained with
Rademacher complexities in Chapter 4.

Application to sparse regression. PAC-Bayesian analysis can be considered in many
settings, including the sparse linear regression problems as dealt with in Chapter 8. For
example, Alquier and Lounici (2011); Rigollet and Tsybakov (2011) consider the combi-
nation of all least-squares predictors with supports restricted to a set A C {1,...,d} for
all such sets A. The combination is performed with exponential weights, and the estima-
tor is shown to exhibit the same performance as the fp-penalty from Section 8.2.2, but
now requires sampling as an estimation algorithm instead of combinatorial optimization.
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14.5 Conclusion

Probabilistic modeling is an important part of machine learning. In this chapter, we sim-
ply highlighted some topics related to learning theory, namely (1) the link between prior
models and predictive performance, where we showed that maximum a-priori estimation
may not correctly leverage the knowledge of the prior distribution, namely (2) the use
of generative models to obtain alternatives to discriminative estimators, and (3) the link
between Bayesian inference.
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Chapter 15

Lower bounds on performance

Chapter summary

— Statistical lower bounds: for least-squares regression, the optimal performance of
supervised learning with target functions that are linear in some feature vector or
in Sobolev spaces on R? happens to be achieved by several algorithms presented
earlier in the book. The lower bounds can be obtained through information theory
or Bayesian analysis.

— Optimization lower bounds: for the classical problem classes from Chapter 5, hard
functions can be designed so that gradient-descent-based algorithms that linearly
combine gradients are shown to be optimal.

— Lower bounds for stochastic gradient descent: The rates proportional to O(1/+/n)
for convex functions and O(1/nu) for u-strongly convex problems are optimal.

In this textbook, we have shown various convergence rates for statistical procedures
when the number of observations n goes to infinity, and optimization methods, as the
number of iterations ¢ goes to infinity. Most were non-asymptotic upper bounds on the
error measures, with a precise dependence on the problem parameters (e.g., smoothness
of the target function or the objective function).

In this chapter, we are looking at lower bounds on performance, that is, we aim to
show that for a particular problem class and a specific class of algorithms, the error
measures cannot go to zero too quickly. Lower bounds are useful, in particular when
they match upper bounds up to constants (we can then claim that we have an “optimal”
method). They sometimes provide hard problems (like for optimization), sometimes not

391
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(when they are based on information theory, such as for prediction performance).

Lower bounds will be obtained in a “minimax” setting where we look at the
worst-case performance over the entire problem class. As for upper bounds,
looking at worst-case performance is, in essence, pessimistic, and algorithms
often behave better than their bounds. The key is to identify classes of prob-
lems that are not too large (or the bounds will be very bad) but still contain
interesting problems.

The chapter is naturally divided into three sections: Section 15.1 considers statistical
lower bounds, Section 15.2 considers optimization lower bounds, while Section 15.3 con-
siders lower bounds for stochastic gradient methods. All of these provide bounds related
to the setups encountered in earlier chapters.

15.1 Statistical lower bounds

In this section, our goal is to obtain lower bounds for regression problems in R¢ with
the square loss when assuming the target function f* : R? — R (here the conditional
expectation of y given x) is in a particular set, such as:

e linear function of some d-dimensional features, that is, f.(z) = (0., p(z)), for 0, €
R?, potentially in a fo-ball, and/or with less than & non-zero elements,

e functions with all partial derivatives up to order s bounded in Lo-norm (e.g., Sobolev
spaces).

Since we are looking for lower bounds, we are free to make extra assumptions (that
can only make the problem simpler) and lower the lower bounds. For example, we will
focus on Gaussian noise with constant variance o2 that is independent of x.

We can either consider fixed design assumptions or random designs with the simplest
input distributions (that can only make the problem simpler).

Classification. Lower bounds for classification problems are more delicate and out of
scope (see, e.g., Yang, 1999). However, we can get lower bounds for the convex surrogates
that are typically used (but note that this does not translate to lower bounds for the 0-1
loss), see for example Section 15.3 for Lipschitz-continuous loss functions.

15.1.1 Minimax lower bounds

We consider a set of probability distributions indexed by some set © (that can characterize
input distributions and the smoothness of the target function). We consider some data D,
generated from this distribution, and we denote [Ey expectations with respect to data
coming from the distribution indexed by 6.

We consider an estimator A(D) of § € O, with some squared distance d? between two
elements of ©, so that d(f,0’)? measures the performance of #’ when the true estimator
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is . The performance of A when the data come from 6, is
Eo, [d(0., A(D))?].

The goal is to find an algorithm so that sup Eg, [d(6.,A(D))?] is as small as possible,
0.€0
and the lower bound of performance is thus:

inf sup Eg, [d(6.,A(D))?]. (15.1)
0.€0

This is often referred to as “minimax” lower bounds.

Since by Markov’s inequality, Eg, [d(6.,A(D))?] > APy, (d(6s,A(D))* > A), it is
sufficient to lower bound

inf sup Py, (d(6.,A(D))* > A), (15.2)
A 9.€0

for some arbitrary A > 0. This will be useful for techniques based on information theory.
We will see two principles for obtaining statistical minimax lower bounds:

e Reduction to a hypothesis test: by selecting a finite subset {6;,...,05} of
distributions © which is maximally spread, a good estimator leads to a good hy-
pothesis test that can identify which 6; (among the M possibilities) was used to
generate the data. We can then use information theory to lower-bound the proba-
bility of error of such a test. This versatile technique can handle most situations,
from fixed to random design.

e Bayesian analysis: We can lower bound the supremum for all © by any expecta-
tion over a distribution supported on ©. Once we have an expectation, we can use
the same decision-theoretic argument as the ones we used to compute the Bayes risk
is Chapter 4, e.g., for Hilbertian or Euclidean performance measures, the optimal
estimator is the conditional expectation E[f,|D]. The key is choosing distributions
so they can be computed in closed form. This approach is less flexible but the
simplest in situations where it can be applied (fixed design regression on balls, with
potentially sparse assumptions).

15.1.2 Reduction to a hypothesis test

The principle is simple: pack the set ©® with “balls” of some radius 4A, that is, find
01,...,0p € O such that

Vi # j, d(0;,60;) > 44, (15.3)

and transform the estimation problem into a hypothesis test, that is, an algorithm going
from the data D to one out of M potential outcomes (see illustration below).
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Then, because we take the supremum over a smaller set:

Py (d(6s, A(D))? > A) > Py, (d(0;,A(D))? > A). 15.4
sup 0. (d(6., A(D)) ) je o 0, (d(6;,A(D)) ) (15.4)

Any algorithm A(D) € O gives a “test”, that is, a function goA : D — {1,...,m} defined
as

9(A(D)) = arg _min  d(0;, A(D)) € {1,...,m},

where ties are broken arbitrarily (e.g., by selecting the minimal index). Because of the
packing condition in Eq. (15.3), the performance of A can be lower-bounded by the
classification performance of g o A (with the 0-1 loss).

Indeed, if, for some j € {1,..., M}, g(A(D)) # j, there exists k # j, such that
d(0x, A(D)) < d(0;,A(D)). Moreover, using the triangle inequality for d, we get:

d(6;,0r)> < 2[d(6;,A(D))* + d(6x, A(D))?],

then,

A0 AD)? > 5d(0,60)° — d(6, A(D))?

> %d(ej, 0x)* — d(0;,.A(D))? by the choice of k,

which implies d(6;, A(D))? > 1d(6;,0)* > A. Thus, we have the following inequality for
the probabilities of these two events:

Py, (d(0;, A(D))* > A) = Po, (9(A(D)) # j),
leading to, using Eq. (15.2) and Eq. (15.4),

inf Eo. [d(6., A(D))?] > A-inf Py (g(D ]
inf sup 0. [d(0., A(D))?] inf _max 0, (9(D) # j)

M
> Ainf o ;Pej (9(D) # 7). (15.5)
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where h is any function from D to {1,...,M}. We have thus lower-bounded the mini-
max statistical performance by the minimax performance of a hypothesis test A : D —
{1,..., M}. Information theory can then be used to lower-bound this minimax error. We
first provide a quick review of information theory (see Cover and Thomas, 1999, for more
details).

15.1.3 Review of information theory

Entropy. Given a random variable y taking finitely many values in Y, its entropy is
equal to

H(y)=-Y Ply=y)logP(y=1y).
y'eY

Since P(y = y') € [0, 1], the entropy is always non-negative. Moreover, using Jensen’s in-

equality for the logarithm, we have H(y) = 3_,,cy P(y = ') log w < log (Zy'ey Py =

Y ) sm=y) = log Y.

The entropy H (y) represents the uncertainty associated with the random variable y,
going from H(y) = 0 if y is deterministic (that is P(y = 3’) = 1 for some y’ € Y), to
log |Y| when y has a uniform distribution.

Joint and conditional entropies. Given two random variables x, y with finitely many
values in X and Y, we can define the joint entropy

H(z,y)=- > Y Pla=ay=y)logPlx=a"y=y).
z'eXy' €Y
It can be decomposed as

H(z,y) = —ZZ]P’(yzy',:vzx')log[P(y:y’kv::v')]P’(x:x’)]
z'eXy' €Y

= - Z Z]P’(yzy’,:vzw')logl?’(y:y’|:1c::v')

z'eXy' €Y
=Y Y Ply=y,z=2a")logP(z =2')
z’eXy’ey
= 3 Plo=a))log Hlyle = o) + H(x),
z'eX

where H(y|z = z’) is the entropy of the conditional distribution of y given x = z/. By
defining the conditional entropy H(y|x) as H(ylx) = > P(x = 2')H(ylx = 2'), we
exactly have:

z'eX

H(z,y) = H(y|x) + H(x).

This leads to a first version of Fano’s inequality, which lower bounds the probability
that y # ¢ from the conditional entropy H(y|¢§); the main idea is that if y remains very
uncertain given ¢, then the probability that they are equal cannot be too large.
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Proposition 15.1 (Fano’s inequality) If the random variables y and § have values in
the same finite set Y, then

H(yly) —log2

P(g >
(W #y) = Tog Y|

Proof Let e = 1,35 € {0,1} be the indicator function of errors; by decomposing the
joint entropy through conditional and marginal entropies in the two different ways, we
get:
H(elg) + H(yle,9) = H(e,yl§) = H(y|9) + H(ely, ).

We then have H (e|y, ) = 0 (since e is deterministic given y and ), H(e|g) < H(e) < log?2
(because ¢ € {0,1}), and H(yle,§) = Ple = 1)H(ylg, e = 1) + Ple = 0)H(ylg, e = 0) =
Ple = 1)H(y|g,e = 1) + 0 < P(§ # y)log|Y|. Expressing P(§ # y) in function of the
other quantities leads to the desired result. ||

Data processing inequality. A fundamental result in information theory allows to
lower-bound conditional entropies where conditional independencies are present. That is,
if we have three random variables z, y, z, such that z and = are conditionally independent
given y, then H(x|z) > H(z|y): in words, the uncertainty of x given z has to be larger than
the uncertainty of x|y, which is “normal” because the statistical dependence between x
and z is occurring through y. In other words, the sequence x — y — = forms a Markov
chain.

The data processing inequality is a simple application of the concavity of the entropy
as a function of the probability mass function; indeed, using that by conditional indepen-
dence P(z = 2|z = 2/) = 3 ey Pz = 2,y = o] = #) = 3 ey P& = 2'|y = y/)P(y =
y'|z = 2’), and Jensen’s inequality for the function ¢t — —tlogt, we have:

H(z|z) = Z P(z = 2')H(x|z = 2")

z'€Z

> Z P(z =2") Z Ply=9'|z=2)H(zly =)
2'€Z y'eY

= Y Ply=y)H(zly=y') = H(zly).
y'ey

This leads immediately to the following full version of Fano’s inequality:

Proposition 15.2 (Fano’s inequality) If the random variable y and § have values in
the same finite set Y, and if we have a Markov chain y — z — g, then

H(y|g) —log2 _ H(y|z) —log?2
loglyl = log|Y]

P(y # y) >

We need a last concept from information theory, namely mutual information and Kullback-
Leibler divergence, both for discrete and continuous-valued random variables.
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Mutual information. Given two random variables z and y, then we can define their
mutual information as

I(x,y) = H(z) — H(zly) = H(x) + H(y) — H(z,y) = H(y) — H(y|z).

This can be seen as the uncertainty reduction in x when observing y. It is symmetric,
always less than log |X| and log|Y|. Moreover, it can be written as:

I(x,y) = H(x)+H(y) - H(z,y)
B o = o Plr =2y =1y)
T e =gy

which can be seen as the Kullback-Leibler (KL) divergence between the distribution of
(z,y) and the product of marginals of z and y. Indeed, given two distributions on Z, p
and ¢ (which are non-negative functions on Z that sum to one), then the KL divergence
is defined as

Dxw(pllg) = Y p(z log
zZ€EZ

The KL divergence is always non-negative by convexity of the function ¢t — tlogt, and
equal to zero, if and only if p = gq. Moreover, the KL divergence is jointly convex in
(p,q). Thus, one can see the mutual information between the KL divergences between
the joint distribution of (x,y) and the corresponding product of marginals (which is thus
non-negative).

From discrete to continuous distributions. Many of the information theory con-
cepts can be extended to continuous random variables on R? by replacing the probability
mass function with the probability density with respect to some base measures. Then,
many properties (which were obtained through convex arguments) extend. In particular,
the data processing inequality and Fano’s inequality when z is continuous-valued (see
more details by Cover and Thomas, 1999).

Moreover, the KL divergence between two distributions can be defined as

Dis(pla) = B, [ og (@)

A short calculation shows that for two normal distributions of means u1, uo and equal
covariance matrices ¥, the KL divergence is equal to §(u1 — p2) 'S 7 (g — pi2).

15.1.4 Lower-bound on hypothesis testing based on information
theory
We consider a joint random variable (y, D) distributed as y uniform in {1,..., M}, and,

given y = j, D distributed as the distribution associated with §;. We consider § = h(D).
This defines a Markov chain: y — D — h(D), that is, even for a randomized test h (with
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extra randomization), h(D) is independent of y given D. By construction, the last term
in Eq. (15.5) is exactly the probability that § # y. This is exactly what Fano’s inequality
from information theory gives us, leading to the following corollary.

Corollary 15.1 (Fano’s inequality for multiple hypothesis testing) Given M prob-
ability distributions p; on D, then

M
1 log 2
f — E 21— E D illpjr) — ——. 15.
m = ) M?21log M o kL (p;jl|p;r) log M (15.6)
Proof We consider a joint random variable (y, D) distributed as y uniform in {1,..., M},

and, given y = j, D distributed as the distribution p;. We have:

M

1
H(ylz) = H(y) —1(y,2) = 1ogM——ZDKL ng ij')
j=1 7'=1
1 M
> logM ——5 > Dxw(pilpy),
jii'=1

by the convexity of the Kullback-Leibler divergence. We can then apply Prop. 15.2 and
conclude. |

Using Gaussian noise to compute KL divergences. For regression with Gaussian
errors such as y; = fo(z;) + €;, with € ~ N(0,02%I), then, for fixed designs (all x;’s
deterministic), we get exactly

1 - 2 n 2
Dxw(po;|Ipe,, ) = 2—2 fo; (i) = fo,, (x:)]" = @d(@'ﬁj') ;

where d(0,0')> =2 3" | [ fo(x;) — f@/(ibi)]2 is the empirical mean squared difference be-
tween two models.

For random designs, we consider distributions on (x;,¥;)i=1,....n. If we consider a
common distribution p for z, then

1 1
Dictlon,Io0,) = 505 [ (o, (@) = fo, @] dbta) = 5518o, = Fo,

which we define to be 51>d(6;,6;/)2.

Overall, to obtain a lower bound with Gaussian noise, we need to find 64,...,60; in ©
such that:

. M2 Z 5 ——d < log(M)/4. and log2/log M < 1/4 (that is M > 16), so

J3g'=
that Eq. (15.6) leads to a lower bound of A/2.
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e min;;, d(6;,0x)? > 44, so that we can apply Eq. (15.5).

Then, the minimax lower bound is A/2. Thus, the lower bound is essentially the largest
possible A for a given M such that we can find M points in ©, which are all 2v/A apart.
There are two main tools to find such packings: (1) a direct volume argument and (2)
using Varshamov-Gilbert’s lemma. We present them before going over examples.

Volume argument. The following lemma provides the simplest argument.

Lemma 15.1 (Packing /(>-balls) Let M be the mazimal number of elements of the Eu-
clidean ball of radius 1, which are at least 2e-apart in lo-norm. Then (28)_d <MK
(1+eHe

Proof Let 64,...,60) be the corresponding M points.

(a) All balls of center §; and radius ¢ are disjoint and included in the ball of radius
1+ e. Thus, the sum of the volumes of the small balls is smaller than the volume of the
large balls, that is, Me? < (1 +¢)<.

(b) Since M is maximal, for any 6 such that [|0]|2 < 1, there exists a j € {1,...,M}

such that ||§; — 8||2 < 2¢ (otherwise, we can add a new point to {61,...,0n} and M is
not maximal). Thus, the ball of radius 1 is covered by the M balls of radius #; and radius
2¢. Thus, by using volumes, we get 1 < M (2¢)%. ]

Packing with Varshamov-Gilbert lemma. The maximal number of points in the
hypercube {0, 1}? that are at least d/4-apart in Hamming loss (i.e., ¢1-distance) is greater
than than exp(d/8), with a nice probabilistic argument.

Lemma 15.2 (Varshamov-Gilbert’s lemma) For any o € (0,1), there exists a sub-
set B of the hypercube {0,1}? such that

(a) for all z,a' € B such that x # o', ||lx — 2|1 = (1 — )4,
(b) |B| > exp(da?/2).

Proof We consider the largest family satisfying (a). By maximality, the union of ¢;-balls
of radius (1 — a)% includes all of {0,1}? . Therefore, by comparing cardinalities,

20 < 37 |{y € {0, 11,y — 2l < (1 - )3}

2
z€B

Consider a random variable z, which is binomial with parameters d and 1/2 (that is, the
sum of d independent uniform Bernoulli random variables). Then,

2| {y € (0,1}, Jy—al = ly—olh < 1-0) 3} =Bz < (1-0)3) = P(> > (1+a)3).

Using Hoeffding’s inequality (Prop. 1.1), we get P(z > (1+a)%) = P(2 — 22 > o) <
exp(—2d(a/2)?) = exp(—da?/2). This leads to the result. ]
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15.1.5 Examples

Fixed design linear regression. We consider linear regression with ® € R"*? a
design matrix with %@be = I (which imposes n > d). We consider the ball © =
{6 € R?,||0||2 < D}. By rotational invariance of the Gaussian distribution of the noise
variable €, we can assume that the first d rows of ® are equal to \/nI and the rest of the
rows are equal to zero. Thus we can assume the model y = 6, + ﬁs, where ¢ € R? with

normal distribution with mean zero and covariance 021, and y € R?. We are thus in the
situation where d(6,6')% = ||0 — 0'|3.

In order to find M points in © = {# € R¢, ||f]2 < D}, we consider the M >
exp(d/8) elements z1,...,zp of {0,1}? from Lemma 15.2 with o = 1/2, and define
0, = B(2z; — 14) € {—B, B}. Thus ||0;]|3 = 8°d, and, for i # j,

16: — 63 < 48°d < 323 log(M) and [|6; — 0,[|5 > %d.

We thus need, 8%2d < D?, and 32832 log(M) 5t < l°g4M, that is, 64620—”2 < 1. Thus, the
optimal rate is greater than

1, 1 o2d
2824 > = mi {DQ,—}.
gh d > gmin 64n

2

Therefore, when D? > g%, we get a lower bound of 7
" 512n

obtained in Chapter 3 (note that in Section 3.7 we provided a sharper lower-bound using
similar tools as in Section 15.1.6).

, which is the upper-bound

The sparse regression setting could also be considered with the same tool, but the
proof is simpler with the Bayesian arguments from Section 15.1.6. We now turn to the
random design setting.

Exercise 15.1 Use Lemma 15.1 instead of Lemma 15.2 to obtain the same result.

Random design linear regression. We consider the same model as above, but with
(7;,y;) sampled i.i.d. from a given distribution such that E[p(z)¢(x)"] = I, so that
d(0,0")? = || —0'||3. Thus, the result above for fixed design regression also applies to the
random design setting.

Non-parametric estimation with Hilbert spaces (¢#). We consider random design
regression with a fixed distribution for the inputs, with Gaussian independent noise and
target functions in a certain ellipsoid of La(p). That is, we assume that there exists a
compact self-adjoint operator T on La(p) such that (6, 776) ., < D?. We denote by
(Am)m>1 the non-increasing sequence of eigenvalues of T', with the associated eigenvectors
U in La(p).

We consider a certain integer K, and M > exp(K/8) elements x1, ...,z of {0,1}X.
We define 6; = 855 _ | (2(21)m — 1)tm. Then (0, 7710) 1, = B2 S5 _ AL S KA2AL,
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and, for i # 7,
16: — 0,117,y < 48°K < 323 log(M) and [|6; — 6,7 ,,) > B°K.

We thus need, B2K < D?*\g, and 3232 log(M) 52 < 2M that is, 64322 < 1. Thus,
the minimax lower bound is greater than

2
%[321( > % min {D2)\K, %}

We can now specialize to Sobolev spaces where it can be shown that for compact sup-
ports with piecewise smooth boundaries. The sum of all Lo-norms of partial derivatives
corresponds to an operator for which Ax > C' - K~%, with a = 2s/d when all s-th order
derivatives are taken, for a constant C' (Adams and Fournier, 2003). The lower bound
becomes

1 ’K
= min{ D2CK }
max ¢ min { D2OK o)

which can be balanced to obtain K ("U—D;) 1 (1+a), leading to lower bound proportional
to
D2/ (+a) (U_Z)a/(lJra)
- .

For a = 2s/d, we get a/(14+a) = %frd, and the lower matches the upper-bound obtained
with kernel ridge regression in Chapter 7. It turns out that the lower bound on the
minimax rate for Lipschitz-continuous functions is the same as for s = 1 (Tsybakov,

2008, Section 2.6).

15.1.6 Minimax lower bounds through Bayesian analysis

We can use a Bayesian analysis as outlined for least-squares in Section 3.7. We consider
a particular probability distribution p(#.) whose support is included in ©. Then we have:

inf sup Eg, [d(6x, A(D))?] > inf Epyq.) Eo. [d(6s, A(D))?].
A 9,c0 A
This reasoning is particularly simple when the optimal algorithm A is simple to estimate,
which is the case in particular where d is a Euclidean norm so that A*(D) = E[6.|D].
If the prior p(f.) and the likelihood p(D|f.) are simple enough, then the conditional
expectation can be computed in closed form. In Section 3.7, these were all Gaussians,
which was possible for the prior distribution on © because © was unbounded. When

dealing with bounded balls, we need to use different distributions, as used originally by
Donoho and Johnstone (1994).

Least-squares on a Euclidean ball. We consider linear regression with a fixed design
like in the previous section (with a bound ||0.||2 < D), which corresponds to the model
y = 0.+ %5, where ¢ € R? with normal distribution with mean zero and covariance

0?1, and y, 0, € R%.
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We then consider a prior distribution on 6, as 6. = Sz, where x € {—1,1}? are inde-
pendent Rademacher random variables. We need B2d < D? to be in the correct set. We
then need to compute E[f.|y]. The posterior probability of 8, is supported on S{—1,1}™.
Moreover, given the independence by component, we can treat each separately. Then, by
keeping only terms that depend on the posterior value, we get:

P((0.); = £Bly:) o exp(— 55 (vs = £5)°) o exp(x 5 4:).

202
Thus,

B exp(g—’éyiﬁ)—eXP(;—?yiﬁ) 1 —exp(Z3tyi) B
[( ) |yl} - exp(g—’éyiﬂ)+eXp(;—gyiﬁ) _ﬂl—i-exp(;—%"yiﬁ) ﬂ[QSlngld( 2ylﬂ) 1]’

where sigmoid(a) = 1/(1 + exp(—a)).

The posterior variance for the i-th component is equal to

B[((0.): - B[0.lu])] = ;szw B [2sgunoid(2 555 + =i/ V) ~ 1])°

+§E€i( - B - B[2sigmoid(2— —B+ei/Vn) ])

) -
= 4[32E€¢~N(0702) {(Slngld( - 2_52 + 2—[351 )2}
')

= 462E5~WN(071) {(sigmoid(—2§ﬁ2 + QT

We consider the function 9 : a — E.n(0,1) [(sigmoid(—2a2 + 2045))2]. We have 1/;( ) =
1/4, and (o) — 0 when o — +00, and ¥(a) > TP.un0,1)(e > a) = 2 exp(—a?), by
using simple Gaussian tail bounds (and since the sigmoid function is greater than 1/2 for
positive numbers).

Thus, the total posterior variance E H [9* |y} Hi] is greater than

O cxp(=ns?/o%) = T2 S exp(-n/o?),
n o

which is maximized for 32 « 02 /n, and thus if 02d/n is smaller than D?, we obtain the
usual o2d/n, while if it is greater then D?, we take 33 = D?/d, to obtain the lower bound

D? exp(—4nD?/(0?d)) = D? exp(—4),

which leads to the same bound as the previous section but with a more direct argument.

Sparse case (¢). To deal with the sparse case, we could consider a prior on 6, that
only selects k non-zero elements out of d and perform an analysis based on the posterior
probability of .. Following Donoho and Johnstone (1994), it is easier to divide the set
of d variables into k blocks of size d/k (for simplicity, we assume that d/k is an integer).



15.1. STATISTICAL LOWER BOUNDS 403

We then consider a prior probability defined independently on each of the k blocks by
selecting one of the d/k variables uniformly at random and setting its value to 8. In
contrast, all others are set to zero.

To compute the posterior probability of 6., we can treat each block independently
and sum the posterior variances; we thus consider the first block, composed of d/k vari-
ables, and compute the probability that the selected variable is the j-th one, which is
proportional to

exp(—n/(20%)( )*) [ ] exp(—n/(20%)(1:)?) o< exp(nBy; /o).
i#£]

The conditional expectation of 6, then satisfies

expln, i02

To compute the posterior variance, we need to sample from the prior 6,. By symmetry,
we may consider that 6; = . If y; < max;; y;, then

E[(6. _ exp(nfBy/o?) < exp(nfBy1/o”) < B/2
(0l S exp(nfBy; /o?) ) Btexp(nﬁyl/o’z) + exp(nfmax;jz y;/0?) <o

and then the risk is at least (8 — E[(04)1]y])? > 82/4.

In order to lower-bound the probability that y; < max;; y;, we can consider the
events {y1 < A} and {f < max;,1 y;}. The probability that y; = 5+ ¢; is less than 3 is
greater than 1/2. Moreover, by independence of all y;, j # 1,

P({8 < r;lilxyj}) >1— (1Pt > B\/ﬁ/o))d/k—l'

Thus, the lower bound is greater than

k%2 {1 = (1= Pranon (£ > V)0 ))d/kil} Z k%Q {1 B (1 B %exp(—ﬂ2n/02))d/k_l}’

using the Gaussian tail bound Py 1) (t = 2) > %exp(—z2). We can then consider

B2 = "—:\/2 log(d/k), leading to a lower bound

7 ogd/k)[(1— (1 4(k/d)) /4],

which is greater than %-* K —log(d/k) if k < 2d. We obtain the same lower-bound as the
upper-bound for Ko—penalty based methods in Chapter 8.
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15.2 Optimization lower bounds

In this section, we consider ways of obtaining lower bounds of performance for optimiza-
tion algorithms corresponding to upper-bounds derived in Chapter 5 for gradient-based
algorithms. While the statistical lower bounds from the previous section were not ob-
tained by explicitly building hard problems, the algorithmic lower bounds of this section
will explicitly build such hard problems.

15.2.1 Convex optimization

To obtain computational lower bounds for convex optimization, which is notoriously hard
in general in computer science, we will rely on a simple model of computation; that is,
we will restrict ourselves to methods that access gradients of the objective function and
combine them linearly to select a new query point.

We follow the results from Nesterov (2018, Section 2.1.2) and Bubeck (2015, Section
3.5), and assume that we want to minimize a convex function F' defined on R?. The
algorithm starts from 6y = 0 and can only query points in the span of the observed
gradients or some sub-gradients of F' at the previously observed points.

The key is finding functions with the proper regularity properties, for which we know a
few iterations provably lead to suboptimal performance. These functions will only reveal
one new variable at each iteration and, after k iterations, can only achieve the minimum
on the first k£ variables.

Non-smooth functions. We consider the following function, which will be dedicated
to a given number of iterations k:

Hogn2

F(9) = 0; + =10||5,

(6) L T 16112

for k < d, and n, p positive parameters that will be set later.
The subdifferential of F'(6) is equal to

0 ~hull({e;, 6; = 0,

16 +mn-hull({e;, 6; i,e{g}ﬁﬁﬂ} 1)

which is bounded in £3-norm on the ball of radius R, by uR+ n (here e; denotes the i-th
basis vector). We consider the oracle where the output gradient is uf + ne;, where i is
the smallest index within maximizers of 6.

Starting from 6y = 0, 6 is supported on the first variable, and by recursion, after
k < d steps of subgradient descent, 6 is supported on the first k£ variables. Since k < d,
then (0g)r+1 = 0, so F(f) > 0. Minimizing over the span of the first k¥ + 1 variables

leads to, by symmetry, 6, = k Zf:ll e, for a certain x which minimizes nx + Wﬁ{ SO
k+1 . 2
that kK = —ﬁ, and thus 9* = —% ZiZI €5, with value F(6‘*) = —m Thus

772

F(9k)—F(9*)>0—F(9*)=m7
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with [0, 3 = =t

In order to build a B-Lipschitz-continuous function on a ball of center 0 and radius D,
we can take n = B/2, and D = B/(2p), and we get a lower bound of Sji—zk

andn =B 1 " \k/;%, we also get a B-Lipschitz continuous function,

m, which is valid as long as k < d.

/\ The lower bounds are only valid for k < d because there exist algorithms that are
linearly convergent in this setting with a constant that depends on d, such as the ellipsoid
method or the center of mass method (see Bubeck, 2015, for details).

With p = D T \/W
and we get the lower bound

Smooth functions (#). We consider a sequence of quadratic functions on RY. We
need that the gradient for iterates supported on the first ¢ components is supported on
the first ¢+ + 1 components, so that the k-th iterate starting from 0 only has its first &
coordinates that can be non-zero. We consider the example from Nesterov (2018, Section
2.1.2), and highlight the main arguments without proof:

Ll k-1
Fk(e)zz{i[eﬁe +3°(0: — 0:41) }—91}.
=1

The function F}, is convex and smooth, with a smoothness constant less than L. Moreover,

its global minimizer is attained at 0¥ such that (G(k))- = T ., k} and
L —k

0 otherwise, with an optimal value of Fj, (Hik)) = 773, and with

k .
kE+1
16913 = 3" (1= )" < 5

=1

By construction, if # is supported in the first i components for ¢ < k, then F/(6) is
supported on the first i + 1 components. Thus, the i-th iterate is supported on the first i
components, and therefore the lowest attainable value is F; -(9(1)).

d—1 .
5=, we consider Fp1, for
while after k iterations, we can

Given this set of functions, for a given k such that k& <

L —2k—1

which 9* kD) i the global minimizer with value § 5775,

only achieve Fk(H(k)) = Thus, we have:

§k+1

Fory1(0k) — Fop g > E% - ﬁ S 3L 1
8

106 — 0.3 "2 TR (k1)

We thus obtain the lower bounds corresponding to the upper bounds obtained from
Nesterov acceleration.

A The number of iterations has to be less than half the dimension for the lower bound
to hold.
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Smooth strongly-convex functions (#). Following Nesterov (2018), we consider a
function defined on the space ¢35 of square-summable sequences as

F(0) = #{% {6‘% + i(@‘ - 9i+1)2} - 91} + glwlli
im1

This function is L-smooth and p-strongly convex. Its global minimizer is 6, such that

_ (L= VT _
0= (mg) =

with [|0.[13 = 3272, ¢°* = 125 Moreover, it can be shown that |0, —0.(13 > 3772, 1, ¢* =

¢**1|6.]|3. This leads to F(0) — Fi = &0 — 60,13 = ¢** |60 — 6.3

15.2.2 Non-convex optimization (4)

While upper and lower bounds can have good behavior with respect to dimension in the
convex case, this is not the case when removing the convexity assumption. In this section,
we show that when optimizing a Lipschitz-continuous function on a compact subset of R,
we cannot hope to have guarantees which are not exponential in dimension.

This does not mean that all problem instances will require exponential time,
A but that in the worst-case sense, for any algorithm, there will always be a bad
function.

We consider minimizing a function F' on a bounded subset © of R? based only
on function evaluations, a problem often referred to as zero-th order optimization or
derivative-free optimization (see algorithms for convex functions in Section 11.2). No
convexity is assumed in this section, so we should not expect fast rates and, again, no
efficient algorithms that can provably find a global minimizer. Clearly, such algorithms
are not made to be used to find millions of parameters for logistic regression or neural
networks. Still, they are often used for hyperparameter tuning (regularization parameters,
size of neural network layers, etc.). See, e.g., Snoek et al. (2012) for applications.

We will assume some regularity for the functions we want to minimize, typically
bounded derivatives. We will thus assume that f € F, for a space F of functions from ©
to R. We will take a worst-case approach, where we characterize convergence over all
members of F. That is, we want our guarantees to hold for all functions in F. Note that
this worst-case analysis may not predict well what is happening for a particular function;
in particular, it is (by design) pessimistic.

An algorithm A will be characterized by (a) the choice of points 6y,...,6, € ©
to query the function, and (b) the algorithm to output a candidate 0 € © such that
F(f) — infgco F(0) is small. The estimate 6 can only depend on (6;, F(6;)), for i €
{1,...,n}. In this section, the choice of points 61,...,6, is made once (without seeing
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any function values).!

Given a selection of points and the algorithm A, the rate of convergence is the supre-
mum over all functions F' € F of the error F(0) —infgce F(0). This is a function ,,(A) of
the number n of sampled points (and of the class of functions F). The optimal algorithm

(minimizing €, (A)) will lead to a rate we denote €', and which we aim to characterize.

Direct lower/upper bounds for Lipschitz-continuous functions. The argument
is particularly simple for a bounded metric space © with distance §, and F the class of
L-Lipschitz-continuous functions, that is, such that for all 6,0 € O, |F(0) — F(0")| <
L§(0,0'). This is a very large set of functions, so we expect weak convergence rates.

Like in Section 4.4.4, we will need to cover the set © with balls of a given radius.
The minimal radius r of a cover of © by n balls of radius r is denoted r,(0,d). This
corresponds to n ball centers 61, ...,0,. See example below for the unit cube © = [0, 1]?
and the metric obtained from the £-norm, with n = 16, and 7, ([0, 1]?, {s) = 1/8.
lr

0, 7, 9.3 9.4

More generally, for the unit cube © = [0, 1]¢, we have r,,([0,1]%, £+) &~ 2n~/¢ (which
is not an approximation when n is the d-th power of an integer). For other normed
metrics (since all norms are equivalent), the scaling as 7, ~ diam(©)n~'/¢ is the same
on any bounded set in R? (with an extra constant that depends on d).

Naive algorithm. Given the ball centers 64, ...,6,, outputting the minimum of func-
tion values F(6;) for i = 1,...,n, leads to an error which is less than Lr,(©,J), as the
optimal 0, € © is at most at distance 7,(0,d) from one of the cluster centers, let’s say
Oy, and thus F(0;) — F(0.) < Lé(0k, 6.) < Lr,(©,0). This provides an upper bound on
€SPt The algorithm we just described seems naive, but it turns out to be optimal for this
class of problems.

Lower bound. Consider any optimization algorithm, with its first n point queries and
its estimate 6. By considering the functions that are zero in these n + 1 points, the
algorithm can only output an arbitrary fixed real number for the optimal value (let’s say

Tt turns out that going adaptive, where the point 6,11 is selected after seeing (05, F(6;)) for all 5 <1,
does not bring much (at least in the worst-case sense) (Novak, 2006).
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zero). We now simply need to construct a function F € F such that F is zero at these
points but maximally smaller than zero at a different point.

Given the n + 1 points above, there is at least a point 7 € © which is at a distance at
most 7,41(0, d) from all of them (otherwise, we obtain a cover of © with n + 1 points).
We can then construct the function

F(0) = —L(rn41(0,6) — (5(9,17))Jr = —Lmax {r,11(0,8) —d(6,n),0},

which is L-Lipschitz-continuous, equal to zero on all points of the algorithm and the
output point #, and with minimum value —Lr,1(0,¢) attained at 7. Thus, we must
have €% > 0 — (—Lr,+1(0,8)) = Lry,4+1(0,8). This difficult function is plotted below
in one dimension.

0

Thus, the performance of any algorithm from n function values has to be larger than
Lrp,4+1(©,4). Thus, so far, we have shown that

Lrp1(0,0) < e < Lr,(0,0).

For © C R%, r,(0,0) is typically of order diam(©)n~1/¢, and thus the difference be-
tween n and n + 1 above is negligible. Note that the rate in n='/% is very slow and
symptomatic of the classical curse of dimensionality. The appearance of a covering num-
ber is not totally random here and comes from the equivalence in terms of worst-case
guarantees between optimization and uniform approximation (Novak, 2006).

Random search. We can have a similar bound up to logarithmic terms for random
search, that is, after selecting independently n points 61, ...,6,, uniformly at random
in O, and selecting the points with smallest function value F(6;). The performance can
be shown to be proportional to Ldiam(0)(logn)'/4n~'/% in high probability, leading to an
additional logarithmic term (the proof can be obtained with a simple covering argument,
see exercise below). Therefore, random search is optimal up to logarithmic terms for
optimizing this very large class of functions.

To go beyond Lipschitz-continuous functions, we can leverage smoothness like in su-
pervised learning and hopefully avoid the dependence in n~'/¢. This can be done by a
somewhat surprising equivalence between worst-case guarantees from optimization and
worst-case guarantees for uniform approximation.?

Exercise 15.2 (¢) Consider sampling independently and uniformly in © n points 01,...,0,,.

(a) For a given L-Lipschitz-continuous function F', show that the worst-case perfor-
mance of outputting the lower function value is less than L maxgce min;eqy, ... ny (0, 0;).

2See https://francisbach.com/optimization-is-as-hard-as-approximation/ for more

details, as well as Novak (2006).
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(b) Considering an optimal cover with m points and radius r = r, (0, d), show that

P(rgneaéiie{r??r.l)n} 5(6,0;) = 2T) <m(l—1/m)"™.

(c) By the appropriate choice of m, show that when r ~ m~™/4diam(X), we get an

overall performance proportional to L(lo%)l/ with probability greater than 1 — log"

15.3 Lower bounds for stochastic gradient descent (4)

In this section, our goal is to show that the convergence rates for stochastic gradient
descent (SGD) shown in Section 5.4 are “optimal”, in a sense to be made precise. We
consider a class F of functions, here the convex B-Lipschitz-continuous functions on the
ball of center zero and radius D (for the Euclidean norm). We consider the class A of
algorithms that can sequentially access independent random, unbiased estimates of the
gradients of a function F in F, with squared norm bounded by B2. We denote A;(F) € R?
the output of algorithm A. Our goal is to find upper and lower bounds on
er(A,F) Arelff'l ;1611; E[F(A(F)) ”9|1|121£DF(0)].

SGD is an algorithm in A achieving a bound proportional to BD/+/t, thus, up to a
constant, ;(A,F) < BD/v/t. We now prove a matching lower-bound by exhibiting a set
of functions that will make any algorithm have this desired performance. Note that, as
opposed to Section 15.2.1 on deterministic convex optimization, we make no assumption
on the running-time complexity of algorithms in A.

We follow the exposition from Agarwal et al. (2012) and consider a function

Fal de{ +0id) - [0 + 5 ‘+(%_O‘i5)"9i_%‘}, (15.7)

with o € {—1,1}¢ a well chosen vector and § € (0,1/4], and B > 0. One element of the
sum is plotted below.

(3 +0)I0: + 3 + (5 — D)6 — 5]

~1/2 1/2

The function F,, is convex and Lipschitz-continuous with gradients bounded in Lo-
norm by B/(2v/d). Moreover, the global minimizer of F, is 6 = —3, with an optimal
value equal to F; = £(1 —26). That is, minimizing F, on [—1/2,1/2] exactly corre-
sponds to finding an element of the hypercube a. Moreover, it turns out that minimizing
it approximately also leads to identifying o among a set of a’s, which are sufficiently

different.
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Lemma 15.3 Ifa, 3 € {—1,1}¢, and F,(0)—F* < ¢, thenFB(H) F; > B la—B —e.

Proof (#) We have: Fg(0) — F5 = Fp(0) + Fo(0) — Fjj — Fy + [Fa — F,(0)]. We then
notice that for all € R¢,

* «. B 1 1 Bé
Fy(0) + Fo(0) — Fj — F} > 2 ;ﬁ»{wwg\ +6: = 51 +20 -1} > Tlla = Bl

Thus, if we consider M points oM, ..., o) € {—1,1} such that [|a() — a@||; > &
(with potentially M > exp(d/8) such points from Lemma 15.2), then, if ¢ < %‘5, because
of Lemma 15.3, minimizing up to ¢ exactly identifies which of the functions F, ) was
being minimized.

Moreover, if § is random then, denoting A = {aM ... o)} following the same
reasoning as in Section 15.1.2:

sup Eq[Fo(0) — FX] = e -sup Po(Fa(f) —Fi>e)>e- —Ff>e
sup Eq [Fo(f) = FI] > & sup Po(Fu(6) w% )-

. A . A . . . 5
From an estimate 6, we can build a test g(8) € A by selecting the (unique if ¢ < %)

o € A such that F,(0) — F* < ¢ if it exists, and uniformly at random in A otherwise.
Therefore, the minimax performance is greater than e times the probability of a mistake
in the best possible test.

We consider the following stochastic oracle:
(1) pick some coordinate i € {1,...,d} uniformly at random,

(2) draw a Bernoulli random variable b; € {0,1} with parameter 3 + 4,

(3) consider F'(0) = bi|0; + 3| + (1 — b;)|6; — 3|, with gradient with components
- B
FL(0); = 5 [b; sign(6; + 1/2) + (1 — b;) sign(8; — 1/2)].

The stochastic gradients have an fs-norm bounded by B and are unbiased. Moreover,
observation of the gradient for a § € [—1/2,1/2]¢ reveals the outcome of the Bernoulli
random variable b;.

Therefore, after ¢ steps, we can apply Fano’s inequality to the following set-up: the
random variable a € A is uniform, and given «, we sample independently ¢ times, one
variable ¢ in {1,...,d} and observe (a potentially noisy version of) a Bernoulli random
variable b, with parameter «;.

We then need to upper bound the mutual information between « and (i,b) and mul-
tiply the result ¢ times because each of the ¢ gradients is sampled independently.

The mutual information can be decomposed as

I(a,(i,b)) = I(a,i)+I(a,bli) = 0+ E;Eq [Dxr(p(bli, @)|lp(bli))],
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where p(b|¢, @) and p(bli) denotes the probability distribution of b. Thus, by convexity of
the KL divergence,

onli.t) = BB [Dra (plblio) [ 3 wloli.c)]
a’cA

ﬁ > EiEa [Dicw(p(bli, o)[[p(bi, o).
o’€A

N

Since p(bli, ) is Bernoulli random variable with parameter % + 4 or % — 6, the KL

divergences above are bounded by the KL between two Bernoulli random variables with
the two different parameters, that is,

1 1is 1 1_5 1426

I(a, (i,0)) < (= log 2 — —5)log 2—— = 25log —=°

(v, (i, 1)) (2+5)0g%_6+(2 6)0g%+5 6og1_26
46 862

= < < 2 )

2510g(1+1_25) < s 16675 € [0,1/4

Therefore, applying Corollary 15.1, the minimax lower bound is greater than

5(1 B 16t(15§g—]\/1[og2) > 5(1 B 16t62d/—810g2)'

Thus, we need 256t% > d, and then B§/4 is the lower bound on the rate so that the
lower bound is

1 /d

16Vt
which is the desired lower-bound (up to a constant) &,(A,F) > DB/t where D is
the diameter of the set of . The lower-bound is thus the same as the upper-bound
achieved by stochastic gradient descent in Chapter 5. The result above can be extended
to strongly-convex problems (Agarwal et al., 2012).

15.4 Conclusion

This chapter was entirely dedicated to lower bounds of performance associated with the
upper bounds presented in the rest of the book. Statistical lower bounds are obtained by
reducing the learning problem to a hypothesis test where information theory is brought
to bear. In comparison, optimization lower bounds are obtained by designing functions
that are explicitly hard to optimize for the proposed computational model of combining
gradients linearly.
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