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Abstract—Taking advantage of techniques developed by Kolmogorov, we give a direct proof of the universal ap-
proximation capabilities of perceptron type networks with two hidden layers. From our proof, we derive estimates
of numbers of hidden units based on properties of the function being approximated and the accuracy of its approx-

imation.
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1. INTRODUCTION

The ability to, quite well, approximate various func-
tions encountered in applications of sufficiently elab-
orate hierarchies of perceptrons deserves a theoretical
justification. Recently, universal approximation capa-
bilities of three-layered perceptron type networks, with
more or less general types of activation functions, were
confirmed by several authors (Carroll & Dickinson,
1989, Cybenko, 1989, Funahashi, 1989, Hecht-Nielsen,
1989, Hornik, 1991, Hornik, Stinchcombe, & White,
1989, Stinchcombe and White, 1989), who have taken
elegant advantage of various advanced theorems from
functional analysis. However, all of these theorems have
focused only on existence of an approximation, having
supposed that the number of hidden units is not
bounded. Important questions that remain to be an-
swered deal with feasibility: what properties of the
function being implemented play a role in determining
the number of hidden units, and how quickly does this
number grow with increasing accuracy?

Several years ago, before the above mentioned results
were known, Hecht-Nielsen (1987, 1990) called atten-
tion to the significance and potential applicability to
neurocomputing of Kolmogorov’s remarkable theorem
concerning representation of continuous functions de-
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fined on an n-dimensional cube by sums and super-
positions of continuous functions of one variable.
However, as was pointed out by Girosi and Poggio
(1989), the one-variable functions constructed by
Kolmogorov (1957) as well as their later improvements
by Lorentz (1966) and Sprecher (1965), are far from
being any of the type of functions currently used in
neurocomputing. In the present paper, we show that
by sacrificing exactness of a representation, we can
eliminate this difficulty. We give an approximation ver-
sion of Kolmogorov’s theorem, where all one-variable
functions are finite linear combinations of affine
transformations with an arbitrary sigmoidal function

(i.e., a function o:R — [0,1] with lime (£) =0
{ —> —w©
and limo(z) = 1). We derive that any continuous

t—+ ©
function defined on an n-dimensional cube can be im-
plemented by means of a perceptron type network with
two hidden layers with any sigmoidal activation
function.

Although above mentioned approximation theorems
require only one hidden layer, an advantage of our ap-
proach is in the directness of our argument, requiring
no use of advanced theorems from functional analysis,
and so enabling to estimate numbers of hidden units
as functions of the accuracy desired and the rate of
increase of the function being approximated. Moreover,
our construction provides a universal set of weights and
biases for a network capable of approximating all func-
tions from a certain set (characterized by a bounded
norm and modulus of continuity ) with a given accuracy
so that only weights corresponding to the output units
should be learned. This simplifies considerably a prob-
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lem of learning by transforming it to a problem of linear
regression.

The organization of our paper is as follows: In Sec-
tion 2, we deal with preliminaries, in Section 3, we
explain the context of the problem and present our
main results, while all proofs are postponed to Sec-
tion 4.

2. PRELIMINARIES

By a multilayer perceptron-type network we mean a
multilayer network where units in each hidden layer
sum up weighted inputs from the preceding layer, add
to this sum a constant (bias ) and then apply a common
activation function, while units in the output layer
only sum weighted inputs. Since a multioutput net-
work can be composed of one-output networks, we
shall restrict ourselves only to one-output networks.
Since in application, values of possible input vectors
are bounded, we shall suppose that they are within a
unit #-dimensional cube /(I = [0,1]). In this paper
we shall consider only perceptron type networks with
sigmoidal activation functions (i.e., functions :R —7
with lime (7) = 0 and limo (¢) = 1 (where R denotes

= —w t—> w
the set of real numbers). So functions used in per-
ceptron type networks are finite linear combinations
of compositions of affine transformations of R with
some sigmoidal function o (1.e., functions of the form
k

> a;a(b;x + ¢;)). We call them staircase-like functions
i=1

of a type ¢ and denote set of all such functions S( ).

In the context of neural networks, we are interested
only in approximate realizations of functions. Ques-
tions concerning only the existence of approximation
can be formulated in topological terms, such as the
closure of a set and a dense subset. We recall their def-
initions: A closure of a subset D of a topological space
S, usually denoted by D, is the set of points in S with
the property that every neighborhood of such a point
has a nonempty intersection with D. A subset D of a
topological space .S is called dense if D = S. By C(S)
we denote the set of all continuous real-valued functions
onS.

Topologies considered in this context are naturally
defined by metrics, while several metrics can induce
the same topology. The most often used metrics are the
standard metrics from functional analysis defined by
the supremum and the L” norms. The supremum
norm, defined by ||f|| = sup{ |f(x)], x € X} with
induced supremum metrics |{f — g|| = sup{ [f(x)
—g(x)|, x € X} and a derived topology called the to-
pology of uniform convergence, is suitable for appli-
cations demanding the same quality of performance
for all input vectors from a set X. If some input envi-
ronment measure y, expressing the importance or like-
lihood of various input vectors, can be specified, then
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it is more convenient to use L” norms (p = 1), defined
for a measure u on a set X of input vectors on the set
LA(X) of all the real functions f on X for which
the Lebesgue integral [ |f]°du is finite by ||f]l,,
=([ If|7dp)"'? with the induced psedometrics
ool £ 8) = ([ 1f— g|Pdu)'"".

In this paper, we shall formulate our results for sim-
plicity only for the supremum norm. However, for rea-
sonable measures on /” the space C([/") is dense in
LE(1") with the topology induced by p,, for every
p = 1, and moreover the topology of uniform conver-
gence on the space L2(/") is finer {contains more open
sets) than the topology induced by p,,. So approxi-
mation capabilities with respect to supremum norm
guarantee approximation capabilities also with respect
to all reasonable input environment measures.

A function w/:(0,00) = R is called a modulus of
continuity of a function f:1" — R if

wd8) = sup{ |f(x1, = -+ x,) = Sy, =+« ya)l,
(X1, === Xa)s (W, o0 - ya) €M with | x, — |
<ébforeveryp =1, - n}.

We call real numbers wy, - « + w, integer independent
k

if 2 w,z; # 0 for any integers z,, - - + z.

=1

For a positive real ¢ we call a set X = R e-distin-
guishable if the distance between any two of its points
exceeds e.

By N we denote the set of all natural numbers.

3. MAIN RESULTS

First, let us briefly recall the history of Kolmogorov’s
representation theorem. Hilbert, in his famous lecture
“Mathematische Probleme” at the 2nd International
Congress of Mathematics held in Paris in 1900, gave a
list of 23 open problems, solutions of which he supposed
to be the most important for further development of
mathematics. The 13th problem, although formulated
as a concrete minor hypothesis, concerned solutions of
polynomial equations (Kurkova, 1991). Could roots
of a general algebraic equation of higher degree be ex-
pressed, analogously to the solution by radicals, by sums
and compositions of one-variable functions of some
suitable type? Hilbert conjectured that the roots of the
equation x” + ax® + bx? + cx + 1 = 0 as functions of
the three coefficients a, b, ¢ are not representable by
sums and superpositions even of functions of two vari-
ables. This was disproved by Arnold (1957). Kolmo-
gorov (1957) even proved a general representation
theorem stating that any real-valued continuous func-
tion fdefined on an n-dimensional cube I” (n = 2)
can be represented as

2n+1 n

f(xls trt -xn) = Z (bq(z \l/pq(-xp))’

g=1 p=1
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where ¢, (g =1, ---2n+ 1)and Y, (p=1, - - -,
g=1, :--2n+ 1) are continuous functions of one
variable. Moreover, the functions y,, are universal for
the given dimension #; they are independent of /. Only
the functions ¢, are specific for the given function f.
Several authors have improved on Kolmogorov’s rep-
resentation. Lorentz (1966) showed that the functions
¢, can be replaced by only one function ¢ and Sprecher
(1965) replaced the functions ¥,, by A?%),, where A is
a constant and ¥, are monotonic increasing functions
belonging to the class Lip[In2/In(2n + 2}].

Hecht-Nielsen (1987) reformulated Sprecher’s ver-
sion of the representation theorem in the language of
neural networks as follows: Any continuous function
defined on an n-dimensional cube can be implemented
exactly by a three-layered network having 2z + 1 units
in the hidden layer with transfer functions Ay, (p = 1,
«--n,q=1, - +2n+ 1) from the input to the hidden
layer and ¢ from all of the hidden units to the output
one. As Hecht-Nielsen pointed out, the universality of
the transfer functions y,, can be exploited for repre-
sentations of functions with values in spaces of higher
dimensions using Kolmogorov’s theorem for compo-
sitions of the function f'with all of the projections ;:
R™—>R,i=1,+--m.

However, possessing even fractal graphs, the func-
tions ¥, and ¢ are highly nonsmooth (this explains the
failure of Hilbert’s intuition—functions with fractal
graphs had been supposed to be pathological then).
Nevertheless, staircase-like functions of any sigmoidal
type have a pleasant property, that they can approxi-
mate any continuous function on any closed interval
with an arbitrary accuracy. Taking advantage of this
fact, we can derive from Kolmogorov’s representation
theorem the following approximation theorem.

THEOREM 1. Let n E Nwithn =2, oR > I be a
sigmoidal function, f€ C(I"), and ¢ be a positive real
number. Then there exist k € N and functions ¢;, ¥
€ S(o) such that

k n
xn) - Z ¢l(z ‘ijxp)| <e

i=1 p=1

e x)EI.

VR

Jor every (x,,

The same argument was used by Funahashi (1989)
for increasing continuous sigmoidal functions. Of
course, such nondirect arguments do not provide any
estimates of numbers of hidden units. Being compli-
cated and tricky, Kolmogorov’s construction of the
functions ¢, anf ¥, contains a lot of unnecessary as-
sumptions. The only really relevant property of the
functions used in the induction construction of the
functions ¢, anfy,, is that they have prescribed values
on finitely many closed intervals, elsewhere they can
be arbitrary, provided they are sufficiently bounded.
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However, such functions can be approximated arbi-
trarily well by staircase-like functions of any sigmoidal
type. Moreover, if our goal is only approximation, we
can even considerably simplify the induction construc-
tion in such a way that the staircase-like functions in-
volved have much less steps than in the case of the
Kolmogorov’s original construction.

THEOREM 2. Let n EN withn =2, oR > [ be a
sigmoidal function, f€ C(I") and e a positive real num-
ber. Then for every m € N such that m = 2n + 1 and
n/(m —n) + v < ¢/|fl and w{1/m) < v(m — n)/
(2m — 3n) for some positive real v, f can be approxi-
mated with an accuracy e by a perceptron type network
with two hidden layers, containing nm(m + 1) units in
the first hidden layer and m*(m + 1)" units in the second
one, with an activation function o in such a way that
all weights and biases, with the exception of weights
corresponding io the transfer from the second hidden
layer to the output unit, are universal for all functions
g with gl < I/l and o, < wy.

It is not surprising that upper estimates of number
of hidden units needed for good approximations of
general continuous functions are very large. Perhaps,
for special types of functions, better estimates could be
obtained. The above theorem guarantees possibility of
constructing perceptron type networks with two hidden
layers with universal set of weights for approximations
of functions within a certain class so that only weights
corresponding to transfer from the second hidden layer
to the output unit are specific for the function being
approximated. Since these specific weights appear lin-
early in the parametrized expression, the problem of
learning is in such networks transformed to the problem
of a linear regression.

4. MATHEMATICAL PROOFS

LEMMA 1. Let e R — I be a sigmoidal function and
[a, b] C R be a closed interval. Then the set of all
k

Sunctions f]a, b] = R of the form f(x) = 2 w;o(v;x
i=1

+ u;), where w;, v;, w; (i = 1, - -+ k) are any real
numbers, is dense in C([a, b]) with the topology of
uniform convergence.

Proof of Theorem 1. By Kolmogorov’s theorem

2n+1 n
X, oo x)= 2 ¢q(z Vpa( X))

Take [a, b)) C Rsuch that foreveryp =1, -+ + n, g
=1, -+« 2n+ 1y,I") c [a, b]. By Lemma 1 for
every g = 1, + - - 2n + 1 there exists g, € S(o) such
that | g,(x) — ¢,(x)| <e/(2n(2n + 1)) for every x €
[a, b]. Since g, are uniformly continuous, there exists
6 such that | g,(x) — g,(»)| < ¢/(2n(2n + 1)) for
every x, y € [a, b] with | x — y| < 6. Foreveryp =1,
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+++n,g=1, -+ 2n+ 1 there exists /,, € S(o) such
that for every x € I | h,,(x) — ¥pe(x)| < 6. Hence for
every (X, - -« x,) €1I"

2n+1 n

| 20 84 (2 fpg(xp)) = fxi, =+ - Xa)| <&
g=1 p=1
The following lemma, however simple, is essential
for our proof of Theorem 2. It states that any finite
family of steps can be approximated arbitrarily well by
a function belonging to S(¢).

LEMMA 2. Let o R — I be a sigmoidal function, € be

a positive real number, k E N and x; < y, < x3 < y,

<+ - <xgp<yberealnumbersandg:{1, - - -k} -

R be any mapping. Then there exists ¢ € S(o) of the
k

Jorm ¢(x) = 2 a;e(b;x + ¢) such that |¢(x)
i=1

— g(j)| < efor every x € [x;, y;] and for every j = 1,
-« k,and

gl = max{[g().j=1,--- k}+e

Proof. Choose some real number y, with ¥, < x; and
set g(0) = 0. Denote M = max{|g(x)|,j=1, » -+
k}. Since o is a sigmoidal function, there exists such
a real number z that 0 < ¢(x) < ¢/4Mk for every
x < zand l-¢/4Mk < o(x) < 1 for every x > z. For
eachi=1, -+ k,let b;x + ¢; be the unique affine
transformation of R mapping the interval (y; ,, x;)
onto (—z, z), and let a; = g(i) — g(i — 1). Then for
every x € {x;, y;] and for every j = 1, - - - k, we have

k j
12 aio(bix +¢)— gD < | X2 aolbix + ¢;)

i=1 i=1

k
—gN + 1 2 ao(bix+c)l

i=j+1

j-1
< 2 lgtiMa(bix + ¢;) — a(biix + cr)l

i=1

+ gD o(bix + ¢;) — 1]

k
+ > aillo(bix + ¢;)| < Mje/2Mk

i=jt+1
+ Mk — j)e/2Mk < e.

Consider staircase-like functions ¢, € S(o) (p = 1,
- n) and a derived function ¥ defined on /" by

n
V(x,, *++ X,) = 2 ¥,(x,). The function ¥ divides
p=1

the cube I” into small boxes, resembling Rubik’s cube,
with the edges corresponding to the steps of ¥, and the
gaps between them to the slopes of . If we guarantee
that ¥-images of these boxes are contained within
closed mutually disjoint intervals, we can use Lemma
1 to obtain a function ¢ € S(¢) approximating values
of any function f € C(I") in some chosen points of
those boxes that are W-preimages of these intervals.
The smaller the steps of y,, the smaller the little boxes

Jj=0,.--m.
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and hence the better approximation of f. The only
problem is with the points within the gaps. However,
this can be overcome by taking sufficiently many stair-
cases with slopes over different intervals. This is, roughly
speaking, the main idea of the following proof.

Proof of Theorem 2. First, using Lemma 2 we shall
construct m sequences { X, iEN}, 1, - - - mof stair-
case-like functions belonging to S(¢). For every i € N
andg = 1, - - - m define the family «/? of those sub-
intervals of I on which the prescribed values will be
approximated by functions X/ by

oA ={[(j— )/m +q/m*, j/m
+(g—-D/m*'INILj=0,--- m}).

Define g{:{0, - - - m'} > Rby g/ (j) =j/m'. It re-
mains to set accuracies v;, within which will be values
ascribed to intervals A7 € o/ { by g7 (j), approximated
by functions from S(¢). To do this, choose some integer
independent numbers w,,, p=1, - - - n,g=1, - - -
m, and by means of them define mappings £4:1" - R
by

n
Exy, X)) = 2 WpgXp-
p=1

Forevery iENput D, = {j/m',j=0, - - - m'}. Since
foreveryg=1, - - - mand forevery i €N £9(D;) is
finite, for every i € N there exists a positive real number
n; with £9(D; ) being 2n;-distinguishable for every g = 1,
-+« m. Since all of the functions £7 are uniformly
continuous, there exists such a positive real number v,
that whenever (x;, * -+ x,), (4, *+ - y,) € I" with
|x, — y,| <v; forevery p=1, + -+ n, then |£(x,,

© Xp) = E%¥i, +++ Ya)| < m;. By Lemma 2, for
every ¢ = 1, - - - m there exists a function X{ € S(o)
with |x{(x) — j/m'| < v, for every x € 4] for all

I

Construct m sequences of functions {£]: I" = R,
n

i €N} by setting £7 (x;, « « + X,) = T wyXi(x,) for
p=1

every (X, * - - Xx,) € I". Denote by B/ the family of
all those n-dimensional boxes contained in /" having
all of their edges in A ?. For a member of B call i its
order and g its type. It is easy to verify that for every
iEN, foreveryg =1, - - - mand for every B € 87,
B N D? isaone-point set. Denote this point 8( B). Then

£{ (B) S [E/(B(B)) — m:, £/ (B(B)) + mi).

Since numbers wy,, p =1, --- n,g=1, - - - mare
integer independent, images £ (B) and ¢} (B’) of any
two different members B, B' of B! are disjoint. More-
over, even for boxes B and B’ of different types g and
g', but of the same order i, £/ (B) and £7 (B’) are dis-
joint with the only exception being those boxes B of
any type g which have 8(B) = (0, - - - 0). For each
order i € N and for each type ¢ = 2, - - « m, there is
exactly one such box.



Kolmogorov’s Theorem

Let f € C(I"). Since m = 2n + 1, there exists § > 0
with n/(m — n) + 6(1 + n/2(n — m)) < 1. Put

a=n/(m—n)+8(1 +n/2(n—m)).

We shall construct by inducton using Lemma 2 a se-
quence of functions { ¢;, i € N} belonging to S(¢) and
an increasing sequence of natural numbers {k;, | €
N} such that for every i EN

il <M1 (1
and
If=22 ¢ Eill < &l £ (2)

Put ¢ = const 0 and k, = 0. Suppose that for every

J < i ¢; and k; are already defined. Put h; = f— 2
g=1
i—1

2 ¢ L
Jj=1
Since /" is compact, 4; is uniformly continuous and
hence there exists k; € N with k; > k;_, such that the
diameters of £{-images of all boxes of the order k; and
of any type ¢ = 1, + - + m are smaller than 5|4, || /2.
By Lemma 2 there exists such ¢; € S(o) that for
everyq =1, - - - m, for every B € Bj and for every

x € [£4(B(B)) — mi,» £k(B(B)) + i)
we have
[6:(x) = h; (B(B))/(m = n)| <8|lhil|/2(m — n)
and
lg:ll < il /(m = n) + 8hhill/2(m — n).

So (1) is fulfilled, since according to our induction
assumption || 4| < o' f1l.
To verify (2) it is sufficient to show that

-2 ¢i'fz.»|| < allhll,

q=1

since

f_ Z Z ¢j'fzj=hi_ Z ¢.»-£Z,.

g=1 j=1 q=1

and our induction assumption guarantees that | A;||
<o fIl.

For every (x;, -+ x,) € I" there exist at least
m — n different values of ¢ for which there exists a box
B? € B with (x;, * + + x,) € BY (since in the worst
case there is for each component x, of (x;, - - - x,) a
different value g, with x, being contained in no interval
from AYf). Suppose that for g = 1, «+++ m — n
(x1, * + + x, € B3 for some B? € B, and so |¢; - £f,
(%, * + » Xp) = hi(B(BY)/(m — n)| <é|lh;||/2(m — n)
and |A;(x;, - -+ x,) — B (B(B?))| < 8llA;| /2. Hence
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m—n

[A: (1, = Xn) — 2 dn-EZ,(xi, <o X))

g=1

1S (hitxry - -+ x) = B(BB))/(m — n)|

g=1
< 8|l Al
Forg=m-n+1, - - -+ m we only know that
|+ £k X1, + =+ x| =< ol
< Nkl /(m = n) + 8l /2(m — n).

So

[h(x1, «+* X)) — 2 ¢iEZ,v(xl, s X))

g=1

> ikl

g=m-n+1

<|h- 2 ¢l + |
=1
<0+ n/(m—n)+on/2(m—n))|k| = alhl.

For a given ¢ > 0 take i € N with a‘||f] < e For
every j = 1, -+ i put Y,, = Ws X4, Since Xi, €
S( ), ¥ € S(0), too. So we have

x5 = S S (S ba))] < ¢

g=1 j=t p=1

for every (xy, ... x,) € I".
After a suitable change of indexes, we obtain an ap-
proximation of fin the form stated in Theorem 1.
Analyzing constructions used in this proof, we shall
derive upper estimates of the number of hidden units.
Take functions X{ and families of boxes BY, ¢ = 1,

- m, defined above. Each of these functions has
m+1

m + 1 steps and hence x{ is of the form X ajo(byx
i=1

+ ¢4). Like above construct a function ¢, with pre-
scribed values on intervals containing £{-images of
boxes of all families B9. Since there is m families, and
each family contains (m + 1)” boxes, ¢, is of the form

m(m+1)"
> dio(vy + u)).

j=1

Because of our assumptions on m, fis approximated
within the desired accuracy ¢ by

n

2 01( 2 WX 1(xp))
q=1 p

m  m(m+1)? n m+l
=2 2 (do(2 2 vwuauo(byux, + cg))
q=1 Jj=1 p=1 i=1

+ uj)).
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NOMENCLATURE
R real line
R™ m-dimensional euclidean space
I interval [0,1]
I" n-dimensional unit cube
;i projection mapping R” - R
N natural numbers
limo(?) limit of o(¢)
t—
S(a) set of all functions of the form
k
2 aio(bix + ¢;)
i=1
C(X) set of all continuous functions on a to-
pological space X
D the closure of a set D
(WA supremum norm
[fdu Lebesgue integral
Li(X) set of all real functions on X for which
[ 1f17du is finite
1/l L7 norm
wy modulus of continuity of /

Lip[a] class of functions



