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KOLMOGOROV WIDTH DECAY AND POOR APPROXIMATORS IN
MACHINE LEARNING: SHALLOW NEURAL NETWORKS, RANDOM
FEATURE MODELS AND NEURAL TANGENT KERNELS

WEINAN E AND STEPHAN WOJTOWYTSCH

Dedicated to Andrew Majda on the occasion of his 70th birthday

ABSTRACT. We establish a scale separation of Kolmogorov width type between subspaces of a
given Banach space under the condition that a sequence of linear maps converges much faster
on one of the subspaces. The general technique is then applied to show that reproducing
kernel Hilbert spaces are poor L2-approximators for the class of two-layer neural networks in
high dimension, and that multi-layer networks with small path norm are poor approximators
for certain Lipschitz functions, also in the L2-topology.

1. INTRODUCTION

It has been known since the early 1990s that two-layer neural networks with sigmoidal or
ReLU activation can approximate arbitrary continuous functions on compact sets in the uniform
topology [Cyb89, [Hor91]. In fact, when approximating a suitable (infinite-dimensional) class of
functions in the L? topology of any compactly supported Radon probability measure, two-layer
networks can evade the curse of dimensionality [Bar93|]. In this article, we show that

(1) infinitely wide random feature functions with norm bounds are much worse approxima-
tors in high dimension compared to two-layer neural networks.

(2) infinitely wide neural networks are subject to the curse of dimensionality when approxi-
mating general Lipschitz functions in high dimension.

In both cases, we consider approximation in the L2([0, 1]¢)-topology. The second statement
applies more generally to any model in which few data samples are needed to estimate integrals
uniformly over the hypothesis class. In the first point, we can consider more general kernel meth-
ods instead of random features (including certain neural tangent kernels), and the second claim
holds true for multi-layer networks as well as deep ResNets of bounded width. We conjecture
that Lipschitz functions in the second statement could be replaced with C* functions for fixed
k. Precise statements of the results are given in Corollary 3.4 and Example 3]

To prove these results, we show more generally that if XY are subspaces of a Banach space
Z and a sequence of linear maps A, converges quickly to a limit A on X, but not on Y, then
there must be a Kolmogorov width-type separation between X and Y. The classical notion
of Kolmogorov width is considered in Lemma [2.1] and later extended to a stronger notion of
separation in Lemma 23]

We apply the abstract result to the pairs X = Barron space (for two-layer networks) or X =
tree-like function space (for multi-layer networks)/Y = Lipschitz space, and X = RKHS/Y =
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Barron space. In the first case, the sequence of linear maps is given by a type of Monte-Carlo
integration, in the second case by projection onto the eigenspaces of the RKHS kernel.

This article is structured as follows. In Section 2] we prove the abstract result which we apply
to Barron/tree-like function spaces and Lipschitz space in Section [l and to RKHS and Barron
space in Section @l We conclude by discussing our results and some open questions in Section
In appendices [A] and [B] we review the natural function spaces for shallow neural networks
and kernel methods respectively. In Appendix [B] we specifically focus on kernels arising from
random feature models and neural tangent kernels for two-layer neural networks.

1.1. Notation. We denote the closed ball of radius r > 0 around the origin in a Banach space
by BX and the unit ball by Bi¥ = BX. The space of continuous linear maps between Banach
spaces X,Y is denoted by L(X,Y) and the continuous dual space of X by X* = L(X,R). The
support of a Radon measure p is denoted by spt p.

2. AN ABSTRACT LEMMA

2.1. Kolmogorov Width Version. The Kolmogorov width of a function class F in another
function class G with respect to a metric d on the union of both classes is defined as the biggest
distance of an element in G from the class F:
wq(F; G) = supdist(g, F) = sup inf d(f,g).
9€6 geg JE€F

In this article, we consider the case where G is the unit ball in a Banach space Y, F is the ball
of radius ¢ > 0 in a Banach space X and d = dz is induced by the norm on a Banach space Z
into which both X and Y embed densely. As t increases, points in Y are approximated to higher
degrees of accuracy by elements of X. The rate of decay

p(t) == wq, (B, BY)

provides a quantitative measure of density of X in Y with respect to the topology of Z. For
a different point of view on width focusing on approximation by finite-dimensional spaces, see
[Lor66, Chapter 9].

In the following Lemma, we show that if there exists a sequence of linear operators on Z which
behaves sufficiently differently on X and Y, then p must decay slowly as t — oc.

Lemma 2.1. Let X,Y, Z, W be Banach spaces such that X, Y «— Z. Assume that A, A: 7 —
W are continuous linear operators such that

|An — AllLx,wy < Cxn™ €, 14y — AllLvwy = ey n™?, |An = AllLz,w) < Cz
for B8 < « and constants Cx,cy,Cz > 0. Then

2)7F
2.) plt) 227 LT ity s o
CzC5 7 X
and
9)a=7
(2.2) lim inf (t% p(t)) > (Cy/i)i
o CrC5 "
Proof. Choose a sequence ¥, € BY such ||(A, — A)yn|lw > cy n~? and x,, € X such that
T, € argming,. <l —ynllz for ¢, := 2
ool x <tn} 5Cx

(see Remark [Z2]). Then
cy n_ﬂ < H(An - A)yn”W
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<I(An = A)(yn = za)lw + [(An = A)zn[lw

< Cz|yn — wallz + Cx n™||zs x
cy
< Czllan —yullz + 5 07"
We therefore have

2C a=F =25 1 _8
lan = yallz > 55" = 5% <—Xt) -(3) T
2Cy, 2Cy, cy c, CF
Clearly t,, — oo since « > (. For general t > 0, take t,, = inf{¢) : k € N, ¢, > ¢}. Then
p(t) > p(tn)
_B_
Cy C;fﬂ
a 8
=B -8
> (CY/Q)L (tn—l) —ats
Cy C;fﬂ
(cy /2)7 <n1>ﬁ __8_
= 5 t
Cy C;{B

As t — 00, so does n, and the n-dependent term converges to 1. O

>

Remark 2.2. Generally elements like x,,,y, may not exist if the extremum is not attained.
Otherwise, we can choose x, such that ||z, — ynllz is sufficiently close to its infimum and
(A, — A)y,|| is sufficiently close to its supremum. To simplify our presentation, we assume that
the supremum and infimum are attained.

The choice of x,, as a minimizer is valid if

(1) X embeds into Z compactly, so the minimum of the continuous function || - —y||z is
attained on the compact set {|| - ||x < tx}, or

(2) the embedding X <« Z maps closed bounded sets to closed sets and Z admits continuous
projections onto closed convex sets (for example, Z is uniformly convex).

In the applications below, the first condition will be met.

2.2. Improved Estimate. In the previous section, we have shown by elementary means that
the estimate
lim inf (t"’ sup inf ||z — y”Z) >c>0
f=o0 lyl<1llzllx <t

holds for suitable + if a sequence of linear maps between Z and another Banach space W behaves
very differently on subspaces X and Y of Z. So intuitively, on each scale ¢ > 0 there exists an
element y; € BY such that 7, is poorly approximable by elements in X on this scale. In this
section, we establish that there exists a single point y € Y which is poorly approximable across
infinitely many scales. This statement has applications in Wasserstein gradient flows for machine
learning which we discuss in a companion article [WE20].

Lemma 2.3. Let X, Y, Z be Banach spaces such that X, Y — Z. Assume that A,,, A € L(Z,W)
are operators such that

lAn — AllLcx,wy < Cxn™¢, [An — AllLovwy = ey n™?, |An — AllLzw) < Cz
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for B8 < 5 and constants Cx,cy,Cz. Then there exists y € BY such that for every v > a—f,ﬂ we

have

lim sup (t'Y inf |z - y”Z) = 00.
¢

t—00 lzllx <

The result is stronger than the previous one in that it fixes a single point y which is poorly
approximable in infinitely many scales ¢,, . While in each scale ¢,, there exists a point y, which
is poorly approximable, we only show that y is poorly approximable in infinitely many scales,
not in all scales.

Proof of Lemma[Z3. Since Y — Z, there exists a constant C¥ > 0 such that || A, — Ay~ < CY.
Definition of y. Choose sequences y,, € BY and w}, € BW" such
wy, 0 (An = A)(yn) = ey n™’.

Consider two sequences ny, my of strictly increasing integers such that
1

S lan

=1k

We will impose further conditions below. Set

o0

y::ZZ_];ymk

k=0

where the signs e, € {—1, 1} are chosen inductively such that

K—-1
e wh, © (Amg — A) (Z E—kymk> > 0.

—1 ni
Clearl
k
lylly < k% - ymlly k§:1 -

=1
To shorten notation, define Ly = wy,, o (A, —A) € Z* and note that the estimates for A,,, — A
transfer to L. If ex = 1 we have

K-1 00
€k 1 €k
ka = Lk <Z n_kymk> + E Lk Ymx + Lk < Z n_kymk>

k=1 k=K+1
1 =1
ZO‘F_kamK*CY Z —
nK =kt
1 =1
> —le¢ B_cY —
_nK<YmK e Z ”l>
I=k+1

where the infinite tail of the series is estimated by || L]/ L(v,w) < CY and [|ym, ||y < 1. Similarly
if eg = —1 we obtain

1 =1
Ly < —— B_cY E — .
kY > NK <CY?’)’LK nK nl)

I=K+1
Slow approximation rate. Choose

cy mzﬁﬁ

ty i = —————
k 2Cx ny

Xk € argmin”zuxgtk H:C - yHZ
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Then

1 _ =1
n—k (cYmkﬁCYnk Z n_l> S‘ka|

1=k+1
< |Lily — @i)| + | L]
< Czly — zillz + [ Am, — Allx- [[zelx
<Cz|ly—zil|z + Cx mp “ ty.

Since t; was chosen precisely such that

_ Cy -8
Coxmy e = g s
we obtain that
1 < 1
2.3 cy my, " —20Y ny, — | <|ly—2ai|lz = min |z - )
> QCZ”k(Y ' l:zk-:i-lnl by =onlz = g, No=vlz

For this lower bound to be meaningful, the first term in the bracket has to dominate the second
term. We specify the scaling relationship between ny and my as
k

mr — TL,:TB
In this definition, myj is not typically an integer unless a—iﬂ is an integer (or, to hold for a
subsequence, rational). In the general case, we choose the integer my, closest to my. To simplify
the presentation, we proceed with the non-integer my and note that the results are insensitive
to perturbations of order 1.

We obtain
a—p3 -B 8k B(k—1)+a _%_m
cy my Y  h-1 my, -2 -1 — Akt 2Cx B
tp = = ng -, =n, =n, = tr
2Cx nyg 2Cx Nk Cy
In particular, note that ¢ — oo as k — oo. In order for
|
n il
P2
I=k+1
to be small, we need nj to grow super-exponentially. Note that a—fﬂ < 1since B < 5. We

specify ny = 2(k") and compute

o o0 l
g~ ((h0" (07) < o=t () § (L) (G+0))
=1

]
e
M

n
I=k+1 =1 =1 \'"%k
2 _ Bk _ B
<—— «n, 7 =—r
nﬁ""l k N

for large enough k. Thus we can neglect the negative term on the left hand side of (2Z3) at the
price of a slightly smaller constant. Thus

- B o
cy <2CXt> a—B " (k—1)(a—B) Ccy
k

-8 .
m < min xr — .
¢f < min e —yllz

4CZ Cy - 4CZ N

Finally, we conclude that for all v > aLiB we have

lim sup (tV inf [z — y||z) > limsup (tz inf |z — y||Z)
k—so00 llzllx <t}

t—00 llzll x <t}
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8 o
. Y= a=B " (k= =
> Cx,y,z limsupt, © Foe=Dia=p)
k—o0

= Q.

3. APPROXIMATING LIPscHITZ FuNcTIONS BY FuNcTIONS OF Low COMPLEXITY

In this section, we apply Lemma to the situation where general Lipschitz functions are
approximated by functions in a space with much lower complexity. Examples include function
spaces for infinitely wide neural networks with a single hidden layer and spaces for deep ResNets
of bounded width. For simplicity, we first consider uniform approximation and then modify the
ideas to also cover L2-approximation.

3.1. Approximation in L*°. Consider the case where

(1) Z is the space of continuous functions on the unit cube @ = [0,1]¢ € R? with the norm

[¢llz = sup ¢(z),
z€Q

(2) Y is the space of Lipschitz-continuous functions with the norm

o) o)

)

16[ly = sup ¢(z) + sup
©€Q aty 1=yl
(3) X is a Banach space of functions such that
e X embeds continuously into Z,
e the Monte-Carlo estimate

Ex,cilq iid{ sup [%_Zsb(xi) - [ o dx] } <

peBX

holds. Here and in the following when no other measure is specified, we assume that
integrals are taken with respect to Lebesgue measure.

Examples of admissible spaces for X are Barron space for two-layer ReLU networks and the
compositional function space for deep ReLU ResNets of finite width, see [EMW19a, [EMW18|
EMWI9D]. A brief review of Barron space is provided in Appendix [Al The Monte-Carlo es-
timate is proved by estimating the Rademacher complexity of the unit ball in the respective
function space. For Barron space, Cx = 24/2 log(2d) and for compositional function space
Cx = €? \/log(2d), see [EMW19h, Theorems 6 and 12].

We observe the following: If X is a vector of iid random variables sampled from the uniform
distribution on @, then

sup <%Z¢<Xi>— /o dsc) -, <£d|Q, %Z%)

¢ is 1-Lipschitz

is the 1-Wasserstein distance between d-dimensional Lebesgue measure on the cube and the
empirical measure generated by the random points — see [Vil08, Chapter 5] for further details
on Wasserstein distances and the link between Lipschitz functions and optimal transport theory.
The distance on R¢ for which the Wasserstein transportation cost is computed is the same for
which ¢ is 1-Lipschitz.
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Empirical measures converge to the underlying distribution slowly in high dimension [FGI5],
by which we mean that

Exn (o) M (ﬁdl@’ 26x> > cun™

for some dimension-dependent constant d. Observe that also

1 « L

¢ is fltligschitz (5 ; ¢(Xi) - /q;¢(x) dx) B ¢ is 1-LipScL}1}i)tz, #(0)=0 <ﬁ z:zl ¢(Xi) o / ¢($) dac)
< |1+di

[ dan(@] ), 28 ( X9 f ot )

< [1+ diam(Q)] S <% Zqﬁ(Xi) —/Qqﬁ(»f) dw)

where diam(Q) is a diameter of the d-dimensional unit cube with respect to the norm for which
¢ is 1-Lipschitz. Here we used that replacing ¢ by ¢ + ¢ for ¢ € R does not change the difference
of the two expectations, and that on the space of functions with ¢(0) = 0 the equivalence
P(x) — oy .
oy o= sup =S < o)y < (14 dinmn(@) fely
z#y

holds. By wq we denote the Lebesgue measure of the unit ball in R? with respect to the correct
norm.

Lemma 3.1. For every n € N we can choose n points x1,...,x, in Q such that

l Y x;) — x) dx d 1 1 n_l/d
n;¢( Z) /Qqs()d‘|2d+1[(dJrl)wd}%l-i-diam(Q)

peBY
and
Cx
sup ¢ z1) / 6(a) dz| <
Proof. First, we prove the followmg. Claim: Let x1,...,x, be any collection of n points in Q.
Then

al=

d 1
<£d|Q, Z%) n~t4,

Proof of claim: Choose € > 0 and consider the set

U= U Bgn—l/d(l'i).

i=1
‘We observe that

LYUNQ) < LYU <Z£d B, -1/a(z;)) =nwq (en” 1/d)d:wd€d.

=1

So any transport plan between £d|Q and the empirical measure needs to transport mass >
1 —wqe? by a distance of at least e n=1/¢. We conclude that

Wi <£d|Q, Z(Szw> > sup (1—wget)en™ 1,

i—1 e€(0,1)
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The infimum is attained when

-

1 1 d
0=1-(d+1we? & e=[d+Dwy] ? = l-wge?=1-—-=—0.

This concludes the proof of the claim.
Proof of the Lemma: Using the claim, any n points z1, ..., z, such that

1 & Cx
S [N;M%) —/qu(x) dw} < E{;él}gp}( [— / o(z ]} S35

satisfy the conditions.

For any n, we fix such a collection of points z7,...,z]: and define
1 n
Ap:Z =R, A,(¢)=— E oz}, A:Z >R, Ao :/ o(z) dx
n
i=1 Q

Clearly
|49, [Ang| < [|¢]lco = [|4]| 2.
Thus we can apply Lemma 23] with
B 1 2
a—pf -3 d2 d-2
Corollary 3.2. There exists a 1-Lipschitz function ¢ on Q) such that
lim sup < mf ||gz5 f|Lao(Q)>

t—00 Ifllx<

for all v > =

3.2. Approximation in L2. Point evaluation functionals are no longer well defined if we choose

Z = L?(Q). We therefore need to replace A, by functionals of the type

Z][ (X)

for sample points X* and find a balance between the radii &,, shrinking too fast (causing the norms
|An ||z~ to blow up) and &, shrinking too slowly (leading to better approximation properties on

Lipschitz functions).

We interpret @ as the unit cube for function spaces, but as a d-dimensional flat torus when
considering balls. Namely the ball B.(x) in @ is to be understood as projection of the ball of

radius € > 0 around [z] on R?/Z? onto Q. This allows us to avoid boundary effects.

Lemma 3.3. For every n € N we can choose n points x1,...,T, in Q such that the estimates

1 1 3cx
— dx — dr| < —

s _n Z][  (@2) P / ole) drl < S

sup | — ][ qbdac—/qb >cdn71/d

peBY L Z B.,, (z;)
1

sup —Z][ qbdac—/qb(ac) dz| < Oy

peBZ _TL i=1 Y Bep (z4) Q ]

hold. cq,Cq are dimension dependent constants and

—1/d
En ="7YdM /
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for a dimension-dependent v4 > 0.

Proof of LemmalZ3. L*-estimate. In all of the following, we rely on the interpretation of balls
as periodic to avoid boundary effects. For a sample S = (X1,...,X,,) denote

1 n
N A

Observe that

¢l 2<1 llell2<1 | ™5

sup (As(6) ~ A(@) = sup [1272 R / ¢>dz]

n

1
o IS
llpllL2<1,[ =0T ;27 J Be,, (Xi)

- 1. (x,) | pdx
H¢HL2<1]¢ _on|Be, |/<Z a( ))

1 n
1 )
~ nwged Z Ben (X2)

=1

L2
We compute

n

> 1Ban<zi>

i=1

ZHlBan (1) L2+Z/1BE 1B, (I])d

L2 i#j

(3.1) = nwglen|? +Z’Ban ;) N Be,, (z;)|
i#]
It is easy to see that

E (X, X;)~Uoxe | Ben (Xi) N Be, (X;)| = Ex~vg|Be, (X) N Be,, (0)]

:/ |B:, (z) N B, (0)] dz

Ban

= EZ/ |Be, (enx) N Be, (0)] dx
B2

s;i/ el | By(z) N B1(0)| d
B2

1
:€2dw 2dm |Bl($)ﬂB1(0)‘d$
(3.2) =24z, 2%0,.
where
1

is a dimension-dependent constant. Thus comblmng BI) and B2) we find that

n 2
Y ln,x)

i=1

= wyel [n+n(n—1)eq (25n)d}
LZ
< wyg ns [1 + cd2d ne }

Egn(ztgyn
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This allows us to estimate

Z 1Ban(Xi)

Es| sup (As¢—A¢)]§ L Eg

d
||¢||L2§1 TLCUdEn i=1 L2
1
< 1 . n ) 2 2
< s E B, (X,
nwged =1 o () 12
1
< d\/wdnsfll [1+ cq2¢ned]
nwqe,

|1+ ¢cq24ned

B wq TLEfll

1+ eg20n8
Wd ’yg

1/d

when we choose
En =Yam

for a dimension-dependent constant 4.
Lipschitz estimate. If £ C R? is open and bounded, denote by Ug the uniform distribution

on E. Note that
Wi (60,UBE) :][ || dz :][ gle|de =¢ ][ || da.
B. B, B,

Since the set of all transport plans between two measures given as convex combinations of
measures is larger than the set of all plans which transport one term of the combination to
another, we find that

1 & 1 « ,
Wi (E Z(Smi, - Z UBsn,(zi)> = inf {/ |z —y| dmgy
i=1 i=1

<inf {/ |z — y| dmg.y

1 n
= E Z Wl (5117 UBsn, (zl))

=1

=&y ][ || dz
By

=4 nil/d][ || d.
By

We find by the triangle inequality that

1o 1O
T € P <E ;511, E;UBEn(ml)>}

18
T = E Zﬂ'i, T € P (6z¢aUBan(zi))}

i=1

n

Wl <£d|Qa % Z UBEn(zi)> Z Wl <£d|Q7 % 25I1> - Wl <% Z 51-;7 % Z UBgn (ml)>
=1 =1

i=1 =1

d 1
> —Yd |z| dz | n=Y/4
d+1
T (d+1)wd B

al=
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When we choose 74 small enough, we conclude as before that

1 n
sup <—Z][ ¢d$—/¢d$> > cqn~ /4
¢ is 1-Lipschitz \ " < JB Q

i=1
for some positive ¢y > 0. Recall that this holds for all empirical measures, and that the Lipschitz
constant is an equivalent norm for our purposes.
X-estimate. We compute that

S ST

=Ex,~rdqg iid {d)selgpx %Z}/Bin(&) ¢dx —/Q¢($) dx] }
Sup ;%g/BE”(Xi) (d)(y) /be(z) dz) dy]}
%Z (o0 +9) - / o) o) dy”

n

5= (o050~ f ooy )| ]

3

en(z;)

1
n

CX
< \/—
since X; and X; 4+ y have the same law (where X; + y is interpreted as a shift on the flat torus).
Conclusion. Since the random variables

Sup, l% z: (¢(Xi) - /Qaﬁ(w) dw)]

are non-negative, we find that by Chebyshev’s inequality that

(L0)" <{(X1, o X0)
and similarly

(LQ)" ({(Xl, o Xy)

Since the Y-estimate is satisfied for any empirical measure, we conclude that there exists a set
of points 1,...,z, in @ such that A, := A, .. ., satisfies the conditions of the theorem. [

S [Ax(6) ~ A@)] > %}) <!

sup [Ax(¢) — A(P)] > 3va n_l/d]i |x|dx}> < %

$pEBZ

Corollary 3.4. There exists a 1-Lipschitz function ¢ on Q such that

hmsup( inf |¢— fHL2 )Zoo.

t—o0 I £llx <t

for all v > 745
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Example 3.5. In [EW20], ‘tree-like’ function spaces W' for fully connected ReLU networks with
L hidden layers and bounded path-norm are introduced. There it is shown that the unit ball B
in WY satisfies the Rademacher complexity estimate

oL+1 2 log(d + 2)
n

According to [SSBD14, Lemma 26.2], we have

Rad(B%,S) <

on any sample set of n elements inside [—1,1]%.
1 n
h _ =
Jo et =5 3 i

for any data distribution P on @, so W can be chosen as X in this section. A more detailed
consideration of Rademacher complexities in the case of Barron functions (for different activation
functions) can be found in Appendix[Alin the proof of Lemma[AT0l For ReLU activation, Barron
space coincides with the tree-like function space W' with one hidden layer.

<2E (s, . un)~pn Rad(B, {z1,...,20}).

Ey,....en)~Pn [ sup

lAllye <1

Corollary 3.6. Let X = WL (Q) the tree-like function space, Y = C%*(Q) the space of Lipschitz-
continuous functions (with respect to the £°-norm on R%) and Z = L?(Q). Then

(Cd/2)ﬁ A L 2

cy (3 .9L+2,/2 log(2d+2)) -

for a dimension-dependent constant ¢q > 0.

p(t) = wa, (B, BY) > 274

In particular, slightly deeper neural networks do not possess drastically larger the approxima-
tion power compared in the class of Lipschitz functions.

4. APPROXIMATING TwoO-LAYER NEURAL NETWORKS BY KERNEL METHODS

A brief review of reproducing kernel Hilbert spaces and our notation is given in Appendix [Bl
For bounded kernels, the RKHS H; embeds continuously into L*(P). We assume additionally
that Hy embeds into L?(P) compactly. In Appendix [Bl we show that this assumption is met
for common random feature kernels and two-layer neural tangent kernels. Compactness allows
us to apply the Courant-Hilbert Lemma, which is often used in the eigenvalue theory of elliptic
operators.

Lemma 4.1. [Dobl0, Satz 8.39] Let H be a real, separable infinite-dimensional Hilbert space
with two symmetric and continuous bilinear forms B, K : H x H — R. Assume that

(1) K is continuous in the weak topology on H,

(2) K(u,u) >0 for all u#0, and

(8) B is coercive relative K, i.e.

B(u,u) > c|lul|? — ¢ K (u,u)
for constants c,c > 0.
Then the eigenvalue problem
B(u,u;) = X\ K(u,u;)) VYueH

has countably many solutions (\;,u;). Every eigenvalue has finite multiplicity, and if sorted in

ascending order then

71— 00
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The space spanned by the eigenvectors u; is dense in H and the eigenvectors satisfy the orthog-
onality relation
K(ui,uj) :(Sij, B(ui,uj) = )\iK(ui,uj) = )\iéij.

We can expand the bilinear forms as
B(u,v) = Z Ai K (ui, u) K (u,v), K(u,v) = Z K (u;,u) K (ug,v).
i=1 i=1

The pairs (\;,u;) are defined as solutions to the sequence of variational problems

B(u,u) . .
2 = Vii<iji<ig-— .
(u,u) ‘K(u,u]) 0 1 i 1 1}

Consider H = L*(P) and
Bluo) = (wo)oe, Ku0) = [ u(w)o(e!) blea!) P(de) P(da') = (Koo} ace
R4 xR4

where
Ku(z) = /]Rd k(x,2") u(z") P(dx’).

It is easy to see that the assumptions of the Courant-Hilbert Lemma are indeed satisfied. In
particular, note that

K(u,u;) = p; B(u,u;) Y ue L*(P) & Ku; = pi ;.

By definition, all eigenfunctions lie in the reproducing kernel Hilbert space.
Let X = Hy, be a suitable RKHS, Y = B(IP) Barron space (see Appendix [Alfor a brief review),
Z =W = L?(P). Then X,Y < Z. Furthermore, consider the sequence of n-dimensional spaces

X, =spanf{uq,...,up} C X
spanned by the first n eigenfunctions of K and the maps
A, 4 =W, An:PXn7 A:idLZ(p)

where Py denotes the Z-orthogonal projection onto the subspace V. Due to the orthogonality
statement in the Courant-Hilbert Lemma, Py is also the X-orthogonal projection for this specific
sequence of spaces.

Lemma 4.2. [fP = £d|[0,1]d, we have the estimates

1 c _
|An — AllLx,w) < NVR | An — AllLov,wy > " 1 |An — AllLzw) <1

n+1
where ¢ > 0 is a universal constant.
Proof of Lemma[].2 X-estimate. Normalize the eigenfunctions f; of k to be L?(P)-orthonormal.

For f € Hy, we have the expansion f = Y, a; f; and thus (A — A,)f = 3% . a; f; such
that

Ai 1A fl% _ IIfllx 1
A, — A QW— E ai2< E —aiQf X < <
I il i:n+1| = Paearl Ant1 Jad Antl T Ant1l T Anga

Y-estimate. See [Bar93, Theorem 6]. There it is shown that any sequence of n-dimensional
spaces suffers from the curse of dimensionality when approximating a subset of Barron space.
Z-estimate. The orthogonal projection A — A, = Px . has norm one. O
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Thus, if an RKHS has rapidly decreasing eigenvalues independently of the dimension of the
ambient space (which is favourable from the perspective of statistical learning theory), then it
suffers from a slow approximation property.

Ezample 4.3. In Appendix Bl we give examples of random feature kernels and neural tangent
kernels for which A\, < cqk~2%22. In Appendix [Al we briefly discuss Barron space. Applying
Lemma 2.1 with

1 3 5= 1 N B B

4 4d’ d a—-p 4 3 4 g7

o =

we see that the L2-width of the RKHS in Barron space is bounded from below by

. - B __4_
p(t) = inf tH(b—’L/JHLz(P) > cqt” @B =cqt d-10,

sup
lpllseey <1 19llae p <

Due to Lemma 23] there exists a function ¢ in Barron space such that

lim sup (t”- inf |¢7/)||L2(P)> =

oo 112, p <t

for all v > ﬁ.

5. DISCUSSION

From the viewpoint of functional analysis and more precisely function spaces, a fundamental
task in machine learning is balancing the approximation and estimation errors of a hypothesis
class. In overly expressive function classes, it may be difficult to assess the performance of a
function from a small data sample, whereas too restrictive function classes lack the expressivity
to perform well in many problems. In this article, we made a first step in trying to quantify
the competition between estimation and approximation. Our results show that linear function
classes in which the estimation error is strongly controlled (including, but not limited to those
developed for infinitely wide neural networks), the approximation error must suffer from the
curse of dimensionality within the class of Lipschitz-functions. Additionally, we emphasize that
kernel methods (including some neural tangent kernels) are subject to the curse of dimensionality
where adaptive methods like shallow neural networks are not.

In a companion article [WE20], we show that the Barron norm and the RKHS norm increase
at most linearly in time during gradient flow training in the mean field scaling regime. This
means that the L?-population risk of a shallow neural network or kernel function can only decay
like t~ %4 for general Lipschitz or Barron target functions respectively, where ayq is close to zero in
high dimension. It is therefore of crucial importance to understand the function spaces associated
with neural network architectures under the natural path norms.

While the theory of function spaces for low-dimensional analysis (Sobolev, Besov, BV, BD,
etc.) is well studied, the spaces for high-dimensional (but not infinite-dimensional) analysis is
at its very beginning. To the best of our knowledge, the currently available models for neural
networks consider infinitely wide two-layer or multi-layer networks or infinitely deep networks
with bounded width [EMW19d, [EW20, EMW19b]. A different perspective on the approximation
spaces of deep networks focussing on the number of parameters (but not their size) is developed
in [GKNV19].

Even for existing function spaces, it is hard to check whether a given function belongs to the
space. Barron’s original work [Bar93] shows (in modern terms) that every sufficiently smooth
function on an extension domain belongs to Barron space, where the required degree of smooth-
ness depends on the dimension. More precisely, if f is a function on R? such that its Fourier
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transform f satisfies

Cpi= [ 1@ 1€lde < o

then for every compact set K C R? there exists a Barron function g such that f = g on R
In particular, if f € H*(RY) where s > % + 1, then Cy < oo. In particular, if f € C*(Q) for
k> % + 1 and Q has smooth boundary, then by standard extension results we see that f € B.
This holds for networks with any sigmoidal activation function or ReLU activation. The criterion
is unsatisfying in two ways:

(1)

(2)

The function f has to be defined on the whole space for Fourier-analytic considerations
to apply. Given a function defined on a compact set, one has to find a good extension
to the whole space.

The constant C'r merely gives an upper bound on the Barron-norm of a two layer network.
If f ¢ C!, then C; = +oo. If f(z) = 3", a; ReLU(w! x + b;) is a two-layer neural
network with finitely many nodes, then f is only Lipschitz continuous and not C'*-smooth
(unless it is linear). Thus the criterion misses many functions of practical importance.

5.1. Open Problems. Many questions in this field remain open.

(1)

The slow approximation property in L° is based purely on the slow convergence of
empirical measures, while the L?-construction also uses the translation-invariance of
Lebesgue measure for convenience. Does a ‘curse of dimensionality’ type phenomenon
affect L2-approximation when IP has a density with respect to Lebesgue measure, or more
generally is a regular measure concentrated on or close to a high-dimensional manifold
in an even higher-dimensional ambient space?

We used Lipschitz functions for convenience, but we believe that a similar phenomenon
holds for C* functions for any fixed k& which does not scale with dimension. To apply
the same approach, we need to answer how quickly the 1-Wasserstein-type distances

Woralir) =sup { [ futas) - [ futao

decay in expectation when v = p,, is an empirical measure sampled iid from p. Other
concepts of Wasserstein-type distance would lead to similar results.

To prove the curse of dimensionality phenomenon, we used a multi-scale construction
with modifications on quickly diverging scales. The statement about the upper limit is
only a ‘worst case curse of dimensionality’ and describes slow convergence on an infinite
set of vastly different scales. Replacing the upper limit in Theorem by a lower limit
would lead to a much stronger statement with more severe implications for applications.
Our proof of slow approximation was purely functional analytic and abstract. Is it
possible to give a concrete example of a Lipschitz function which is poorly approximated
by Barron functions of low norm in L?(P) for a suitable data measure P?

More generally, is it possible to find general criteria to establish how well a given
Lipschitz function (or even a given collection of data) can be approximated by a certain
network architecture?

We proved that a Lipschitz function ¢ exists for which
inf _|[f =@l > cat™*

I f | Barron <

f is 1-Lipschitz, |D* f|, < )\}

on a suitable collection of scales t;. Can we more generally characterize the class

Ya:{yGY

lim sup [to‘distz(y, t- BX)} < OO}

t—o0
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for « > 0, X = Barron space, Y = Lipschitz space and Z = L?? This question arises
naturally when considering training algorithms which increase the complexity-controlling
norm only slowly. It is related, but not identical to considerations in the theory of real
interpolation spaces.

(6) The draw-back of the functional analytic approach of this article is that it does not
encompass many common loss functionals such as logistic loss. Is it possible to show by
different means that they are subject to similar problems in high dimension?

(7) We give relevant examples of reproducing kernel Hilbert spaces in which the eigenvalues
of the kernel decay at a dimension-independent rate (at leading order). To the best of
our knowledge, a general perspective on the decay of eigenvalues of kernels in practical
applications without strong symmetry assumptions is still missing.

APPENDIX A. A BRIEF REVIEW OF BARRON SPACE

For the convenience of the reader, we recall Barron space for two-layer neural networks as
introduced by E, Ma and Wu [EMW19b| [EMWTS]. We focus on the functional analytic properties
of Barron space, for results with a focus on machine learning we refer the reader to the original
sources. The same space is denoted as F; in [Bacl7], but described from a different perspective.
For functional analytic notions, we refer the reader to [Brell].

Let P be a probability measure on R¢ and ¢ a Lipschitz-continuous function such that either

(1) 0 =ReLU or
(2) o is sigmoidal, i.e. lim,, +o 0(z) = £1 (or 0 and 1).

Consider the class F,,, of two-layer networks with m neurons
1 m
fo(x) = - Zaia(wiTx +b;), 0 = {(ai, wi, b;) € RT2}m .
i=1

It is well-known that the closure of F = U:jzl Fm in the uniform topology is the space of
continuous functions, see e.g. [Cyb89]. Barron space is a different closure of the same function
class where the path-norm

1 m
Ifellparn = — > ail [Jwiles + [bi]
=1

remains bounded. Here we assume that data space R? is equipped with the ¢P-norm and take
the dual £?-norm on w. The concept of path norm corresponds to ReLLU activation, a slightly
different path norm for bounded Lipschitz activation is discussed below.

The same class is often discussed without the normalizing factor of % With the factor, the
following concept of infinitely wide two-layer networks emerges more naturally.

Definition A.1. Let 7 be a Radon probability measure on R%+? with finite second moments,
which we denote by 7 € P2(R%*2). We denote by

fr(x) = /DW ao(wlz +b)7(da ® dw @ db)

the two-layer network associated to 7.

If 0 = ReLU, it is clear that fr is Lipschitz-continuous on R? with Lipschitz-constant <
| f=llB@), s0 fr lies in the space of (possibly unbounded) Lipschitz functions Lip(R%). If o is
a bounded Lipschitz function, the integral converges in C°(R?) without assumptions on the
moments of 7. If the second moments of m are bounded, f, is a Lipschitz function also in the
case of bounded Lipschitz activation o.
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For technical reasons, we will extend the definition to distributions 7 for which only the mized
second moments

/]Rd+2 lal [|w| + ’l/)(b)} m(da ® dw ® db)

are finite, where ¢ = |b| in the ReLU case and 9 = 1 otherwise. Now we introduce the associated
function space.

Definition A.2. We denote

I ls@) : Lip(R?) — [0, 00), 1 fllse) = inf / la] [Jw]ea 4 [b]] 7(da © dw @ db)
{m|fr=fP—-a.e.} Jrd+2
if 0 = ReLLU and
I s Lip®) = 0.00), sy = i [ ol [lule+ 1] r(da @ dw o ab
{m|fr=f P—a.c.} JRd+2

otherwise. In either case, we denote
B(P) = {f € Lip(R?) : || f|| @) < oo}
Here inf () = +o0.

Remark A.3. It depends on the activation function o whether or not the infimum in the definition
of the norm is attained. If ¢ = ReLU, this can be shown to be true by using homogeneity. Instead
of a probability measure m on the whole space, one can use a signed measure p on the unit
sphere to express a two layer network. The compactness theorem for Radon measures provides
the existence of a measure minimizer, which can then be lifted to a probability measure (see
below for similar arguments). On the other hand, if o is a classical sigmoidal function such that
lim o(z) =0, lim o(z) =1, 0<o(z) <1l VzeR,
Z—r—00 Tr—r00
then the function f(z) = 1 has Barron norm 1, but the infimum is not attained. This holds true
for any data distribution P.
Proof.

(1) For any = € spt(P) we have

1=f(z)= / ac(wz +b)dr < / la|dmr < / la| [Jw| + 1] da.
Rd+2 Rd+2 RA+2

Taking the infimum over all 7, we find that 1 < ||f[/g®@). For any measure , the
inequality above is strict since |o| < 1, so there is no = which attains equality.
(2) We consider a family of measures

1
= 0y—o(N)-1 Ow=0 Op= = =1 d ljdmy = —= —1
T3 = G (3t Do fro=1 and [ ke + 1) dm =
as A — o0.
Thus || f||g@) = 1, but there is no minimizing parameter distribution 7.

Remark A.4. The space B(P) does not depend on the measure P, but only on the system of null
sets for PP.

We note that the space B(P) is reasonably well-behaved from the point of view of functional
analysis.

Lemma A.5. B(PP) is a Banach space with norm || - ||g@). If spt(PP) is compact, B(IP) embeds
continuously into the space of Lipschitz functions C%!(sptP).
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Proof. Scalar multiplication. Let f € B(P). For A € R and ® € Py(R9*+?), define the push-
forward

Ty € Po(RT2)  along Ty : R*™ — R¥2 Ty (a,w,b) = (Aa,w,b).
Then

Froe = Mo, / lal [|w|+1]TW(da®dw®db)=|A|/ la] [Jw] + 1] (da ® dw @ db)
RA+2 RA+2

and similarly in the ReLU case. Thus scalar multiplication is well-defined in B(P). Taking the
infimum over 7, we find that [|Af||gmy = [A] [ f]l5@).-
Vector addition. Let g, h € B(IP). Choose 7y, 7, such that g = fr and h = fr,. Consider

1

™= 5 [Tgﬁﬂ'g + Tgﬁﬂ‘h]

like above. Then fr = g + h and

[, ol 1] m(adwean = [
Rd+2

Rd

la| [Jw|+1] ﬂg(da®dw®db)+/ |a| [|w]|+1] 71 (da®dwsdb).
+2 Rd+2

Taking infima, we see that ||g + hl[g@) < |g9/lsw) + |h|lsr). The same holds in the ReLU case.
Positivity and embedding. Recall that the norm on the space of Lipschitz functions on a
compact set K is

flz) — fly
I fllcoaxy = sup | f(z)| +  sup 1f(z) = F)l
v€K syek, oty 1T =Yl

It is clear that || - ||g@y > 0. If o is a bounded Lipschitz function, then
[ frllLospery < 1 fxllB@) ol Lo m)
like in Remark [A-3] If o = ReLU, then
| ()]

z€R4 1+ |‘T|

< | fxllBe)-

In either case
[fx(2) = fx ()| < [o]uip [ =l Bee)
for all z,y in spt(IP). In particular, || f|/gm@) > 0 whenever f # 0 in B(IP) and if spt(P) is compact,
B(P) embeds into the space of Lipschitz functions on B(P). If o is a bounded Lipschitz function,
B(P) embeds into the space of bounded Lipschitz functions also on unbounded sets.
Completeness. Completeness is proved most easily by introducing a different representation
for Barron functions. Consider the space

V= {,u ’ 1 (signed) Radon measure on R%2 s.t. / la| [Jw] + 0] |pl(de ® dw & db) < oo}
Rd+2
where |p| is the total variation measure of p. Equipped with the norm

lully = [ lal 1wl + 6] el aw o a),

V is a Banach space when we quotient out measures supported on {|a| = 0} U{|b] = |w| = 0} or
restrict ourselves to the subspace of measures such that |u|({|a] = 0}) = |u|({|b| = |w| = 0}) = 0.
The only non-trivial question is whether V' is complete. By definition pu,, is a Cauchy sequence in
V if and only if v, := |al [|w|+|b]]- ttn is a Cauchy sequence in the space of finite Radon measures.
Since the space of finite Radon measures is complete, v, converges (strongly) to a measure v
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which satisfies v({a = 0} U {(w,b) = 0}) = 0. We then obtain p := |a|~! [|w| + [b]]7! - v. For
w €V we write

fulz) = / ac(w’z 4+ b) p(da ® dw @ db)
Rd+2
and consider the subspace
V@ ={pu€V|f,=0P— almost everywhere}.

Since the map
Vs CO(spt P), w— fu

is continuous by the same argument as before, we find that V¥ is a closed subspace of V. In

particular, V/V{ is a Banach space. We claim that B(P) is isometric to the quotient space V/Vy

by the map [p] — f,, where p is any representative in the equivalence class [u].

It is clear that any representative in the equivalence class induces the same function f,, such
that the map is well-defined. Consider the Hahn decomposition = p™—pu~ of u as the difference
of non-negative Radon measures. Set
5, 1

1 1
_ + -
T=5 [mszwM + — T _opm-ght

Then 7 is a probability Radon measure such that fr = f, and

m* = ||u

/ |a|[|w|+|b|]7r(da®dw®db):/ lal [Jwl + [b] [1l(da ® dw ® db).
Rd+2 Rd+2

In particular, || fu|lz@) < ||pllv. Taking the infimum of the right hand side, we conclude that
| fulls@) < lulllv/ve. The opposite inequality is trivial since every probability measure is in
particular a signed Radon measure.

Thus B(P) is isometric to a Banach space, hence a Banach space itself. We presented the
argument in the context of ReLU activation, but the same proof holds for bounded Lipschitz
activation. g

A few remarks are in order.

Remark A.6. The requirement that P have compact support can be relaxed when we consider

the norm
||f||Cowl(IP’) —_ sup |f(SC) 7 f(y)|
z,yEsptP, x#£y |‘T - y|

on the space of Lipschitz functions. Since Lipschitz functions grow at most linearly, this is
well-defined for all data distributions P with finite first moments.

+ 1 fllr @)

Remark A.7. For general Lipschitz-activation o which is neither bounded nor Rel.U, the Barron
norm is defined as
Ifls@ = inf / la] [[wlea + 8] + 1] 7(da ® dw & db).
{m|fr=fP—-a.e.} Jrd+2
Similar results hold in this case.

Remark A.8. In general, B(P) for ReLU activation is not separable. Consider P = £1|[011] to be
Lebesgue measure on the unit interval in one dimension. For a € (0,1) set fq(z) = o(z — ).
Then for 8 > a we have
B-a_ (fo=1s)B) = (fo—fs)(®)
1= = < — JalLip < — Ja .
Thus there exists an uncountable family of functions with distance > 1, meaning that B(P)
cannot be separable.




20 WEINAN E AND STEPHAN WOJTOWYTSCH

Remark A.9. In general, B(P) for ReLU activation is not reflexive. We consider P to be the
uniform measure on [0, 1] and demonstrate that B(IP) is the space of functions whose first deriv-
ative is in BV (i.e. whose second derivative is a Radon measure) on [0, 1]. The space of Radon
measures on [0, 1] is denoted by M0, 1] and equipped with the total variation norm.

Assume that f is a Barron function on [0, 1]. Then

flx) = /]R3 ac(wz + b) w(da ® dw & db)

b
:/ alw|o (ﬂx—l——) 7r(da®dw®db)+/ aoc(b)r(da ® dw ® db)
{w#0} |w| |w| {w=0}

- /Ra (—:I: + 5) p1 (db) + /]R o (z +b) pa(dd) + /{w—O} ao(b)r(da ® dw ® db)

where b
p = Ty(a|w| - T), T:{w<0} >R, T(a,w,b)=—.

|w
and similarly for pe. The Barron norm is expressed as

I fllse) = inf [/1+|B| |u1|(d5)+/1+|5| |u2|(d5)] +/ lab| 7(da ® dw ® db).
Pk2 | JR R {w=0}

Since o/ = §, we can formally calculate that

f =+ e
This is easily made rigorous in the distributional sense. Since [0,1] is bounded by 1, we obtain
in addition to the bounds on f(0) and the Lipschitz constant of f that

IF a0,y < 211 £ lBee)-
On the other hand, if f has a second derivative, then

f(2) = £(0) + F(0)z + / Z / £7(€)de di
— F0) + PO+ / “@— 1) ()t
= F(0)o(1) + F(0) ola) + / ") ol — 1) dt

for all z € [0,1]. This easily extends to measure valued derivatives and we conclude that
I sy < 1)+ £ O)] + ILf" [ mio,1i-

We can thus express B(P) = BV([0,1]) x R x R with an equivalent norm
1) = 1O+ L O] + 1" mpo.1-

Thus B(P) is not reflexive since BV is not reflexive.

Finally, we demonstrate that integration by empirical measures converges quickly on B(P).
Assume that p = 0o, ¢ = 1.

Lemma A.10. The uniform Monte-Carlo estimate
I 2 log(2d
Exiw{ sup [—Zas(Xi) / ¢<x>1@<dx>] } < op /218
lollsey<1 | ™5 Q n

holds for any probability distribution P such that spt(P) C [~1,1]%. Here L is the Lipschitz-
constant of o.
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Proof. A single data point may underestimate or overestimate the average integral, and the
proof of convergence relies on these cancellations. A convenient tool to formalize cancellation
and decouple this randomness from other effects is through Rademacher complexity [SSBD14!
Chapter 26].

We denote S = {Xy,...,X,} and assume that S is drawn iid from the distribution P. We
consider an auxiliary random vector £ such that the entries & are iid (and independent of S)
variables which take the values +1 with probability 1/2. Furthermore, abbreviate by B the unit
ball in B(PP). Furthermore

Rep(5,5) = sup [% >-otx) - [ o) P(dm]
;Zw ]

According to [SSBD14] Lemma 26.2], the Rademacher complexity Rad bounds the represen-
tativeness of the set S by

Rad(B, S) = E¢ sup
¢EB

EsRep(B, S) < 2EgRad(B, S).
The unit ball in Barron space is given by convex combinations of functions

o(wTz +b) o(wlz 4+ b)

w() =+
ual®) = £ T E T

respectively, so for fixed £, the linear map ¢ — %2?21 & ¢(X;) at one of the functions in the
convex hull, i.e.

wX+b)

(w,b) |+1

Rad(B, S) = E¢ sup l” YeZ

According to the Contraction Lemma [SSBD14] Lemma 26.9], the Lipschitz-nonlinearity o can
be neglected in the computation of the complexity. If L is the Lipschitz-constant of o, then

o(wl X; o(w'X; +b) wl' X; +b
E¢ sup E & < LE¢ sup g & ——m—m
f(wb) N 5(wb) |w| +1

’LU n

weR?

= LE¢ sup w —Z&

lw|<1

2 log(2d
< L sup | Xi|o 2 log(2d)

where we used [SSBD14, Lemma 26.11] for the complexity bound of the linear function class and
[SSBD14, Lemma 26.6] to eliminate the scalar translation. A similar computation can be done
in the ReLU case. 0

APPENDIX B. A BRIEF REVIEW OF REPRODUCING KERNEL HILBERT SPACES, RANDOM
FEATURE MODELS, AND THE NEURAL TANGENT KERNEL

For an introduction to kernel methods in machine learning, see e.g. [SSBD14, Chapter 16] or
[CS09] in the context of deep learning. Let k : RY x R — R be a symmetric positive definite
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kernel. The reproducing kernel Hilbert space (RKHS) Hj, associated with & is the completion of
the collection of functions of the form

h(z) = Z a; k(xz, ;)

under the scalar product (k(z,z;), k(z, z;))n, = k(zi,x;). Note that, due to the positive defi-
niteness of the kernel, the representation of a function is unique.

B.1. Random Feature Models. The random feature models considered in this article are
functions of the same form

F@) = = S ao(wle+b)
=1

as a two-layer neural network. Unlike neural networks, (w;, b;) are not trainable variables and
remain fixed after initialization. Random feature models are linear (so easier to optimize) but
less expressive than shallow neural networks. While two-layer neural networks of infinite width
are modelled as

f(z) = /}Rd+2 ao(w?z +b)7(da ® dw @ db)

for variable probability measures 7, an infinitely wide random feature model is given as
flx) = / a(w,b) o(w? z + b) 7°(dw ® db)
Rd+1

for a fixed distribution 7% on R?*!. One can think of Barron space as the union over all random
feature spaces. It is well known that neural networks can represent the same function in different
ways. For ReLLU activation, there is a degree of degeneracy due to the identity

O=zx+a—(r+a)=0() —o(—z) +o(a) —o(—a) —o(r+ a) + o(—z — ).

This can be generalized to higher dimension and integrated in « to show that the random
feature representation of functions where 7° is the uniform distribution on the sphere has a
similar degeneracy. For given 7°, denote

N = {a € L*(nY)

/ a(w,b) o(wTz +b)7°(dw @ db) =0 P — a.e.}
Rd+1
Lemma B.1. |[RR08, Proposition 4.1] The space of random feature models is dense in the RKHS
for the kernel
k(z,2") = / o(wz 4+ b) o(whz' 4+ b) 7°(dw @ db)

Rd+1

and if
flx) = / a(w,b)o(wlz + b) 7°(dw @ db)
RA+1

for a € L*(7°)/N, then
I £l13, = llallL2(x0) /-

Note that the proof in the source uses a different normalization. The result in this form is
achieved by setting a = a/p,b = /p in the notation of [RROS].

Corollary B.2. Any function in the random feature RKHS is Lipschitz-continuous and [f]Lip <
| fll#,- Thus Hy embeds compactly into C°(sptP) by the Arzela-Ascoli theorem and a fortiori
into L2(P) for any compactly supported measure P.



KOLMOGOROV WIDTH: SHALLOW NETWORKS, RANDOM FEATURES, NTK 23

Let P be a compactly supported data distribution on R%. Then the kernel k acts on L?(P) by
the map

K : L*(P) — L*(P), Ku(r) = /]R'i u(z) k(z,2") P(dx’).

Computing the eigenvalues of the kernel k for a given parameter distribution 7% and a given data
distribution P is a non-trivial endeavor. The task simplifies considerably under the assumption
of symmetry, but remains complicated. The following results are taken from [Bacl7, Appendix
D], where more general results are proved for a-homogeneous activation for o« > 0. We specify
a=1.

Lemma B.3. Assume that 7° =P = 04;1 - H% ga where S is the Euclidean unit sphere, o is
its volume and o = ReLU. Then the eigenfunctions of the kernel k are the spherical harmonics.
The k-th eigenvalue A, (counted without repetition) occurs with the same multiplicity N(d, k) as
eigenfunctions to the k-th eigenvalue of the Laplace-Beltrami operator on the sphere (the spherical
harmonics). Precisely

2k+d1<k+d2>

d—1, , D(d/2)T(k—1)

N(d, k) = o U(k/2) T (Ad2)

3 do1 and A =

for k> 2.

We can extract a decay rate for the eigenvalues counted with repetition by estimating the
height and width of the individual plateaus of eigenvalues. Denote by u,; the eigenvalues of k
counted as often as they occur, i.e.

k—1 k
pi=X & Y N(dj)<i<> N(d,j).
j=1 j=1

By Stirling’s formula one can estimate that for fixed d
Ap ~ kT
as k — oo where we write ay, ~ by if and only if

..o Ok . ag
0 < liminf — < limsup — < oco.
k—oo O k—oo Uk

On the other hand

k d! T =)

- - d—1
N(d,k)%(’”j 1)d(k+d .k (k+d)

In particular, if p; = Ak, then

k+1
i~ C(d)Y T~ C’(d)/ t=1dt ~ O(d) k.
1

j=1
Thus

._d=3 -

_d=3
IU/l:)\ka 2 ~ 1 2d —

W=

+

&

Corollary B.4. Consider the random feature model for ReLU activation when both parameter
and data measure are given by the uniform distribution on the unit sphere. Then the eigenvalues
of the kernel decay like i~2"z2a.

Remark B.5. It is easy to see that up to a multiplicative constant, all radially symmetric pa-
rameter distributions 7° lead to the same random feature kernel. This can be used to obtain an
explicit formula in the case when 7¥ is a standard Gaussian in d dimensions. Since k only de-
pends on the angle between x and z’, we may assume that © = e; and ' = cos ¢ e1 +sin ¢ e with



24 WEINAN E AND STEPHAN WOJTOWYTSCH

¢ € [0, 7]. Now, one can use that the projection of the standard Gaussian onto the w;ws-plane
is a lower-dimensional standard Gaussian. Thus the kernel does not depend on the dimension.
An explicit computation in two dimensions shows that

¢ 08 +

sin gb

k(z,2') =
see [CS09, Section 2.1].

B.2. The Neural Tangent Kernel. The neural tangent kernel [JGH1S] is a different model for
infinitely wide neural networks. For two layer networks, it is obtained as the limiting object in
a scaling regime for parameters which makes the Barron norm infinite. When training networks
on empirical risk, in a certain scaling regime between the number of data points, the number
of neurons, and the initialization of parameters, it can be shown that parameters do not move
far from their initial position according to a parameter distribution 7, and that the gradient
flow optimization of neural networks is close to the optimization of a kernel method for all times
IDZPS18, [EMW19d]. This kernel is called the neural tangent kernel (NTK) and is obtained
as the sum of derivatives of the feature function with respect to all trainable parameters. It
linearizes the dynamics at the initial parameter distribution. For networks with one hidden layer
this is

k(z,2") = / V(a,w,b) (aoc(w”z + b)) - V(a,w,b) (ao(w”2" + b)) 7(da ® dw ® db)
RxR4 xR

= / o(w? x4+ b) o(whz’ 4 b)
RxR? xR
+ a0’ (w'z + b) o’ (w2’ +b)[(z,2") + 1] 7(da ® dw ® db)

= kgr(z,2') + / a® o' (wlx +b) o’ (w2’ +b)(x,1) - (2,1)7(da ® dw @ db)
RxR? xR

where krp denotes the random feature kernel with distribution P ) s7. The second term is
obtained on the right hand side is a positive definite kernel in itself. This can be seen most easily
by recalling that

Z CiCj / V (w,b) (aoc(w”z; + b)) - Vi, b) (ac(w”z; + b)) 7(da ® dw ® db)

1,J

= - V(w0 @ <Z cio(wlz; + b)) VY (w.b) Z cjo(wlz; +b) | 7(da® dw @ db)

J

:/ V()0 (Zcz o(w xl—i—b)) #(da ® dw ® db)
Rd+2
> 0.
On the other hand, if we assume that |a| = ag and |(w, b)| = 1 almost surely, we find that
ZcZ / a? o’ (whz; +b) o’ (whx; + ) (2i,1) I (x;,1)T 7(da ® dw @ db)
xRIXR

2
7(de ® dw ® db)

ch w :cz+b)( )

Sarwraen ().

/]Rx]R'ix]R
< ao/
RxRIxR

7(da ® dw ® db)
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2
a%/ Z cio’ (whz; +b)(whz; +b)| 7(da ® dw ® db)
RxR? xR

%

2
a%/ Z cio(wlz; +b)| 7(da ® dw @ db)
RxRIXR [

since o is positively one-homogeneous. Thus the NTK satisfies

krr <k < (1+|aol?) krr

in the sense of quadratic forms. In particular, the eigenvalues of the NTK and the random feature
kernel decay at the same rate. Clearly, in exchange for larger constants it suffices to assume that
(a,w,b) are bounded. In practice, the intialization of (w, b) is Gaussian, which concentrates close
to the Euclidean sphere of radius v/d in d dimensions.

The neural tangent kernel is also defined for deep networks, see for example [ADHT19,
LXS™19! [Yan19, DLL™18, EMWW19].
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