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On the near optimality of the stochastic approximation
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We consider the problem of approximating the Sobolev class of functions by neural
networks with a single hidden layer, establishing both upper and lower bounds. The upper
bound uses a probabilistic approach, based on the Radon and wavelet transforms, and yields
similar rates to those derived recently under more restrictive conditions on the activation
function. Moreover, the construction using the Radon and wavelet transforms seems very
natural to the problem. Additionally, geometrical arguments are used to establish lower
bounds for two types of commonly used activation functions. The results demonstrate the
tightness of the bounds, up to a factor logarithmic in the humber of nodes of the neurd
network.
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1. Introduction

Investigations of function approximation of multi-variate real-valued functions
by neural networks have, in recent years, assumed an important place in the genera
theory of non-linear function approximation (see, for example, [2,5,15], to name but a
few). General theorems pertaining to the density of typica neural networks in various
functiona spaces can be found in [15,20,21].

Going beyond density issues, the various methods for obtaining upper bounds
on approximation rates can be broken up into two broad classes. The first class,
composed of stochastic methods, is based on the demonstration that some well-defined
stochagtic procedure yields an approximating structure, which on the average possesses
some approximation rate. Standard arguments then lead to the conclusion that there
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exists a certain function in the approximating class with the desired approximation
rate. A second, more classical, approach is based on the construction of a specific
agorithm for which the desired approximation rates can be established. We refer to
this class of methods as deterministic.

Within the stochastic approach, Barron [2] considered the approximation of func-
tions by neural networks, and obtained upper bounds on approximation rates for classes
defined by the Fourier transform. More recently, Delyon et a. [9], developing the
method of Barron [2], obtained an upper bound for approximation of functions from
the Sobolev class W 4 by the linear combination of wavelet functions.

We observe that the stochastic methods alluded to above usually make use of some
integral representation of the function being approximated, using akernel depending on
the structure of the particular approximation method used, followed by an application
of the Monte Carlo method. Barron [2] makes use of the Fourier representation of
functions, while Delyon et a. [9] utilize the multi-dimensional wavelet representation
of functions.

In this paper we consider the neural network manifold

Hn(p) = {h(%’) = zn:CkSO(ak x4+ by): ar €RY, o, by €R, Vk} (@
=1

where ¢ is some sigmoidal function on R, and ay, - = is the inner product of two vectors
a;, and z in R?. Note that H,,(p) has the following invariance property with respect to
affine transformations, namely if h(z) € H,(p) then h(Ax +t) € H,(p) for any non-
degenerate matrix A and vector ¢ € R?. Expressing the function to be approximated by
an integral representation, combining both the Radon [13] and wavelet [8] transforms,
we obtain an upper bound for the approximation error of functions from the Sobolev
class by use of the manifold H,,(¢), having order n~"/4t<, where ¢ is an arbitrary
positive number. The techniques used for obtaining our estimates of the upper bound
make use of the methods of Delyon et d. [9], as well as basic properties of the Radon
and wavelet transforms.

Deterministic methods of approximation of functions by neural networks are con-
sidered in the works of Mhaskar and Micchelli [22], Chui et a. [4], and Mhaskar [20].
The latter work considered the approximation of the Sobolev class W 4 by the man-
ifold H,(p) for appropriate ¢, and has given the best possible upper bound of order
n~"/4, but using functions ¢ from a rather restrictive class. DeVore et al. [7] obtained
an upper bound on the rate of approximation of the Sobolev class W 4 for the special
case of two-dimensiona functions, d = 2, for a wide class of sigmoidal functions.
Recently, Petrushev [24] has extended these results to the class 1V, 4 d> 2

The problem of deriving lower bounds on the approximation rates by neural
networks has received considerably less emphasis. An important step, however, was
taken by DeVore et a. [6], who showed that with the additional requirement of conti-
nuity of the approximation operator, a lower bound of order n~"/¢ can be obtained for
approximating the Sobolev class W @ by non-linear n-dimensional manifolds. More
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recently, Maiorov [16] and Maiorov and Pinkus [18] have obtained an asymptotically
tight lower bound on the rate of approximation which is of order n—"/(@—1,

In this work we obtain alower bound of order (nInn)~"/¢, without the additional
continuity restriction. Here we consider sigmoida functions of two types. piecewise
polynomial functions and the standard function of the form ¢(z) = (1 + e=®)~L.
These results make use of known results from the analysis of multi-variate algebraic
polynomials ([30,31,14], see review in [28]).

Before presenting the main results of this work, we should stress that the gen-
era conclusions presented here have broad applicability beyond the field of function
approximation. It has become clear in recent years that efficient and robust strategies
exist, whereby multi-variate functions may be estimated using samples of the function
values at a finite set of points (see, for example, [29]). It turns out that the error
incurred by such schemes is composed of two parts, the first being the approxima-
tion error discussed above, and the second being a stochastic error resulting from the
finiteness of the sample used to estimate an appropriate approximating function. Thus,
any attempt to deliver useful performance bounds for function estimation requires as
a first step the establishment of tight bounds on the approximation error, of the form
discussed in this work and the other papers aluded to above.

The remainder of the paper is organized as follows. We begin in section 2 by
expressing a genera function as an integral representation, using properties of the
Radon and wavelet transforms. This integral is then approximated in section 3 by a
finite sum and upper bounds are derived on the approximation. Section 4 is devoted
to the computation of a lower bound for the case of piecewise polynomial activation
functions. Finaly, we extend the lower bound results in section 5 to the widely studied
case of the standard sigmoidal activation function.

2.  Anintegral representation for neural networks

In this section we pursue the line of thought discussed in section 1, pertaining
to a stochastic approach to approximation. These methods are based on two basic
ingredients. First, the function of interest is expressed as a convex integra of the form

flx) = /GJ(x,z)w(z) dz,

where @ and w depend on the function f, and the non-negative function w(z) can
be thought of as a probability density function for the “random variable’ z, namely
J w(z)dz = 1. The second step then corresponds to approximating the integral by a
finite sum, asin the theory of Monte Carlo integration (see, for example, [2]). Standard
results from the latter theory then yield upper bounds on the rates of convergence of
the approximation to the exact value of the function. Following the work of Barron [2],
various authors have recently utilized this basic idea in constructing neural network
approximations. In this section we follow the line of work of Delyon et a. [9],
who applied it to wavelet networks, rather than neural networks. The basic idea
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behind the integral representation constructed in this work is the use of both the
Radon and the wavelet transformations. First we observe that neura networks, as
in (1), are characterized by constant values on hyper-planes in R?. This observation
leads naturally to the Radon transform, which represents general multi-variate functions
by a superposition of integrals over hyper-planes in R?. This property then permits
the transformation of the problem into a one-dimensional one, for which the wavelet
integral representation is well known and understood. One advantage in using the
Radon transformation in this fashion is that, in contrast to the work of Delyon et al.
[9], only one-dimensional wavelets need to be considered as opposed to d-dimensional
wavelets in [9]. We observe that the Radon transform has been used previoudly in
work related to approximation by neural networks. In particular, Chen et a. [3]
have provided an elegant proof of the density property of neura networks using this
transform. In this work, however, we go beyond density and establish convergence
rates as well.

Let K be a compact set in the space RY. Consider the space L,(K,R%), 1 <
p < oo, of functions defined on R? with support on the set & and norm

1/p
1= ([, 15 @)

We denote the ball of radius r in R? by BY(r) = {z = (z1,...,2z4): .0 22 <r?}.
In the sequel we mainly consider the unit ball B%(1), and will simplify the notation
somewhat by using B? = B%(1) and L, = L,(B% R?). The results can be immediately
extended to general compact domains K by use of standard extension theorems, as
in [1].

For any two sets W, H C L,, we define a distance measure of W from H by

dist(W, H, L,) = sup dist(f, H, L,), @)
feEW

where dist(f, H, L) = inf,cp || f — h||z,. Furthermore, for any function f € L1 we
denote by F(f) or f the Fourier transform of f

f(u) = (2m) 2 /R fea,

where v € R% and - z is the inner product of » and . The inverse Fourier transform
will be denoted by F—1.
In the space 11 define the derivative of order p > 0 as

DFf = (—BY2f = F Y|t Fu)}, 3)

where |u| = y/uf+--- + u3, and the Fourier transform and derivatives are in the
distributional sense. In the space L, consider the Sobolev class of functions

Wyt = {f: max || D7 f| | < 1}.

p<T
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As stressed above, a basic tool in the construction of this section is the wavelet
transform (see, for example, [12]). We follow here the definitions and notation of
Delyon et al. [9].

2.1. The wavelet transform

We introduce the class @ of functions ¢ defining the neural network class (1),
where r > 0, 1 < ¢ < co. Let ¢ be some function in the space L;(R). Using the
function ¢, construct a second function ¢ on R satisfying the equality

/0 ailgb(aw)@(aw) da =1, (4)

for any w, where ¢ and ¢ are the Fourier transforms of ¢ and ¢, respectively. The
function class @ consists of al functions ¢ € L,(R) N L1(R) for which there exists a
function ¢ satisfying (4) and such that for al p € [0,7], Dy € Ly (R) and D~y €
L1(R). Observe that the functions ¢ are uni-variate, and the condition is imposed in
R rather than R¢. Further, set

M, = OQ%T{HD%HLH

D74, - ©)

We observe that in many neural network applications it is customary to use
sigmoidal functions which approach a constant non-zero value at infinity. However, by
taking suitable linear combinations of such functions, one can always obtain functions
vanishing at infinity, which belong to L1(R). For example, for sigmoidal functions
o(t), t € R, if lim__ o) =0, lim_ o(t) =1 and o(t) is non-decreasing, then
we require o(t + 1) — o(t) = o(t) € ®.

Examples. One can easily verify that the functions

o(t) = V2e 12, %(1 — tz)eftz/z, @le)X[—l,O](t) + 1 ; £ X0, (),

where x5 is the characteristic function of the segment A, belong to the class ®j. The
corresponding functions ) are, respectively

1
() = V2(1- tz)e_tZ/z, ﬁ(l — tz)e_tz/z, —X[-1,0/(t) + X101 ().
Using any legitimate pair of functions ¢ and ¢ as above, and following [8],

we construct the wavelet integral representation of functions on R. Let g(t) be any
function from the space L1(R). Then

g(t) = /R+ Ru(a,T)gp(a(t — T))ada dr, (6)
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where ¢ € Rt, 7 € R, and the function w is defined as

u(a, 1) = /Rg(t)i/z (a(t — T)) dt. @)

In order to utilize this one-dimensional integral representation for neura networks, we
first use the Radon transform to express a genera multi-variate function in terms of
projections onto hyper-planes.

2.2. The Radon transform

Let S91 ={z e R% "% 22 = 1} be the unit sphere in R?. For agiven w €
S?1land t ¢ R* consider the hyper-plane in R? givenby M, ; = {x € R%: z-w = t}.
For any f € Wi~ define the Radon transform R f(w, t), defined on 5% x R,

Rf(w,t) = g f(x) dm(z), ©)

where dm(x) is the Lebesgue measure on the hyper-plane M, ;. For ¢ < O define
Rf(w,t) =Rf(—w,—t).
Using the Radon transform, construct a function g(w,t) on S~ x R. For odd d

d-1
st = (5)  (RiG0)

and for even d

a d—-1
a) (Rf(w.1)),

where (Hp)(t) = % p.v. fR 2(7) dr s the Hilbert transform of the function p(t), and the

t—7

integral is evaluated as the Cauchy principal vaue, i.e.,

p.v./ P G4 — lim / ) g
Rt*’T 6—+0 J |t77\>5t*7—

The function f € Wi 1% is then given by the so-cdled inverse Radon transform
(see [13])

ot = 1y (

f@)= [ soa-w)d, ©

where dw is the Lebesgue normed measure on 541,

Two important properties of the Radon transform (see [13] and [26]) are the
following. For any function f € L1 the following connection between the Radon and
Fourier transforms

Rf(w,t) = /n f(z) dm(z) = (2r) "2 /R f(sw)e*t ds (10)
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holds. Moreover, the Hilbert transform with respect to ¢ satisfies the equation

77[\g(w, s) = sgn(s)g(w, s). Therefore, directly from the definition of the function g(-)
and (10) it follows that

g(w,t) = (27r)lidl/ |71 f(sw)e*t ds. (1)
R

At this stage we have al the tools needed in order to construct an integral
representation combining the Radon and wavelet transforms. This representation will
be used in section 3 to compute an upper bound for the approximation error by neura
networks.

2.3. The Radon—wavelet integral representation

Using (9), (5) and (6) we construct the neural network integral representation
f(x) = /Sdl /R+XR u(w, a, T)gp(a(x W — T))ada dr dw, (12
where
u(w,a,7) = / glw, ) (a(t — T)) dt. (13)
R

This expression may be simplified using the following notation. Let oo and [ be some
positive numbers. Consider the set Z = S% 1 x Rt x R, and denote elements of Z
by z = (w,a, 7). Introduce a measure on Z by dz = dwdadr. Then (12) may be
re-written as

flx)=0Q /Z F(x; 2)w(z) dz, 14

where we have used the notation
al—oz
F(x;2)=F(x;z,0,1) = = alap(a(:z: Cw— T))Sgn(u(z)),

_ a1+ a)u(2)]
w(z) = Qo) (15)

Q=Q(u,a,l)= /ao‘(l + al) |u(z)] dz.
From the definition of the function w it follows that w(z) > 0, Vz € Z, and
/ w(z)dz = 1. (16)
z

Thus, w(z) can be viewed as a probability density function on the set Z. For any
w-measurable function G(z) we denote by

Ew(G):/ZG(z)w(z)dz a7
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the average value of G(z), where z is viewed as a random variable with probability
density function w(z). From (14) and (17) we have for dl z

f(z) = QEw(F(z,2)). (18)

3. Upper bound

Starting from the integral representation (14) we construct an approximation to
f(x) by afinite sum, corresponding to a neural network. For this purpose use is made
of the probabilistic structure inherent in the probability measure w. Fix a number n,
and paints z1,...,2, € Z,and let Z = (z1,...,2,). Congider the function

fuli ) = 23" Pz, (19)
i=1

as afunction in the variable z.

Consider the direct product 2" = Z x --- x Z of n copies of the set Z, and
define on Z™ the product measure w = w x --- x w. For any function h(z) defined
on Z™ we s&t

Es(h) = /zn h(2)w(z)dz = / h(z1,...,zp)w(z1) - - - w(zp) dzy - - - dzp,.

n

Let 1 < g < oo be afixed number. Below we will estimate the average value

Ea (@) — Fu@2)2) = [ Eallf@) - fuw D) de @0
From (14) and (19) we have
10~ ) = D3 [Bu(Fi2) — Fai ) 2y
i=1

The Burkholder inequality (see, for example, [11]) guarantees the existence of a con-
stant ¢g depending only on ¢, such that for any 1 < g < oo

' < GEs [(i |Ew(F(x;2)) — F(x; zz)‘2> Q/T .
i=1
(22)

n

Z [Ew (F(m, Z)) — F(x; Zz)]

=1

Ew

From (20)«22) using Holder’s inequality

n 1/2 n 1/‘1
(Z‘QZF) < n(l/Zfl/(I)-o— (Z’aZ’(I> ,

i=1 i=1
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where (6), = 6 for § > 0, and zero otherwise, we obtain
Ea (|| £(a) — fulas D||") < (

X /BdEw<;|EwF(x;z)F(x;zi)|q> dz

coQn1/2-1/a)+ )q

n

and hence

2l

q
Ea (| £0) — fulei 2)]7) < (2;"@) | Bulr@a)ds (23)

where v = min{1 — % 2}. We now estimate the integral.

Set « = 1—1/q. Then we have

Lemma 1. For any z € Z the inequality

/B EulF )" de < va ol

holds, wh TG
0 s,werevd,lzm

Bt

is the (d — 1)-dimensiona volume of the unit ball

Proof. We have from definition (15) of the function F’
/ Ew(|F(xz)‘q) dx = / !F(x;z)‘qw(z) dr dz
B BixZ

GQ(l_a)
N /Bd Sd-1xR+ xR m|s&(a(a£ -w —1))|*w(w, a, ) dz dw da dr
X X X

N

/ a‘go(a(x-w77))‘qw(w,a,7)dxdwdad7

BidxSd-1xR+ xR

:/ w(w,a,T)dwdadT/ a‘go(a(x-wa))‘qu. (24)
Sd—1xR+ xR Bd

Since for any = € N, 5, = - w = s, we have for any fixed w, a and 7
1
/ a|ap(a(x cw— 7')) |q dx = / ds/ a‘ap(a(m W= 7')) |qdm(m)
Bd -1 My, sNB4

1
:/la‘go(a(sT))‘qm(l_lw,sﬂBd) dsévd_l/R‘go(a(ST)ﬂqd(as)

= Ud—l||@||qu(R)‘
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Hence, from (24) using (16) we obtain

Ew|F(x;2)|" dg < vaallell], g
Bd ’

. w(w,a,7)dwdadr = va_1/l¢l|7 )
Sa=IxR+ xR

establishing the lemma. O

From inegquality (23) and lemma 1 we have

Eo (|| () — fulz; Z)H < Va— 1(22LQ> lell7, gy

which, upon using Holder’s inequality, yields

Ea (1) — £ut:2)|,) < Eall ) — fulai DD <04 2 gl 0

ny

We therefore obtain the following statement.
Lemma 2. Let o € ®) where 1 < g <ooandr > 0. Then
. c1Q
Eo (|| f(2) — fala: 2)]],) < el L IMEF
1/q

where ¢y = 2v"; co.

A similar approximation result may be established for the derivative of the func-
tion f.

Lemma3. Forany pe @', 1<g<ocoandany 0<I<r
Eo(||D5f (@) — DL fule; 2)|,) < HD @)1, @)

Proof. By analogy with (23) we have the estimate

n>y

C q
Ew(HDif(m)—Difn(x:z)HZ)<("—Q) /BdEw(\DiF(m,Z)\q)dx. (25)

We estimate the last integral. From definition (15) of the function F' and the relation
a =1-—1/q we conclude that

/Bd Ew(‘DiF(m,E)‘q) dx—/Bd . (1+lal)a|D (a(m-w—7))|qw(z)dzdm

< / ‘ngp(a(m “w— T)) ‘qa dr dz.
BixZ
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From definition (3) of the operator D! it follows that Dip(a(z - w — 7)) =
Dlp(a(t — 7))|t=zw. Therefore

/ ‘Dégp(a(w Cw— 7')) ‘qadm = / |(D,lfcp) (a(x Cw - 7')) |qadm
Bd Bd
1
= / ds/ |(D,lfcp) (a(m “w— 7')) ‘qa dm(x)
-1 My, sNB4

= /_ 11 |(DLe) (als — 7)["am (Me,s 0 B) ds < vga|Dle@][%,
Combining these results using Holder’s inequality the claim in the lemma follows. [
In the next lemma we estimate the function
Q=Q(u, o) = /Za“(1+ a')|u(z)| dz,

used to define the approximant f,,(z, z) in (19). The function u(z) = u(w, a,t) was
defined in (13).

Lemma 4. Ifr>p>1—%+l,l>0,1<q<oo,areanynumbers,a:1—%,
and o € @ then

Qu,a,l) < e /Sdl . (|g(w,t)‘ + |ng(w,t)|) dw dt,

where ¢z = M, max { 1—(%/11)’ lp—l—]2.+(l/q) I3
Proof. Denote [ = [;. We have from (13)
/\u(w,a,T)\dT :/'/g(w,t)¢(a(t7')) dt| dr. (26)
Set ¢, = D~"). From Plancherel’s formula it follows that for fixed w, a and 7
/ g(w, typ(at — 7)) dt =a"? / §(w, 0)(—0/a)e™ do
—a7t [ 10156, 0l6] -0/ a)e"
—a 7 [ 163000~/ b.
Therefore from (26), using the inequality ||TV |1 < ||U|[2]|V||2 we have

/|u(‘”’a17)|dT<a_p_lH}__l{w‘pg(‘*”0)}HLl(R)Hf_l{l/A’p(_‘g/a)}HLl(R)

:a_p_lHng(w’t)HLl(R)”wl?HLl(R)' &7
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Represent the integra in Q(u, a,!l) as

Qu,a,l) = / a® (1 + al) |u(z)| dz
z

1 0
:/ [/ a“(1+a1)‘u(w,a,7)|da+/ aa(l—i-alﬂu(w,a,T)‘da dw dr,
Sd-1xR 0 1 (28)

and separately estimate each summand. From Fubini’s Theorem and the inequality
(27) for p = 0 we have

1
/ / aa(l—i—al)‘u(w,a,T)‘dadwdT
Sd=1xR

/ dw/ da a® l+a /|u(wa7)‘d7
gd—1
1
<ol [, 9600 o [ a1t ) do
< esltlln [, o]y (29)

where c3 = 2/(1 — (1/q)). The second summand in (28) is estimated using Fubini’s
Theorem once more and the inequality (27)

/ / l+a ‘u(w aT){dadwdT
Sd—1xR
S H%”Ll(R)/ D7 9w, )| 1,y d‘*’/ a®"(1+a') da

<caltylln [ IPFoent)] e (30

where ¢4 = 2(1+1— p — (1/¢))~*. From (29) and (30) we obtain the statement of
lemma 4. O

In the following lemma we obtain an estimate for the approximation of a function
f and its derivatives by neura networks.

Lemma 5. Assume f € W, and ¢ € @ where r = d/2+ 1/2 — 1/q + | + ¢, with

1>0,1<g<oo,e>n"%n>(q/(g—1))Y°and0< § <1 Sety= mln{lf— 2}
Then

Exs(||D' f(2) — D' fua:2)]),) <

© (DT f@), + [P p @) ).

where D =D, and cs = %%Mw
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Proof. Setp=1-— % + 1+ . From lemmas 3 and 4 we conclude that

£ (D7) ~ D futi2)],) < 22Dl
<22 (9w, B)] + | DLg(w, 1)]) dw .

nY Jgd-14R

According to the conditions of the lemma we have

2 2 2
02:M¢,max{ }:M@max{r

2
,—} < 2Myn’.
9

1-2p—1-1+1 :
Therefore
! ! s 2c1 M, P
Ex(|IP' @)D fawi A) < T2 [ (o] +[Dfgnn)]) dodr. @)
X

In the appendix we show that

2
</ ‘ng(w,t)‘dwdt) < 65/ |ng(w,t)|2dwdt+c||f||‘2jvr,d , (32
Sd—1xR Sd—1xR 2

_ 2%r@/2)¢?

have

From the identity (11) and the definition of the operator Df we

Degton) = @) i 30p ([ st 1 s)e s
R
:(zﬂ)lidl/ |S|p+dflf(5w)eist ds.
R

Hence by the Plancherel formula we abtain
2

P g(w 2t = (21) 2 s|PTa=1 f(sw)e5t ds
/RHDtg( )|t = (2m) /Rdt‘/R' [P f(sw)e d
= (27) 2 / (1742 f(sw)|)? ds. (33)

R

Passing to polar coordinates we have

/Sd—l/R(’S’p‘i’dl‘f(SW)‘)Zdew:/Sd_ldw/R’S’Zpﬁ*dl
= [ e e = ®

Hence from (32)—(34) and r = p + (d — 1)/2 we conclude

f(sw)‘zls]dflds

2
( / !ng(w,t)\dtdw) < 2(2m) el [PV,
Sd—1xR
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where an extra factor of 2 appears by assuming that the second term on the r.h.s. of
(32) is smaller than the first.
From this and (31) we finally obtain the statement of lemma 5. O

We are now ready to prove the main result of this section, establishing an upper
bound for the approximation of the Sobolev class by neura networks. The results are
proved for the case ¢ = 2. A simple corollary will then yield resultsfor dl 1 < ¢ < oc.
We state the results separately for small and large values of the smoothness parameters
of the given class.

Theorem 1 (Small smoothness). Let f € W%, r = d/2+¢, ¢ > n~° for some
0 < 6 < 1. Furthermore, assume that ¢ € ®%. Then for any integers d > 1 and
n > 2, there exists a function h € H,(y) such that

C
_ < - -
1F = hll2 < —g75=5 1 Fllywyas
where ¢ is a constant depending only on d and ¢.

Proof. From lemma5, using ¢ = 2, we obtain

Eo (| £0) — fulai A]|p) < 7 (ID7 7@, + 27 )]

gm”f”wg’d’

where c7 = 2c62 zr(gg/ﬂ) M,. Note that from the above result the expected value

obeys the required bound. Therefore, clearly there exists a set of values for the
parameters (w, a, 7) which yield the desired result. O

Remark 1. Note that the conditions imposed on the functions ¢ in theorem 2, as well
as theorem 2 below, pertain to the dimension d = 1, athough the approximation
is done in R?. The conditions on f, though, are given in terms of d, and become
increasingly restrictive as the dimension increases. A similar situation occurs in [10].

Theorem 2 (Large smoothness). Let f € Wr'd, pedd>l,andset0< <1
and e > n~%. Letr = (kd/2) + ke, k € N. Then for any n > 1 there exists a function
h € H,(p) such that

c
If = hllz < —7=57 1 fllypa.

c d
where ¢ = (4cg)k"/4, cg = 5L ?(Zﬁsz/ﬂ) M, and ¢ =6+ &
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Proof. The claim will be established using a variant of the iterative approach intro-
duced in [9]. Define 6 = §/k and ¢ = n~°. From lemma 5 with ¢ = 2 it follows that
for any function f € W2, and any numbers [ > 0, the following inequalities hold:

Eu (7@ = fale. 2)]|) < m(!\@ S@+ D@, @9)
Eu ([P (@) ~ fule D)|,) < o= (ID7 @, + [DT 5 @)],)- (38)

1/2 6

Let {z;} it“:l be k independent draws of the random variable z with corresponding
densities w; = w. Then from (35) we have

EunBu, -+ Buy || (@) = fula, 21) — - — fulw, )]
< %{EM cBu s (IDF (F@) = fulw, ) =+ = fale 5) )
+ Buy -+ Buy y (DE (@) = falw 21) =+ = fale. 50))||) }-
Continuing this iterative inequality & times using (35) and (36) we obtain
E = Eu - Eup (|| F(2) = fulw,20) — - — fulz 2)|,)

k k
& S
< (525) Sl o)),
s=0

Then for k = (kd/2) + ke we have

ZCBk
nk/2—¢6 <kd

Es 12111, < 75 1 e

+ke
which establishes the claim. O

The results of theorem 2 can easily be extended to general vaues of 1 < ¢ < oc.
The only modification to the proof will be the replacement of n1/2 in (35), (36) and
subsequent equations by n” in accordance with lemma 5, where v = min(1—1/q, 1/2).
Note that in this case, however, the condition on ¢ is ¢ € ;. We summarize this
observation in the following corollary.

Corollary 1. Let the conditions of theorem 2 hold with » € ®f, 1 < g < co. Then
for any n > 1 there exists a function h € H,(¢) such that

&
1F = hllg < —a=5 1/ lywya

where ¢ depends on q.

Remark 2. Observe that theorems 1 and 2 apply only in situations where the degree
of smoothness is large, namely » > d/2. In arecent paper [19], we have been able to
extend these results to all values of r, using a somewhat different approach.
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4. Lower bound — piecewise polynomial functions

In this section and the next we establish lower bounds on the approximation
error by neural networks, focusing on two specific types of activation functions. In
particular, we consider first piecewise polynomia activation functions, followed in
section 5 by the study of the standard sigmoidal activation function.

The basic idea of the proof is based on transforming the problem into a finite-
dimensional one by an appropriate linear transformation, as was done, for example,
in [31]. Lower bounds for the latter problem can be more easily established and, due
to the linearity of the transformation, serve as lower bounds for the original problem.
We start with some notation. Denote the [;*-norm of vector f = (f1, ..., fm) € R™ by
I fllim = (Z?;l|fi|q)l/q, q > 1, and let the unit ball in the space /;* be denoted by
B ={f eR™ |[fll» <1}. Forany f define avector sgn f = (sgn f1, ..., SIN f1),
where sgna = 1if a > 0, sgna = —1if a < 0, and sgna = 0 if a = 0. For any set
G CR™letsgnG ={sgn f: f € G}. Findly, if A, B C 7, the distance of the set
A from B is given by

dist(A4,B,I7") = sup dist(a, B,1;"),

where dist(a, B,13") = infyep [|a — b|i.
Let 7 be any integer, and set m = 7m?. Consider the cube I? = [—
contained in the unit ball B¢, and construct the uniform net
1 /2 2i
Sp=d (2 1, 2 1) 0<in, iy <1
Vd\ m m

consisting of the m points {&1,...,&m}-
Introduce a manifold in R™

Hym(p) = {(Ma), - -, hEm)): b € Hu(p)},
which is the regtriction of the manifold H,(¢) to S,,. Consider the finite set in R™
E = {(81,...,€m): g; € {—1,+1} Vi= 1,...,m}.

1 L]d
Vd' Vd

In the following theorem we establish a lower bound for the distance of E from
H,.m(p), specidized to the case where ¢ are piecewise polynomial functions.

Theorem 3. Let ¢ be a piecewise polynomia function on R with s breakpoints
T1,...,Ts, SUCh that on any interva [7;,7;41), ¢ = 0,1,...,s (here p = —o0, and
75 = +00) the function ¢ is an algebraic polynomial of degree at most n. Let n and
m be integers such that m = [¢(d + 2)nlog, n]. Then

diSt(E,I:[nm(ap), l{”) > cm,

where ¢ depends only on d, s and r.
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We first prove an auxiliary lemma.

Lemma 6. The cardinality of the set sgn H,,,,,(») obeys, for any positive integers n

and m,
- sz (d+2)n

where ¢ depends only on d, s, and r.

Proof. The manifold H,,,(y) is the set of all functions on S,,, of the form

n

§— h(&a,bc)= ZCW(C% €+ by),

i=1

where ¢;,b; € R, a; € Réfor 1 < i < n, and a = (a1,...,an), b = (b1,...,by),
¢ = (c1,...,¢n), and q; - £ is the inner product of the vectors a; and £&. Denote
v = (a,b,¢) € RUA" and h(€; a,b, ) = h(E;A).

The manifold H,,,,(¢) can be expressed in terms of the variables v,

Hyun(p) = {(h(fl;’}/), e ,h(fm;ry)); v e R(d+2)n}.

The following statement is well known (see, for example, [31, theorem 3], or
[28] for a more modern treatment).

Claim 1. If p1(v),...,pm(y) are agebraic polynomials of degreeat most » in N < M
variables, v = (y1,...,7n) € RY, then

N
{ (sanp1(7), - .., sanpap(y)): 7GRNH < <4e]]\\[47“> .

Construct the partition of the space R(¢+2" py hyper-planes of the form
Fijk = {(a,b,c) e RO a;- & — by = 75},

wherei=1,...,n,j=1,...,s,andk =1,...,m. St M = nsm,and N = (d+2)n.

Denote by Sy, ..., Sp the connected components of the set R@+2n \ | J, ik Tk
Since dl polynomials of the form p(vy) = a; - £ — b; — 7; retain a single sign on any
component .S;, then from claim 1 the following estimate for the number of components

P follows;

N (d+2)n

p< (FM\ _ (dems . (37)
N d+ 2
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Using this result, we can now estimate the cardinality of the set sgn H,,,,(¢). From
the construction of the hyper-planes {I";;;} it follows that the space RE@+2" can be
divided into P polyhedral regions S, ..., Sp, and therefore we have

S9N Hun ()| = |{ (SON (€25 7), - ., SAN (s 7)) v € RETAMY

»
= [{(sanhlge; 7). -, N AEms)): 7 € St} (38)

=1

Since for any [ and i the function v — h(&;;7), v € S;, is a polynomia of degree
< r, then according to claim 1 we obtain

d+2)n
s i) 1< s < (e )
Hence from (38), (39) and (37) we have
S0 Hon(9)] < (ms)(d”)n (o >(d+2)" _ (ﬂz)wm,
d+2 (d+2)n n
where the constant ¢ depends only on d, s, and 7. O

Proof of theorem 3. Let a be an absolute constant satisfying the equation 242 — 8a +
7=0(i.e, a=2—1/v?2) . Fix avector v € R4t and construct a subset in £

i=1

E, = {6 e k. Z ‘a —sgnh(gl-;y)\ < am}.

The cardinality of the set E, can be estimated as follows:

|E7|:H6€E: i(si+l)<am}': {€€EZ Z 1<%H

i=1 i g;=1

(3)+ () () b-3

< 2me2ml/2=1Bm)/m)?® (Chernoff bound)
< Zme—zm(l/z—ﬁ)2 < 2m(2—2a+a2 /2) < 2m/4’

where we have used 2a2 — 8a + 7 = 0.
Consider the set E' = () cgu+an(E \ Ey). From the definition of the set

sgn H,,m () it follows that

Bl-ley U g

~ERE@+2n

>2" — [sgn ()] max [E,| > 2" — |sgn Hom (i) [27/4.
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Set m = [(d + 2)nlog,n]. Then there exist constants c1,c; > 0 such that =™ <

log,m ==
n < |§§2mm- Therefore it follows from lemma 6 that for someO0 < c < 1

o (d+2)n
|Son Hyu ()| < (ﬂ) < 2m/4,
n

Thus |E'| > 2™ — 2/2 > 0. Hence there exists in E’ avector ¢ = (4, ..., &) such
that for al € R(@+2n

- 1 — am
Z!ffi*h(&';v)! >§Z|€¢*S§Jnh(§iﬂ)| > 0
i=1 i=1

The following lemma yields a lower bound for the approximation error of the
Sobolev space, with the help of the lower bound established for the finite-dimensional
case in theorem 3.

Lemma 7. Iflgp,qgooand§>(%f%)+then

— L dist (B, Hun(), I7).

r_1,1
md » 1y

dist(W, 4, Hy (), Lg) >

Proof. In order to derive a lower bound for W, 4 it clearly suffices to find a lower
bound holding for some set F,,, € W%, which will now be constructed. For = € R¢
let n be any function in W/*¢ which satisfies n(z) = 1 for z € 3¢ and n(z) = 0
for x ¢ I?. The function in the remaining region may be computed by using spline
functions.

Let m and 7 be positive integers such that m = m?. Consider the uniform grid
of m points S,,, = {&},, where &; € I¢. For each i define a function

ni(x) = n(m(z — &)).

Consider the normed space [;* consisting of vectors a = (ay, . . ., a,,) € R™, and
denote by B, the unit ball in this space. Construct the functional subclass

1 m
Fn = {fa(l') = iy Zamz‘(w): lallr < 1}.
i=1

We first show that F;,, C W) Let p € [0,r]. Then for any a € BJ"

, 1
HDpf“HLp_W/Id

1 = -
:ﬁz/_ jai D71 — &) de,

p
dz

m
Z a;D’n;(x)
i=1
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where 1 17 is the cube I scaled down by a factor of +i for each side. Since
Din(m(x — &)) = mPDfn(t)L:m@_&),

clearly

(o5, = s (S} [ oo < o, <

We therefore conclude that f, € W

We proceed with bounding dist(W, vd,Hn(w),Lq) from below. For dl f € F,,
and h € H,(p) we have

1 m
If = hllg, = /d 'm Zamz‘(m) — h(z)

2L

m

dx,

dy

mT/d 1p az"?z(y + 52) h(y + 5@)

Since n;(y + &) = n(hy), i = 1,2,...,m, and y € 2 I, we obtain

dist(W; 4, Hy (), Lg)" > sup If =2,

feF"L 7L(SO)

1
> T 2, he'H”I(@Z / lagmily + &) — hiy + &)|* dy

1
e ar=yan ?Bm hetn (ga)

Z = [ Jan) — bt/ + 61" ¢y @0

Note that due to the infimum taken over Hn((p) it has been possible to rescale A(-) by the
factor m’/4-1/?. Define ay = (a1, ..., am)n(y) and hy = (h(y/m +&1), ..., My /m +
&n)). Then moving the summation into the integral in (40) we have

1

: rd

dISt(W Hu(p), L ) Z nr/d=1/p+1/9)q aeBm heHn(sO)/ llay — A Hlm dy
> -
Z o /d—1/p+1/a)g azégn /Idh Hn () Hay h H”"

Using the affine invariance of H, () mentioned in section 1 we conclude that for
ay y

heif?,f(@) llay — hyllie = dist(a, Hupn (), 1) n()-

Thus

; rd 1 ; 7 m q
dlﬂ(W Hy(p), L ) m 2;2” d|St(a’Hmn(90)’lq ) /Id |"7(y)| dy.
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The theorem follows upon taking ¢ = (74 [n(y)|? dy)¥/9. O
We can now prove the main theorem.
Theorem 4. Let ¢ sdtisfy the conditions of theorem 3. Then for any 1 < p,q < o©
and 5 > (1 —2)  the inequality

Cc

dist (W%, H (), Ly) = Z (nlogny/d

holds, where ¢ depends on p, ¢,d and r.

Proof. Let ¢ be the vector constructed in lemma 6. Consider a vector a =
(a1,...,an), Where a; = m~YPg;. Clearly a ¢ B, Set m = [en(d + 2)logn].
Then using lemma 7 and theorem 3 we obtain

mfl/p(c3m)l/q c

i3 7 (nlogn)/d

dist(W,%, Hu(¢), Lq) >
m

5. Lower bound — the standard sigmoid

We extend the results of section 4 to cover the case of the widely studied sigmoidal
function o(t) = Tle—t We derive estimates for the distance of W @ from the manifold
H, (0). The main result is the following theorem.

Theorem 5. For any 1< p,q < co and 5 > (1—17 — %)Jr the inequality

Cc

dist(W,, Ha(0), L) > > Giogny

holds.

First we need an auxiliary lemma. In the space R™ consider the manifold H,, ,,, (o)
defined in section 4, that is,

f{nm(a) = {(h(fl); R 1h(€m)): h € Hn(a)}

We make use of the following resuilt.

Claim 2. Let pi(y) = qm) . pu(y) = 24O e rational functions of degree at

most r, i.e, p; and ¢;, 1 =1,2,..., M, are af]gei)rauc polynomials of degree at most r
in N < M variables v = ('yl,...,’yN) € RY. Then

2N
H(Sgnpl(’y),...,sgan(fy)): ’YGRNH < (46]]\\[4r>
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Proof. Clearly

H(%npl(’}/), ce ,%an(,y)): v e RNH
Tiats "m0t

songi(v)" " sgngm(7)
< [{(sanp1(),- - sonpar(7)): v € RVH[{(san a1 (7). - .., sanque(7)): v € RNV}
The result then follows upon using claim 1. O

Lemma 8. The cardinality of the set sgn H,,,,(o) is upper bounded as follows:
S9N Hyun(0)] < (em)HH/ D2,

Proof. For any function h(¢;v) € H,,n(o) we have

n i
h(&ki ) = Z 1t e aitnth’ (41)
i=1

wherey = (a,b, ¢), a € R, ¢,b € R™, and the vector ¢ = (&1, . . ., &) has coordinates
& =5, 0<k <m-1, andm =mYe Denotein (41) e /™ = ¢;; and e = 7.
Then

n

hEn) = ——

- .
P R T

Therefore, for each fixed &, the function v — h(&; ) isarationa function in (d+2)n
variables ¢;, 7; and t;1, . . . , t;q, 1 < i < n, of degree at most ((m—1)d+1)(n—1)+1 <
4dnmY®. Hence using claim 2 we conclude that

1/d\ 2(d+2n
de - m - dndm?Y ) < (em)20+1/a)d+2n. O

(d+2)n

Similarly to the proof of theorem 4, theorem 5 is established using lemmas 6, 7
and 8.

The following result, by Mhaskar [20], establishes an upper bound for the error
of approximation of the space W, by H,(s). Let r > 1, n > 1 be integers, and
1<p<oo. Then

|59 Hp ()| < <

dist(W74, H,(0), L) < cn™"/%, (42)
Combining (42) and the lower bound of theorem 5 we have
Corollary 2. If r > 1isaninteger, and 1< p < oo thenforanyn=1,2,...

(&
nr/d’

C1

i r,d
(nlogn)7d < dist(W) %, Hy(0), L) <

where ¢; and ¢, depend only on r, d and p.
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Appendix

Proof of (32). We need to show that for any p > 0

1/2
/ ‘ng(w’m dwdt < C(/ ‘ng(w,t)‘zdw dt) + C||f||W{(K). (43)
Sd,]_XR SdilxR

Note that Holder's inequality cannot be used to show this, since the domain of the
integral is infinite. Recall that the function f is supported over the unit ball B4(1) C
R%, namely f € W5(B%(1)). We find it useful to extend the function to the Sobolev
space of functions defined over the whole space R?. This can be done using standard
results from the theory of function spaces, and is based on defining a function f over
R® such that f € Wy (R%), f(z) = 0 for = ¢ B42) and f(z) = f(z) for z € B4(1).
Details of this procedure can be found in [27, section 4.2]. Let J = [0,2] and fix
w e S1 Then

o w = P w = .
/W!Dtg( 0|t (/J+/R+\J)|Dtg< D=L+ (44

Applying Holder's inequality to the first integral (defined over a compact domain) we

have
5 1/2
11:/|ng(w,t)\dt< |J|1/2</|Dg’g(w,t)\ dt)
J J

<c8< / 1D g(w, t)| dt> 1/2. (45)

In order to estimate I, we use the definition of g(w,t) from (11). Then we have

(d—1 R ,
Dfgfent) = 5 [ IsF 2 (s ds

Id 1/| |p+d l(/ fly)e Isywdy>elstd5

id—1 .
— IZ— fly)dy |5|p+d*le's(t7y'w) ds.
as

The Fourier transform implicit in the second integral should be understood in the
sense of a Fourier transform of a generalized function (note that we only require the
value of this quantity integrated over 7). From [23] we obtain for A £ —1,-3,...

F(IsM)(r) = c)|r| A,

where C(\) = —Zsin(%”)l'(A + 1). Recall that the Fourier transform f of the gener-

alized function F is defined by the relationship (f, ¢) = (¥, ) which holds for any
compactly supported function ¢ € L1(R).
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Hence we obtain
[y [ et g = a1 [ e —y-wl ey
R4 R Rd

Set A= C(p+d— 1)/(2r). Then, since supp(f) C BI(2),
Iz=/ |Df g(w, t)| dt < A/ '/ f(y)|ty-w|_p_ddy‘dt
R+\J RH+\J | JRd

:A/ / t—y-w| P dt:A/ d / e
i |y\<1‘f(y)“ Y- wl y |\<1|f(y)‘ ) A Te——

Since [2 -y - w| =2 — |y|Y?|w|V? > 1,
o0 dt p+d-—1
= < d—1
/ =yt T @y w1 ST
Combining this result with Holder's inequality we obtain

B+ d— DG+ d— 1)
2 '

I, < C9HfHL2(K)1 where ¢g = (46)

From (44), (45) and (46) we obtain

AN
/ \ng(w,t>\dt<c8( / DL g(w, 1) dt) teol iy (47)
R+ R+

Integrating (47) over the unit sphere and using Holder’s inequality we then obtain
/ |ng(w,t)|dwdt
Sd=1xR
, \ 12
< Cg/ </ |ng(w,t)| dt) dw+269‘5d71“|f\|wzr(K)
gd-1 \ Jr+
1/2 2 1/2
< col 1| ( [ o) dtdw) + 20| Sl
Sd—1xR+

which establishes (32) with ¢ = |S9~1|%2 max(cg, 2|S%1|Y/2cg). O
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