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Abstract

We solve an open question from Lu et al. (2017), by showing that any target network with inputs
in R can be approximated by a width O(d) network (independent of the target network’s architec-
ture), whose number of parameters is essentially larger only by a linear factor. In light of previous
depth separation theorems, which imply that a similar result cannot hold when the roles of width
and depth are interchanged, it follows that depth plays a more significant role than width in the
expressive power of neural networks. We extend our results to constructing networks with bounded
weights, and to constructing networks with width at most d + 2, which is close to the minimal pos-
sible width due to previous lower bounds. Both of these constructions cause an extra polynomial
factor in the number of parameters over the target network. We also show an exact representation
of wide and shallow networks using deep and narrow networks which, in certain cases, does not
increase the number of parameters over the target network.

1. Introduction

The expressive power of neural networks has been widely studied in many previous works. A
particular focus was given to the role of the network’s depth and width: How wide or how deep
do we need to make the network, in order to express various target functions of interest? In an
asymptotic sense, we know that making either the width or the depth large enough is sufficient to
approximate any target function of interest. Specifically, classical universal approximation results
(e.g. Cybenko (1989); Leshno et al. (1993); Hornik et al. (1989)) imply that even with depth 2, a
wide enough neural network can approximate essentially any target function on a bounded domain
in R%. More recently, it was shown that the same also applies to depth: Neural networks with width
Q(d) and sufficient depth can also approximate essentially any target function (e.g. Lu et al. (2017)).

However, these results are asymptotic in nature, and do not provide a quantitative answer as
to whether depth or width play a more significant role in the expressive power of neural networks.
A recent line of works have shown that for certain target functions, depth plays a more significant
role than width, in the sense that slightly decreasing the depth requires a huge increase in the width
to maintain approximation accuracy. For example, Eldan and Shamir (2016); Safran and Shamir
(2017); Daniely (2017) constructed functions on R? that can be expressed by depth-3 neural net-
works with poly(d) parameters, while depth-2 neural networks require a number of parameters at
least exponential in d to approximate them well. In Telgarsky (2016); Chatziafratis et al. (2019) a
family of functions represented by depth O(k) and width O(1) neural networks is constructed such
that approximating them up to arbitrarily small accuracy with depth O(\/%) would require width
exponential in k.
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A natural question that arises is whether we can provide similar results in terms of width,
namely:

Are there functions that can be expressed by wide and shallow neural networks, that
cannot be approximated by any narrow neural network, unless its depth is very large?

This question was stated as an open problem in Lu et al. (2017). We note that both a positive
and a negative answer to this question has interesting consequences. If the answer is positive, then
width and depth, in principle, play an incomparable role in the expressive power of neural networks,
as sometimes depth can be more significant, and sometimes width. On the other hand, if the answer
is negative, then depth generally plays a more significant role than width for the expressive power
of neural networks.

In this work we solve this open problem for ReL.U neural networks, by providing a negative
answer to the above question. In more details, we prove the following theorem:

Theorem 1 (Informal) Let Ny : R — R be a ReLU neural network with width n, depth L, and
let D be some input distribution with an upper bounded density function over a bounded domain
in RY. Then, for every €,8 > 0 there exists a neural network N : RY — R with width O(d), and
0 (n2L2) parameters such that with probability at least 1 — § over x ~ D we have:

No(x) = N(x)| < e

where the O notation hides logarithmic terms in the problem’s parameters (see Thm. 2 for a formal
claim).

Note that a network with width n and depth L has O (nzL) parameters, whereas the theorem above
proves the existence of an approximating narrow network with O (n2L2) parameters. This means
that any wide network can be approximated up to an arbitrarily small accuracy, by a narrow network
where the number of parameters increases (up to log factors) only by a factor of L. Hence, it shows
that the price for making the width small is only a linear increase in the network depth, in sharp
contrast to the results mentioned earlier on how making the depth small may require an exponential
increase in the network depth. In Subsection 3.2 we further discuss the extra L factor, which occurs
due to a rough estimate of the Lipschitz parameter of the network. We argue that this factor can
also be avoided by having stronger assumptions on the Lipschitz parameter of the networks, which
shows that only having a logarithmic blow-up in the number of parameters is enough for such cases.

In Lu et al. (2017) it was shown that the universal approximation property on a compact domain
does not hold for network with width less than d. In Park et al. (2020) it was shown that networks
with width d + 1 already have the universal approximation property. We extend our construction
from Thm. 1 to approximating any wide network using a network with width d + 2, close to the
minimal possible width. This construction has an additional blow-up from the bound in Thm. 1
on the number of parameters by a factor of d. We also discuss how to extend Thm. 1 when the
construction is restricted to having bounded weights. We show that we can approximate a wide
network using a narrow network with weights bounded by O(1), while, suffering an additional
blow-up from the bound in Thm. 1 by a factor of O(n - L).

The above constructions only apply on a bounded domain, and they approximate the target
network w.h.p over some distribution. We additionally provide a different construction which ex-
actly represents for all x € R? a target network of width n and depth L, using a network of width
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O(d + L), although its depth is O (n”~!). We show that for d = O(1) and L = 2, 3, the number
of parameters in this construction does not increase in comparison to the target network. Hence, for
theses cases, this exact representation is more efficient by a log factor in terms of parameters than
the construction in Thm. 1

Related Work

The benefits of depth. Quite a few theoretical works in recent years have explored the benefi-
cial effect of depth on increasing the expressiveness of neural networks. A main focus is on depth
separation, namely, showing that there is a function f : R — R that can be approximated by
a poly(d)-sized network of a given depth, with respect to some input distribution, but cannot be
approximated by poly(d)-sized networks of a smaller depth. As we already mentioned, depth sep-
aration between depth 2 and 3 was shown in (Eldan and Shamir, 2016; Safran and Shamir, 2017;
Daniely, 2017). A construction shown by Telgarsky (2016) gives separation between networks of a
constant depth and networks of some non-constant depth. Complexity-theoretic barriers to proving
separation between two constant depths beyond depth 4, and to proving separation for certain “well
behaved” functions were established in Vardi and Shamir (2020); Vardi et al. (2021). In Safran
and Shamir (2017); Liang and Srikant (2016); Yarotsky (2017) another notion of depth separation
is considered. They show that there are functions that can be e-approximated by a network of
polylog(1/e€) width and depth, but cannot be e-approximated by a network of O(1) depth unless its
width is poly(1/¢). Depth separation was also widely studied in other works in recent years (e.g.,
Martens et al. (2013); Safran et al. (2019); Chatziafratis et al. (2019); Bresler and Nagaraj (2020);
Venturi et al. (2021); Malach et al. (2021)).

The expressivity benefits of depth in the context of the VC-dimension (namely, how the VC
dimension increases with more depth, even if the total number of parameters remain the same) is
implied by, e.g., Bartlett et al. (2019). Finally, Park et al. (2020); Vardi et al. (2021) proved that deep
networks have more memorization power than shallow ones. That is, deep networks can memorize
N samples using roughly /N parameters, while shallow networks require N parameters.

Deep and narrow networks. The expressive power of narrow neural networks has been exten-
sively studied in recent years (e.g., (Lu et al., 2017; Hanin and Sellke, 2017; Johnson, 2018; Kidger
and Lyons, 2020; Park et al., 2020)). As we already discussed, Lu et al. (2017) posed the open
question that we study in this work. They also showed that the minimal width for universal approxi-
mation (denoted wp,) using ReLLU networks w.r.t. the L' norm of functions from R to R, satisfies
d+1 < wpin < d + 4. For L'-approximation of functions from a compact domain they showed a
lower bound of wp;, > d. Kidger and Lyons (2020) extended their results to LP-approximation of
functions from R? to R%u  and obtained wyiy < d + doy + 1. Park et al. (2020) further improved
this result and obtained wp, = max{d + 1, doy }. Hanin and Sellke (2017) considered universal
approximation (using ReLU networks) of functions from a compact domain to R%u w.r.t. the L™
norm, and proved that d + 1 < wpin < d + doy. Universal approximation using narrow networks
with other activation functions has been studied in Johnson (2018); Kidger and Lyons (2020); Park
et al. (2020). We note that all prior results on universal approximation using deep and narrow net-
works require networks of depth exponential in the input dimension. However, our results are of a
different nature, since we focus on approximating a given network of bounded size, while universal
approximation results aim at approximating arbitrary functions. For a more detailed discussion on
related prior works see Park et al. (2020).
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2. Preliminaries

Forn € N and i < j we denote by BIN;.;(n) the string of bits in places ¢ until j inclusive, in the
binary representation of n and treat is as an integer (in binary basis). For example, BIN1.3(32) = 4,
i.e. the three most significant bits (from the left). We denote by LEN(n) the minimal number of bits
in its binary representation. We denote BIN;(n) := BIN;;(n), i.e. the i-th bit on n. For a function f
and ¢ € N we denote by f (0) the composition of f with itself 7 times. We denote vectors in bold face.
For a vector x we denote by z; its ¢-th coordinate. We use the O() notation to hide logarithmic
factors, and use O(+) to hide constant factors. For n € N we denote [n] := {1,...,n}.

NEURAL NETWORKS

We denote by o(z) := max{0, z} the ReLU function. In this paper we only consider neural net-
works with the ReLU activation.

Let d € N be the data input dimension. We define a neural network of depth L as N : R? — R,
where N (x) is computed recursively by

e h®W = ¢ (Whx + bWD) for W) € Rmxd 1) € Rm
e h® = ¢ (WO 4 b®) for W € Rrxni-1 () € R™ fori =2,...,L — 1
« N(x) = h) = wDhE-D) 4 b for W) ¢ RIxme-1 bE) ¢ RY

The width of the network is n := max{d, ni,...,nr—1}. We define the number of parameters
of the network as the total number of coordinates in its weight matrices W () and biases b(?), which
is at most O(n2 - L). Note that in some previous works (e.g. Bartlett et al. (2019); Vardi et al.
(2021)) the number of parameters of the network is defined as the number of weights of A/ which
are non-zero. Our definition is stricter, as we also count zero weights.

Input Dimension

Throughout the paper, we assume that d < n, i.e. the input dimension is smaller than the width
of the target network. This assumption is important, because our goal is to approximate a network
of width n and depth L with a deep network, but with width bounded by O(d). If d > n, then
the network we are given is already in the correct form and there is nothing to prove. We note that
networks with width smaller than d do not have the universal approximation property (see e.g. Lu
etal. (2017); Johnson (2018); Park et al. (2020); Hanin and Sellke (2017)), no matter how deep they
are. This is in contrast to networks with depth 2, which have the universal approximation property
(where the width is unbounded). This means that we cannot expect to approximate all networks of
width n using networks with width smaller than d, hence constructing a network with width that
depends on d is unavoidable.

3. Narrow and Deep Networks Can Approximate Wide Networks

In this section we show that given a network of width n, depth L and input dimension d, we can
approximate it up to error € using another network with width O(d) and depth O(n?L?).
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Theorem 2 Let A,B,n,L,d € N, ¢,§ > 0and let Ny : [~ A, A]Y — R be a neural network with
width n, depth L and weights bounded in [—B, B). Let D be some distribution over [—A, A]% with
density function pp such that pp(x) < [ for every x € [—A, A]d where 3 > 0. Then, there exists a
neural network N : [—A, A]Y — R with width max{5d, 10}, depth O (n?L*log(ABne™1)), such
that w.p > 1 — § over x ~ D we have that:

IN(x) — No(x)| < €.
The total number of parameters in N is O (n*>L? log(ABne™1)).

The full proof can be found in Appendix A. We note that the number of parameters in the target
network Aj is O(n2L). Hence, the number of parameters in A is larger only by a factor of O(L),
we will discuss this dependence later on. Specifically, the blow-up in the number of parameters
w.r.t. the width n is only logarithmic. The dependence on the approximation parameter e is also
logarithmic. Note that § and 5 do not affect the number of parameters in the network, as they
only appear in the magnitude of the weights (see Thm. 13 in the Appendix, and the discussion in
Subsection 3.4). We also note that although our result shows an approximation w.h.p, it can be
easily modified to obtain approximation w.r.t LP norms. This can be done by adding an extra layer
that clips large output values of the network, and once the outputs are bounded, we can choose §
accordingly to get an approximation in LP.

3.1. Proof Intuition

The main idea for our proof is to encode for each layer (including the first layer) all its input coordi-
nates into a single number. Now, when we want to apply some computation on an input coordinate
(e.g. multiply it by a constant), we extract only the relevant bits out of that number and apply our
computation on them. Encoding a vector of dimension k into a single number can be done in the
following way: For each coordinate we extract its ¢ most significant bits (for an appropriate c), and
we concatenate all these bits into a single number with a total of k - ¢ bits. Now, to apply some
computation on the i-th coordinate, we first extract the bits in places i - ¢ until (i + 1) - ¢ from the
number we created, and apply the computation on these bits. The main novelty of the proof comes
from using this encoding technique, such that given a layer with n input coordinates and n output
coordinates, we simulate it with a network of width O(1), and depth which depends on n?, and
the number of extracted bits from each coordinate. We now explain in more details the different
building blocks of our proof.

ENCODING THE INPUT

The main idea in this part is to construct a subnetwork which encodes all the d coordinates of the
input within a single number. For simplicity, we assume here that the inputs are in [0, 1]¢. We
construct a network Fyye : RY — R such that for every i € [d]:

BIN(ifl)-c+1:i-c (Fenc(x)) = sz . QCJ .

In words, each c bits of the output of the network Fi, is an encoding of the ¢ most significant bits
of the i-th coordinate of the input. Note that if we want to approximate the input up to an error
of €, we need to use only the O (log (%)) most significant bits. This construction uses an efficient
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bit extraction technique based on Telgarsky’s triangle function (Telgarsky, 2016), which was also
used in Vardi et al. (2021). The depth of this network depends only on the number of extracted
bits, and the width depends on the dimension of the inputs. We note that exact bit extraction is
not a continuous operation. We approximate this operation using the ReLU activation, such that it
succeeds with probability at least 1 — §. This § parameter only affects the size of the weights, and
not the number of parameters. We further discuss the size of the required weights of the network in
Subsection 3.4.

ENCODING EACH LAYER

In this part, we construct deep and narrow subnetworks Fy : R — R with real-valued inputs and
outputs for ¢ € [L], where each such subnetwork simulates the /-th layer from the target network.
We first explain how to simulate a single neuron, and then how to extend it to simulating a layer.

A single ReLU neuron is a function of the form z — o({w, z) + b), for some w € R",b € R.
Suppose that the input of this single neuron (i.e. z) is represented in a single coordinate with ¢ - n
bits, where each c bits represents the ¢ most significant bits of a coordinate of z. We iteratively
decode the representation of z; (the i-th coordinate of z), multiply it by w; and add it to a designated
output number. The decoding of the input is done using Telgarsky’s triangle function. To deal
with both negative and positive w;’s, we use two designated output numbers, one for the positive
weights and one for the negative weights. The final layer adds up these designated outputs with their
corresponding sign to get the correct result. Then, it adds the bias term b to the output and applies
the ReLU function. The depth of this network depends on c-n, i.e., the number of input coordinates
times the number of bits used for their encoding. The width of this network is O(1).

Simulating an entire layer requires iteratively simulating each neuron of the layer as described
above, and then encoding the output of each neuron from the target network within a single number.
In more details, the subnetwork F} iteratively simulates a single neuron from the ¢-th layer of the
target network using the method described above. It also keeps track of the input (which encodes in
a single number all the output coordinates from the previous layer) and a single designated output
coordinate. After simulating a neuron, the network truncates the output to having only c bits, and
stores it in an output coordinate, where the output of the i-th neuron from the target network is
stored in the (¢ — 1) - ¢+ 1 until ¢ - ¢ bits of this designated output coordinate. In total, the network
Fy : R — R has an input dimension of 1, i.e. its input is a single number representing an encoding
of the (¢ — 1)-th layer’s outputs, and it outputs a single number with an encoding of the ¢-th layer.
The width of this network is O(1), and its depths depends on the ny - ng - ¢, where ny, ny are the
input and output dimensions of the /-th layer, and ¢ is the number of bits for each neuron.

3.2. On the Number of Parameters in the Construction

As we already discussed, the number of parameters in our construction is almost the same as the
number of parameters in the target network. The main difference is that in our construction we
have an extra L term, and extra logarithmic terms in the other parameters of the problem. Here we
will discuss why these extra terms come up in our construction, and in what situations they can be
avoided.

The network we construct in Thm. 2 can be roughly represented as N := F, 0 --- 0 F} o Fyy,
that is, encoding the data and then simulating all the layers from the target network. Since we use bit
extraction techniques for this construction, we cannot represent exactly the inputs and the weights of
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the target network. To this end, we only keep track of the ¢ most significant bits of each component
of the target network (weights and inputs).

The approximation capacity of our construction depends on the Lipschitz parameter of the each
layer of the target network, and on ¢, the number of bits we store. To see this, first note that to
approximate some number in [0, 1] up to an error of €, requires to store only its O (log (e~')) most
significant bits. Recall that by our assumptions the weights of the target network are bounded in
[—B, BJ, and each coordinate of the input data is bounded in [— A, A]. The Lipschitz parameter
of each layer of the network can be roughly upper bounded by O (nB), where n is the width of
the target network. This means that after L layers, the Lipschitz parameter of the network can be
bounded by (nB)O(L). Using this estimate, it can be seen that to get an ¢ approximation of the
output, storing O(L log(nABe™1)) bits for every weight and input coordinate can suffice.

The number of parameters for simulating each layer of the target network depends on the number
of stored bits, hence the number of parameters in our construction increases by logarithmic factors,
and an L factor. We get an L? term in the total number of parameters, since there are L layers, and
the simulation of each layer involves a blow-up by a factor of L.

We emphasize that this blow-up in the number of parameters is mainly due to a rough estimate
of the Lipschitz constant for each layer of the target network. Since we use an efficient bit extraction
technique, the number of parameters increases only by log of the Lipschitz constant.

Informally, if the Lipschitz parameter of the network and its intermediate computations is small
(which seems to often occur in practice, see for example Fazlyab et al. (2019); Scaman and Virmaux
(2018); Latorre et al. (2020)), then we believe that the extra L factor can be reduced or even removed
all together. However, a formal statement requires a more delicate analysis, which we leave for
future works.

3.3. Extension to Multiple Outputs

Our construction can be readily extended to the case where there are multiple outputs to the target
network. Given some target network A : [—A, A]? — R%uw, we use a similar construction to
Thm. 2, except for simulating the last layer. To simulate the last layer, given an encoding of the
penultimate layer of N, we simulate each output in parallel in a similar manner as we did for
a single output in Thm. 2. In more details, for each output coordinate i € [doy] We construct a
subnetwork F; which given an encoding of the values from the penultimate layer, computes the i-th
output. The construction of each Fj is exactly the same as the construction from the proof of Thm. 2
which simulates the last layer of a target network with a single output. Now, the last layer computes

Fi(x)
X — :
Fdout (X)

Since the width of the subnetwork which simulates a layer is O(1), the width of this new network
increases by a factor of O(dy), and the depth of this network does not change.

3.4. Approximation With Bounded Weights

Our construction in Thm. 2 uses a network with very large weights (exponential in L and n, see
Thm. 13 in the appendix for the exact expression), which may be seen as a limitation of our con-
struction. In this section we show that having such large weights can be easily avoided by slightly
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altering our construction from Thm. 2. This change results in an extra linear factor, and some log
factors on the number of parameters.

The reason we do have such large weights is because we use a bit extraction technique, which
requires that the subnetworks in our construction will have a very large Lipschitz constant. For
example, constructing a neural network which outputs the i-th bit of its input (say, in 1 dimension),
requires that the Lipschitz constant will be approximately 2°. For this reason, in several places in
the proof our weights are exponential in the parameters of the problem, and they equal exactly to
2NV for some large N which depends on the parameters of the problem. To avoid such a blow-up in
the size of the weights, we can approximate a weight of size 2V by just using log(N) layers, and
multiplying log(/N) times the number 2 to obtain the same result. Using this technique we are able
to construct a network with bounded weights but at the cost of increasing the number of parameters
of the network, up to logarithmic terms, by a linear term in n and L:

Corollary 3 Under the same setting as in Thm. 2, there exists a neural network N : [—A, A]* —
R with width bounded by max{5d, 10}, depth bounded by O (n3L3 log (ABne_lé_lﬁ)g) and
weights bounded by 2, such that w.p > 1 — § over x ~ D we have that:

IV(x) = Mo(x)] < €.
The total number of parameters in N is O <n3L3 log (ABnBe*15*1)2>.

Proof We use the homogeneity of the ReLLU activation. Note that for a neuron of the form
z — o((w,z) + b), we can divide the weights w, b by some constant, and multiply the output
of the neuron by the same constant, and for all z the result will stay the same. Given the network
constructed in Thm. 2, denote its largest weight by C, and its depth by L’. Denote by W@ and
b(®) the weight matrices and biases of this network. We divide W (! and b() by C'. For each layer
i > 1, we divide W by C, and b by C". In the last layer we will multiply by C'*.

We simulate the multiplication by c using small weights in the following way: We write
CLY =22. 3 where o € Nwitha < L/ log(C) + 1 and 8 < 2. We note that the output may be
negative, hence we need to simulate multiplication without the ReLU activation. To do that, we add

o(x)
o(—x)
by the number 2, and in the penultimate layer we multiply the result by 3. The last layer acts as

a layer which acts as: = +— < > We now use « layers to multiply each of the two outputs

(;‘f) — y1 — y2. Note that since the second coordinate is equal to o(—y) and the first coordinate
2

is equal to o (y) (for some y), then the output of the network is y.

To prove the correctness of our construction, first note that the magnitude of each weight in our
new network is bounded by 2, since we divided each weight of the original network by C? for some
i > 1 where C'is the size of the maximal weight. Second, we show that the output of the network
is the same for all x € R%. Given some x € R%, denote by x¥) the output of the original network
with input x after ¢ layers. Assume by induction that after dividing the weights as explained above,
the output of the (i — 1)-th layer is divided by C*~!, then for the i-th layer we have:

I T R NS NS
Ly, O 4 Lp0) = Lo (0. x0
J(CW airx + b ) S0 (WO x4 50 .

8
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This means that after L’ layers, the output is divided by C' L' Since we also multiply by this term in
the last layers of the network, the output of the network does not change.

The weights of our construction are bounded by 2. The width of our construction does not
change from the width of the original network. The depth of our construction can be bounded by
O(L' + L'log(C)) = O(L'log(C)) where L’ is the depth of the original network, and C'is the
maximal weight in the original network. The log of the largest weight can be bounded by (see
Thm. 13 in the appendix):

O (6Ln + log (dznABﬂe_ld_l) + dlog(2A)) = O (Lnlog (nABﬁe_l(S_l))

Hence, the depth of the network can be bounded by O (n3L3 log (ABnfe 16 *1)2). The number
of parameters in the network also increases by O(L’ log(C')). Hence, the total number of parameters
in the network can be bounded by O (n3L3 log (ABnBe_lé_l)Q) : |

Corollary 3 shows that even if we use networks with constant weights, we can simulate any
target network up to any accuracy using a deep and narrow network, while having only a polynomial
blow-up in the parameters of the problem. Moreover, the number of parameters in this construction
is only larger by a factor of O(nL) than the construction in Thm. 2. An interesting question is
whether a better bound can be achieved using a different construction. We leave this question for
future research.

Remark 4 Instead of bounding the magnitude of the weights in the network, we could have bounded
the bit complexity of the network. By bit complexity, we mean the number of bits that are needed
to represent all the weights of the network. By carefully following the proof of Thm. 2, it can be
seen that each weight in our construction can be represented by at most O(n - L) bits. We note that
although it seems possible to provide a construction where each weight can be represented with
O(1) bits, at the cost of increasing the number of parameters in the network (by similar arguments
to the proof of Corollary 3), such a construction does not seem to reduce the overall bit complexity
of the network. This is because, we still use the same total number of bits to represent all the weights
of the network, but we spread those bits across more weights. An interesting question is whether it
is possible to provide a construction with smaller bit complexity, and we leave it for future work.

4. Achieving Close to Minimal Width

Previous works have shown that neural networks over a compact input domain with width < d
(where d is the input dimension) are not universal approximators, in the sense that they cannot
approximate any function w.rt. the L' norm up to arbitrarily small accuracy (see e.g. Lu et al.
(2017); Park et al. (2020)). Hence, we cannot expect to approximate any wide network using a
narrow network with width less than d.! In this section we show how to approximate any wide
network using a narrow network with width d + 2, which is only larger than the lower bound by 2.
We note that in Park et al. (2020), both an upper and lower bound of d + 1 is shown for universal

1. Note that the approximation in Thm. 2 is given w.h.p over some distribution, and not in the L' sense. However, any
construction that achieves approximation w.p. > 1 — § can be used to obtain L' approximation, by bounding the
output and choosing an appropriate J.
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approximation over an unbounded domain, although their construction uses an exponential number
of parameters. Our main result in this section is the following:

Theorem 5 Assume the same setting as in Thm. 2. Then, there exists a neural network N :
[—A, A]Y — R with width max{d + 2,10}, and depth O (n*L?log(ABNe™')), such that w.p >
1 — 6 over x ~ D we have that:

INV(x) = No(x)| <e.

The total number of parameters in N is O (dn2L2 log(ABnefl)z). Ifn > d°, then total number
of parameters is O (n2L2 log(ABne_l)Q).

The full proof can be found in Appendix B. The proof is very similar to the proof of Thm. 2.
The only difference is that we replace the first component of the network which encodes the input
data. The new encoding scheme is more efficient in terms of width as it allows encoding the inputs
coordinates using width d + 2 instead of width 5d. We extract the bits of each coordinate sequen-
tially, instead of in parallel. This results in a blow-up on the number of parameters by a factor of d.
The bit extraction technique we use here also relies on Telgarsky’s triangle function, but to extract
c bits it requires a depth of O(c?), instead of a depth of O(c) as in the proof of Thm. 2. This results
in a blow-up by a logarithmic factor on the number of parameters.

We note that in Park et al. (2020) the authors achieved a universal approximation result using
width d+ 1, vs. width d+ 2 in our theorem. Moreover, they use a bit extraction technique somewhat
reminiscent of ours. However, their required depth is exponential in the problem’s parameters,
while in our construction it is polynomial. We conjecture that it is not possible to achieve a similar
construction to ours with width less than d + 2, unless we increase the number of parameters by
a factor which is polynomial in both n, and the Lipschitz constant of the network. We leave this
question for future research.

Remark 6 In Thm. 5 the number of parameters in the network increases by a factor of d compared
to the number of parameters in Thm. 2. We note that this is due to the way we count the parameters
of the network. We defined the number of parameters as the number of coordinates in its weight
matrices and bias vectors. In Thm. 5, the width of the subnetwork that encodes the input is O(d)
and its depth is O(d) hence its number of parameters is O(d3). An alternative way to define
the number of parameters is as the number of non-zero weights in the network. This alternative
definition is used in many previous works (see, e.g., Bartlett et al. (2019); Vardi et al. (2021)). Then,
the number of parameters for the subnetwork which encodes the input is only O(d2), which gives us
the exact same bound as in Thm. 2.

5. Exact Representation With Deep and Narrow Networks

In Sec. 3 we showed a construction for approximating a target shallow and wide neural network
using a deep and narrow neural network. We note that this construction assumes that the data is
bounded in [ A, A]? and that we approximate the target network w.h.p over some distribution up
to an error of €. The number of parameters in the construction depends logarithmically on A and e.

In this section we show a different construction which exactly represents the target network
for all x € R? using a deep and narrow construction. We will also discuss in which cases this
construction is better than the one given in Thm. 2. We show the following:
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Theorem 7 Let N* : R¢ — R be a neural network with L layers and width n. Then, there exists
a neural network N : R? — R with width 2(d + L — 1) and depth (2n)*~1 + 2 such that for every
x € RY we have that N'(x) = N*(x).

The full proof can be found in Appendix C, but in a nutshell, is based on an inductive argument
over the layers of the network (starting from the bottom layer and ending in the output neuron).
Specifically, fix some layer, and consider some neuron ¢ in that layer (where ¢ ranges from 1 to
the width of that layer). We can view the output of that neuron as the output of a subnetwork
N; : R® — R which ends at that neuron. Suppose by induction that we can convert this subnetwork
N to an equivalent subnetwork which is narrow. Doing this for all 7, we get a sequence of narrow
subnetworks A7, Na, ... which represent the outputs of all neurons in the layer. Now, instead of
placing them side-by-side (which would result in a wide network), we put them one after the other,
using in parallel O(d) neurons to remember the original inputs, and another O(1) neurons per layer
to incrementally accumulate a weighted linear combination of the subnetworks’ outputs, mimicking
the computation of the layer at the original network. Overall, we end up with a narrow network
which mimics the outputs of the original layer, which we can then use inductively for constructing
the outputs of the following layers.

We emphasize that this construction is not an approximation of the target network, but an exact
representation of it using a deep and narrow network. Note that our construction is narrow only if
L << n, otherwise the target network might be narrower than our construction. This construction
is not efficient in the sense that we compute each neuron many times. For example, a neuron in the
first layer of the target network is computed exponentially many times (in L). This is because, every
neuron in a consecutive layer computes this neuron recursively.

CASES WHERE THE EXACT REPRESENTATION IS EFFICIENT

We argue that for d = O(1) and L = 2, 3, the construction presented in this section does not sig-
nificantly increase the number of parameters compared to the target network. The construction in
Thm. 7 has width O(d + L) throughout the entire network. Also, the depth of the network con-
structed in Thm. 7 is exponential in L. For these reasons, the number of parameters in the network
constructed in Thm. 7 is O ((d +L)%. nL_l), which seems less efficient than the construction in
Thm. 2.

Assume that the input dimension is constant, that is d = O(1), and we are only interested in the
asymptotic dependence on n for different values of L. If L = 2, then the target network has O(n)
parameters, because it is a depth-2 network with constant input dimension. By the bound we saw
above, the construction in Thm. 7 also have O(n) parameters. If L = 3, then the target network has
O(n?) parameters, and the construction presented in this section also has O(n?) parameters. For
L > 4, since the target network has O (L - n?) parameters, while the construction from Thm. 7 has
(@] (L2 -nk _1) parameters, then the construction does increase the number of parameters.

We emphasize that the construction here simulates a wide network using a deep network with
width independent of n (the width of the target network), and that it is an exact representation for
every x € R?. On the other hand, in Thm. 2 the construction only approximates the target network
up to some ¢, with high probability and in a bounded domain. We conjecture that it is not possible
to obtain an exact representation without increasing the number of parameters for general L and d.
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6. Discussion

In this work we solved an open question from Lu et al. (2017). We proved that any target network
with width n, depth L and inputs in R? can be approximated by a network with width O(d), where
the number of parameters increases by only a factor of L over the target network (up to log factors).
Relying on previous results on depth separation (e.g. Eldan and Shamir (2016); Safran and Shamir
(2017); Telgarsky (2016); Daniely (2017)), this shows that depth plays a more significant role in
the expressive power of neural networks than width. We also extend our construction to having
bounded weights, and having width at most d + 2, where previous lower bounds showed that such a
construction is not possible for width less than d. Both of these extensions cause an extra polynomial
blow-up in the number of parameters. Finally, we show a different construction which allows exact
representation of wide networks using deep and shallow networks. We argue that this construction
does not increase the number of parameters by more than constant factors when d = O(1) and
L=23.

There are a couple of future research directions which may be interesting to pursue. First, it
would be interesting to see if the upper bound established in Thm. 2 is tight. Namely, whether
the extra blow-up by a factor of L and by logarithmic factors is unavoidable. Second, it would
be interesting to find a more efficient construction than in Thm. 7 for exact representation of wide
networks using narrow networks, or to establish a lower bound which shows that it is not possible.
Finally, in terms of optimization, given two approximations of the same function, one using a narrow
and deep network, and the other using a shallow and wide network, it would be interesting to analyze
their optimization process, and see which representation is easier to learn using standard methods
(e.g. SGD).
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Appendix A. Proofs from Sec. 3
A.1. Encoding of the data

Lemma8 Letd > 0, c¢,co, A € N, where ¢ > ¢y + log(A) + 1. There exists a neural network
N : RY — R with width 5d depth at most O(co) and weights bounded by O <2(d%)c'd>, such that
if we sample x ~ U([0, A]?), then w.p > 1 — § for every i € [d] we have that:

BIN(;—1).ct1:.c (N (X)) = l% . QcoJ A

Proof

We first use Lemma 9 to construct a network G : R — R, such that w.p at least 1 — g, if we
sample x ~ U([0,1]) then G(x) = |z - 2% . Also, G(z) has width 5 and depth bounded by O(cy).
We define a network AV : R? — R which maps the following input to output:

I

= (S 20046 (%))

Ld
We can construct A such that it has width 5d and depth bounded by O(cy) in the following way:

We first map:
n\ o (F) (AEE)

w) \%) \ae)
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This can be done using width 5d and depth O(cy), since calculating each G(x) requires a width of
5 and depth O(cp). In the last layer of A" we sum all the A - G (%) with the corresponding weights.

We note that if = ~ U([0, A]), then % ~ U([0,1]). Hence, by Lemma 9 and the union bound,
the output is correct for all ¢ € [d] w.p > 1 — §. Hence, by our construction, N\ satisfies the
conditions of the lemma.

The maximal width of NV is the maximal width of its subnetworks which is 5d. The depth of N
is the sum of the depths of its subnetworks which can be bounded by O(cp). The maximal weight
of AV can be bounded by the maximal weight of its subnetworks. The maximal weight of N can be

bounded by O (W), which appears in its last layer. |

Lemma9 Letd > 0andc € N. There exists_ a neural network N' : R — R with width 5, depth
bounded by O(c) and weights bounded by O (%) such that if we sample x ~ U ([0,1]), wp > 1—0
we have that N (z) = |z - 2¢].

Proof We define ¢(z) = o(0(2z) — o(4z — 2)), this is Telgarsky’s triangle function (23). We also
define the following function for ¢ € [¢]:

9ct+2—i ) ) ) )
vi(z) = =50 <90(’) <:c + 20+2> — o <x + W)) : (1)

The intuition behind Eq. (1) is the following: The function ¢ is a piecewise linear function with
2¢=1 »bumps”. Each such “bump” consists of two linear parts with a slope of 27, the first linear part
goes from 0 to 1, and the second goes from 1 to 0. Let = € [0, 1], it can be seen that the i-th bit of x
is 1 if go(i) (z) is on the second linear part (i.e. descending from 1 to 0) and its i-th bit is O otherwise.

Assume that z, x + 2;% and x + 2;% are on the same linear piece of (%) for i < c. Then, the
i-th bit of z is equal to 1 if ¢ (a: + 2;11) — (37 + 2;%) > 0, and 0 otherwise. Also, if we
sample x ~ U([0, 1]), then w.p < J both terms are on different linear pieces for some i.

Using this observation we get that the output of v;(x) is equal to the i-th bit of x wp > 1 — ¢
over sampling = ~ U([0, 1]).

We construct a network f;(z) : R3 — R3 which maps the following input to output:

oy 2y + ¥i(x)
P (ot ) | o o0 (o 52
oD (ot i) \pO o+ 3

This network can be realized using four layers (two for Telgarsky’s function, one for /; and one for
the output) and width 5 (one for storing y and four for applying Telgarsky’s function twice). We
also define fo : R — R? as:

0

fox) = |z + 55+
a:—i—ﬁ

Finally, we construct the network:

N:=Pofo---ofiofy,
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where P is the projection on the first coordinate. By our argument above, w.p > 1 — J over
sampling x ~ U([0, 1]) we get that N'(xz) = |« - 2°| as required. The width of A\ is the maximal
width of each of its subnetworks which is at most 5. The depth of N is the sum of the depths of its
subnetworks, which can be bounded by O(c). Each weight of N can be bounded by O (%ﬂ) |

A.2. Approximation of a single neuron

In the following we show that given a previous layer with n neurons each encoded with c bits, we
can construct a network which outputs a single neuron defined by some given weights.

Lemma 10 Lerc,n € N, let b,wy, ..., w, € N with LEN(b), LEN(w;) < ¢ for every i € [n] and
let an,...,a, € {£1}. There exists a neural network N' : R — R with width 8, depth at most
O(n - ¢) and weights bounded by O (2™¢), such that for every v € N with LEN(z) < n - ¢ we have
that:

n—1
N(l‘) =0 <Z aiwiBIN(i—1)~c+1:i~c(x) + b) :

=1

Proof We construct two sets of networks: F; for i € [n] and f; ; for i € [n], j € [c]. The intuition
is that each f; ; will decode the j-th bit from the i-th input neuron, and F; will add up the i-th input
neuron to the output neuron.

The construction of the bit extraction is similar to the one from Eq. (1). We first define ¢(z) =
o(0(2z) — o(4z — 2)) which is Telgarsky’s triangle function. We also define the following function
forevery ¢ € [n - c]:

Nt T 1 T 1
P(x) =2 g <90(€) <2n.c + W) —® (QM + 2"0+1>> : (2)

By the same reasoning as in Eq. (1), the output of 1y(z) is equal to the ¢-th bit of x, for every x € N
with LEN(z) < n - c.

Leti € [n] and j € [c], then we define f; ; : R® — RS which maps the following input to
output:

X X
ZLcur 2 Zeur + w(i—l)-c—&-j (v)
Ypos = Ypos
A  Yneg Yneg
plli=1)-cti—1) (ijc + ﬁ) @((i=1)-cty) (250 4 ﬁ)
e R ity (2o 4 21

where we calculate 1;_1)..+;(7) using Eq. (2).
For i € [n] we define F; : R® — RS which maps the following input to output if a; = +1:

x T
Leur 0
Ypos N Ypos + Wi * Teur 7 3)
Yneg Yneg
o) (5 + o) ) (5 + gt
o) (g + grere) ) (g + grere)
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and if a; = —1:
T x
Tcur 0
Ypos Ypos
A yneg Ayneg + wi . xcur ( )
90(’"6) (5% + ﬁ) 90(1,'0) (g + ﬁ)
o) (Qf-c + W) o) (256 + W)

We now define G; : R — RS fori € [n] as:
Gi ::Fiofi,co"'ofi,l .

In words, the goal of each G is to add to the output neuron the output of the i-th input neuron
multiplied by its corresponding weight. We also define the input and output networks Gj, : R — RS,
Gou : RS — Roas:

X
0
0
Gin (z) = 0
1
252@ + T
gne + gwers
xr
Leur
Gout Jpos =0 (ypos — Yneg + b)
Yneg
z1
29

Finally, we define the network N/ : R — R as:
N :=GoyoGpo---0G10Gj .

By the construction of NV, and each of the G; we get that for every = € N with LEN(z) < n - ¢

n—1
N(x)=o0 <Z QWiBIN(;_1).c1:i.¢(T) + b) .
i=1
The width of each f; ; can be bounded by 8. This is because each ¢ requires a width of 2, and
simulating the identity requires a width of 1, since all the inputs are positive (hence o(z) = z). The
width of each Fj is 6, since it only requires addition and simulating the identity on positive inputs.
The width of Gj, and Gy can also be bounded by 6. Hence, the width of A is at most 8. The depth
of each f; ; can be bounded by 4, and the depth of each F; and of G, and G oy can be bounded by 2.
In total, the depth of N, which is bounded by the sum of depths of its subnetworks, can be bounded
by O(n - ¢). The maximal weight of each f; ; is O (2™¢). The maximal weight of each F; can be
bounded by max; |w;| < log(c). In total, the weights of N can be bounded by O (2™¢). [
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A.3. Approximation of a layer
In the following we show that given a previous layer with n; neurons, each encoded with c bits, we

can construct a network which outputs an encoded output layer with no neurons.

Lemma 11 Let c,ni,n2 € N. For every j € [ni], i € [ng] let w;; € N with LEN(w; ;) < ¢ and
a; j € {£1}. Forevery j € [ng] let b; € N with LEN(b;) < c. Then, there exists a neural network
N : R — R with width 10, depth bounded by O(ninac), and weights bounded by O (2"') with the
following property: Let x € N with LEN(z) < ¢ - ny such that for every i € [ny] we have:

ni

LEN Z Oéi,jwi,jBIN(j—1)~c+1:j~c(x) +b | <c. %)
j=1

Then, for every i € [na] we get:

ni

BING_1).ct1ic(N (7)) = 0 | D i jwi jBING _1).cr1jc(e) +bi | - (6)
j=1

Proof For every i € [n2] we use Lemma 10 to construct a network F; such that for every z € N
with LEN(z) < nj - ¢ we get:

ni

Fi(x) = o | D aijwiiBING 1).ct15.0(%) + bi
j=1

We now construct a network Fj : R?2 — R2 such that:

()=, 0 rw)

We also construct the input and output subnetworks Gj, : R — R2, Gou : R2 — R as:

Gin(z) = (”5)
e ((3)

Finally, we construct the network AV : R — R as:

Y.

Ni:GoutOFnzo"‘oFloGin-

Let x which satisfied Eq. (5) for every i € [ngy]. This means that for every i € [ny] we have that
LEN(E}(z)) < ¢. From this we get that Eq. (6) is satisfied.

The width of each E is at most 8 by Lemma 10. The width of each F; is at most 10, since
we simulate F} as well as the identity twice (for z and y). Note that since both x and y are non-
negative, then a single neuron can simulate the identity (o(z) = z for all z > 0). The width of A/

is the maximal width of its subnetworks, which by the above calculation is 10. The depth of N is

18



WIDTH IS LESS IMPORTANT THAN DEPTH IN RELU NEURAL NETWORKS

the sum of the depths of its subnetworks. The depth of each F} is bounded by O(n; - ¢), hence this
also bounds the depth of each F;. The depth of Gy, and Gy are 1. Hence the depth of N can be
bounded by O(ninsyc). The maximal weight of N can be bounded by the maximal weight of each
F;, which by Lemma 10 is O (2™°¢). [ |

We will also use the following lemma to correctly scale the number of bits stored after each
layer.

Lemma 12 Let a,ag,n € N with ag < a. There exists a neural network N' : R — R with width
7, depth O(n - a) and weights bounded by O (2™%) with the following property: Let x € N with
LEN(z) < a - n, then for every j € [n| we have:

BIN(j_1).a+1:j-a(N () = |BIN(_1).0t1;j.0(x) - 279

Proof The construction is similar to that of Lemma 10, where we recursively decode each part of
the input. We define ¢(z2) = 0(0(22) — 0(4z — 2)), and for any ¢ € [n - a]:

ato— T 1 x 1
) =2 (G () o (gt ) ) - O

Note that the output of 1y(z) is equal to the ¢-th bit of x for every z € N with LEN(z) < n - a (see
the explanation after Eq. (1)).

Leti € [n] and j € [a — ag], then we define f; ; : R® — R® which maps the following input to
output:

x x
Tcur 2 Zeur + w(i—l)-a—f—j (z)
Y = Y
p((i=1)atj=1) (52 + 72”(11“) p((i=1)-a+3) (325 + grerr)
((i=1)atj=1) ) ((i=1)-atj) (5% + 72”}”2)
where we calculate (;_1).q4j(*) using Eq. (7). For every j € {a —ao + 1,...,a} we define

fij : RS — RO which maps the following input to output:

X X
Lcur Leur
Y = Yy
P hati=D) (e (1) i=trats) (e (1)
v (2] \ptevess (2 )

For i € [n] we define F; : R® — R® which maps the following input to output:

T T
Lcur 0
Y = 29y + Zeur )
() (g + 2n++1) ) (= + 2n++1)
o4 (e + o))\ (e + i)

We also define G; : R® — R® as:

Gi:=Fjo fiqo---0 fi1.

19



VARDI YEHUDAI SHAMIR

We also define the input and output networks G, : R — R5, Goy : R> — R as:

x
0
Gin (z) = 0

x

271
x

on-a

a + on- a+1
+

on- a+2

Leur

GOUI

Finally, we define the network N/ : R — R as:
N :=GouoGpo---0G10Gi .
We have for every i € [n] that:

BIN(j—l)-a+1:j~a(N(='L‘)) = LBIN(j—l)-aH:Jna(ﬂﬁ) : 2_a°J .

By a similar calculation to that in Lemma 10, the width of A can be bounded by 7, the depth of
N can be bounded by O(n - a), and the weights of A can be bounded by O (2™%).
|

A.4. Approximation of an entire network

We are now ready to prove the main theorem. For convenience, we restate it and also indicate the
bound on the magnitude of the weights:

Theorem 13 Let A, B,n,L,d € N, €,6 > 0 and let Ny : [—A, A]¢ — R be a neural network with
width n, depth L and weights bounded in [— B, B). Let D be some distribution over [— A, A]¢ with
density function pp such that pp(x) < 3 for every x € [—A, A]* where 3 > 0. Then, there exists
a neural network N : [— A, A]* — R with width max{5d, 10}, depth O (n?L?log(ABne™')) and

weights bounded by O (W), such that w.p > 1 — § over x ~ D we have that:

IV (x) = No(x)| <e.
The total number of parameters in N is O (nQL2 log(ABne_l)).

Proof [Proof of Thm. 13] We split the proof into four parts. We first describe the construction of the
network which simulates the target network. Then, we bound the error of our construction. Next,
we discuss how to generalize this construction to different data distributions. Finally, we calculate
the size of the network we constructed.
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THE CONSTRUCTION

We let ¢g = 2L1log (5ABnde™") , ¢ = 2¢o + log(2Ad) + Llog((n + 1)B). We will first assume

that x ~ U ([—A, A])?, and then generalize to other distributions. We use Lemma 8 to define a
network Fepe : RY — R such that w.p > 1 — & over x ~ U ([0, 2A]%) we get for every i € [d] that:
. z;

Denote the weight matrix of the network N at layer £ as W* = {w? j}iJ’ and the bias terms as

b’ = {b{};. We denote for each 4, j, £: u?fd» = [200 : ’wﬁj J osz = sign (w&). For ¢ > 1 and
for every i we define: bf := |22 . bf|, for £ = 1 and for every i we define: b} := [2%% . b} | —
A2¢ Z?zl 0%1, ju?l{ ;- These parameters will be used in simulating each layer of the target network.
We now use Lemma 11 to construct networks F7, ..., F,_1 where each F) is used to transform
the encoding of the output of the (¢ — 1)-th layer (where the 0-th layer is the input) to the encoding
of the output of the ¢-th layer. We also construct Fj, using Lemma 10, where the output of the
network is without an activation, i.e. it is a linear output layer”. The reason that F7, is different from
the other F}’s, is because it needs to simulate the output layer of the target network, which does not
have an activation, hence also the output layer of our construction should not have an activation.

We use c bits for all those constructions where ¢ is defined above, and ny = d,ny = nforf = 1,

ny =n,ne =nforf =2,...,L — 1. The construction of each Fy with Lemma 11 and Lemma 10
uses the weights {u?f j} , {df j} and {Ef} . Forevery £ € [L — 1] we also define £ : R — R
iy “ iy (

using Lemma 12 with @ = ¢ and ag = ¢g. We define the input network Fy : R — R9 such that
Fo(x) :=x+ A- 1. Since x € [~ A, A)%, then Fy(x) € [0,2A4].
Finally, we define the network A/ : R — R as:

N::272C°-FLOFL_loFL_lou-oﬁ’loFloFenCoFO,

We note that we do not need to also construct FJ,, because the output of the last layer in the target
network has dimension 1. Hence, F, can be replaced with a division of the output of F7, by a factor
of 2%, which can be done without constructing another subnetwork. We also divide the output by
another factor of 20, the reason for this will be clearer in the proof of correctness section.

Note that to construct each Fy, the condition in Lemma 11 should be satisfied. We prove that
this condition is satisfied using induction on the number of layers. If we sample x ~ U ([—A, A]d),
then Fy(x) ~ U ([0, 2A]?). We assume throughout the induction proof that we sampled x such that
Eq. (8) holds for x := Fy(x). Note that it holds w.p > 1 — 4.

For j € [n]and ¢ € [L—1] denote zf = BIN(j_1).ct1:jc (Fg oFpo---0 Fl o FjoFypo0 FO(X)),

and for j € [d] and ¢ = 0 denote zf i= BIN(j_1).ct1:5-c (Fenc © F0(X)) = BIN(j_1).c15j.c (Fenc(X))-
To show that the condition in Lemma 11 holds for any ¢ € [L] we need to show that:

n

~0 f—1 70

LEN Zwmzj +b; <ec.
j=1

2. In the proof of Lemma 10 this only requires to change the output of the subnetwork G to not having an activation,
which is possible since this is the output layer.

21



VARDI YEHUDAI SHAMIR

For ¢ = 1 we have that:

n

Zw”Z]erl Z { QCoJ-zAJrB}

<n-29B-29 .24 +|b}|

<n-20B.29.9244+2.220JAB

<2-22AB(n+d) <2-2*°ABnd .

‘Which means that:
n ~ B
LEN ZQZ;}J . { . QCOJ 24+ b}| | <2¢o+1og(24Bnd) < ¢

Hence the condition of Lemma 11 is satisfied for £ = 1. Note that by the above calculation we
have that LEN ( ) < ¢o + log(2ABnd), due to the compression F.

Assume that LEN (zé 1) < ¢o + log(2Ad) + (¢ — 1) log(B(n + 1)) for every j. For the ¢-th
layer we have that:

n
Zﬁ)g A 1+b€ < nB2% max
J JEM]

- 1‘ L o20p

< nB2% . 2Ad2°(B(n + 1)) + 229
< 2A4d-2%0 . (B(n+1))*.

Hence we have that:

LEN Zw”zf Vb | < 2¢0 +log(24d) + £log(B(n +1)) < ¢

which satisfies the condition of Lemma 11. Also, after applying F we have for every j € [n] that:

LEN ( ) < ¢+ 2log(2Ad) + £log(B(n + 1))

which finishes the induction proof. This shows that the construction of N defined above is valid.

PROOF FOR THE CORRECTNESS OF THE CONSTRUCTION
We now turn to bound the error. Denote by /\/(f (x) the output of the target network N after £ layers,
and its ¢-th coordinate as Né(x)i. As before, denote by zf i= BIN(j_1).c41:j-c (Fg oFjo--0F 0F oFuyo0 Fo(X)>,

and for £ = 0 we denote: z;-) := BIN(j_1).c+1:j.c (Fenc © Fo(x)). We will use throughout the proof
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the fact that for any € R we have that |z — |z || < 1. We will bound the error using induction on
the number of layers. In particular we will show that:

(5n.B)*AVd

4 —co
NO (X)l -2 Cozi < 9¢0

As before, we assume throughout the induction proof that we sampled x such that Eq. (8) holds
for x := Fy(x), which happens w.p > 1 — §. The intricate part is the base case since it involves
the encoding of the data, and the first layer which is slightly different from the other layers. For
Z; := x; + A we have for any i € [d]:

o N Z 24

| —27% . 20| = xz—b;l.QCOJ?CO )
<z _ T 9w 24] |24

=7 24 2¢0 2¢0

|24

~ |20

In other words, the network Ft,c encodes each coordinate up to an error of 22;?) . Leti € [n], then

the error for the first layer of Ay can be bounded in the following way:

d
NG (x); — 2792} | = NG (x); —27° - |27 %0 Zal wij . z;) + b}

i,J
j=1
d
< ING(x)i — 27200 | Y oy - 2) 40} || 427
=1

d d
_ § 1 . 1 —2cp § 1 ~1 0 71 —co
- j:1

IA
<.
i M a
A
S
S
<.
8
oL
+
(=
Sl
|
N
[\~]
[e)
o
.
Il
A
=}
S
&l
3
S
<.
I
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o
S
_l_
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where the last inequality is since we use the ReLLU activation which is 1-Lipschitz. We now have:

Zwmxj—l-bl 272 Za”w © Z; 04 bt || +27

d d
_ 1 1 —c 1 ~1 —C O —2¢ 1 —C

d d
<D wiimi+bp =270 o iy - E — 2720b) | +
i=1 j=1
d
—c —cy 1 ~1 ~ —cp .0
j=1

Before bounding the error terms, we will focus on the first term of Eq. (10) and bound it further:

Zw”xj—i—bl—ZQ COa w S iy — 27 20p!

d
— Zw”x] + b} — 22 DO i) ;- (w54 A) = 2720|220 bl | 4+ A270 D o i)
j=1

d d
=D wijuy b=y 2700 |20 fwiy|| oy — 270 |27 - b}

= wa:ﬁj—l—bl—z2 COa 2C°‘w”|:ﬂj

d
. ZQ—COQ}J . (LQCO . ‘wil,jH 90 ‘w ’]D _ 920 (L22co . bzlJ 4+ 920 . bll _ 92 , bll)

d d d
I 1 ... a1 —2¢ —co 1 ...
E w; ;T + b g w; ;x5 — by +2 + E 27 %
j=1 j=1 j=1

d
=2720 4 |y "9 0a) a;l . (1)
j=1

IN

Combining Eq. (10) and Eq. (11), we bound the error for the first layer in the following manner:

d
‘Nol (x); — 2_Cozz~1‘ < 27 49720 4 9=c0 Zaiju?},j . ‘a%j Cozo} 22 Coa”x]
j=1

<27 4 2720 4 9. 24 jag-e < 5dAB < SHABf ,
2¢o 2co 2¢0
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where in the second inequality we used Eq. (9), and in the last inequality we used that d < n. This
finishes the base case for the induction.

We now bound the error for the output of the ¢-th layer in a similar way to the error bound of
the first layer. Assume that for the ¢ — 1 layer we have:

B)t14
‘Ng‘l(x)i _ Q—cozf—1’ < W .

For conciseness we do not repeat all the inequalities in details and just state the final bound. The
derivations here are similar to the ones done for the base case.

NE(x); — 2702 ‘ <27 4 9720 4 97¢ Za w ’./\/K Y(x); — CozZ 1’ 22 CoailJ./\f(f_l(x)j
7=1
(12)

Note that for £ = L, the layer is slightly different because it does not have an activation, and also
because instead of applying F;, we divide the output by a factor of 2°°. Note that since the output
of the L-th layer is of dimension 1, then applying F7, is equivalent to dividing by a factor of 2° and
applying the integral part function. By carefully following the calculations for the approximation
error (with some minor modifications), it can be seen that removing the activation and the integral
part function also implies a similar guarantee for the last layer.

To bound the output of the (¢ — 1)-th layer N ~*(x); we use a rough estimate of the Lipschitz
parameter of the network in the following way:

a0 =l (w60 + B < Wi to0 +vf|
e - eof o] < el - s~ oo+ 1]
<nB- HNOZ_I(X)H ++vn-B<2nB- H./\/'(f_l(x)H :
Using the above inductively, that d < n and that ||NJ(x)|| = [|x|| < A - Vd, to get that:

HNg(x)H < (2nB)'- AVA.

Since ‘J\/ l(x); ’ HN 1 )H we can plug the above bound, and the inductive assumption into
Eq. (12) and using that d < n we have:

(5n.B)*AVd

NE(x); — 27028 <227 4 nBAVA2™ - (5nB)*~! + nAVd2~ . (2nB)" ! <
0 ] 2¢o

This finishes the induction proof. In particular, after L layers by the definition of ¢y we get that:

No(x) = N(x)] < OnBY AV

SR TEEE

which gives us the required error for our construction.
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DIFFERENT DATA DISTRIBUTIONS

Suppose we are given some distribution D over [— A, A]¢ with density function such that Pp(x) <
forevery x € [~ A, A]%. Let C C [~ A, A]? be the set for which Eq. (8) does not hold for #; = z;+A
for some i € [d]. By our construction, if we sample x ~ U ([—A4, A]?), then Eq. (8) holds for X w.p
> 1 — 6. Hence, we have that Vol(C') < § - (24)%. By the assumption on D we get that

Prp(x € C) < - Vol(C) < B5(24)7.

Hence, given § > 0 we can construct a network A that approximates Ny w.p > 1 — ¢’ over
U([-A, A]?) for §' := m, and by the above equation the network N approximates Ny w.p
> 1 — ¢ over D. Note that replacing ¢ by ¢’ in our construction only affects the size of the weights,
and not the width, depth or the number of parameters in the network (see a detailed calculation
below).

THE S1ZE OF THE CONSTRUCTED NETWORK

We will now calculate the size of the network A. The width of the network is the maximal width of
its subnetworks. The width of F¢,. can be bounded by 5d. The width of Fy can be bounded by d,
since it is only a translation of each input coordinate by A. The width of each F; can be bounded by
10 and of each F; can be bounded by 7. In total, the width of A/ can be bounded by max{5d, 10}.

The depth of A/ can be bounded by the sum of the depths of its subnetworks. The depth of
Fine can be bounded by O(cg) = O (Llog(ABne™t)). The depth of Fy is 1. The depth of F}
can be bounded by O(dnc) = O (dnLlog(ABne !)) and the depth of each Fy for ¢ € {2,...,L}
can be bounded by O(n?c) = O (n?Llog(ABne')). The depth of each £ for ¢ € [L — 1]
can be bounded by O(c) = O (Llog(ABne™')). In total, the depth of A can be bounded by
O (n®L*log(ABne~')) where we used that d < n.

The weights of N can be bounded by the largest bound on the weights of its subnetworks. The
weights of F¢,c can be bounded by

o o

96dL 10g(5ABnde’1)dB(2A)d 26de2ABn6(2A)d
=0 5 =0 0 )

9deg . 3(24)4 94dLlog(5ABnvde!)+dlog(2Ad)+dLlog((n+1)B) 7 . 3(9 A)?
O< w()):o( d- 5(24)

The weights of Fy for ¢ > 2 can be bounded by O(2"¢) = O (26"L log(‘r’AB"d(l)) =0 (%fB”d) .

The weights of F7 can be bounded by O(2%) which are smaller than the weights of F} for £ > 2.
The weights of each Fy for ¢ € [L — 1] can be bounded by the same bound. In total, using the

Ln d
assumption that d < n we can bound the weights of A/ by O (ML% .

The number of parameters in the network A/ can be bounded by the sum of the number of
parameters in each of its subnetworks. For each subnetwork we bound the number of parameters
by its depth times the square of its width. The number of parameters in Fgp. can be bounded
by O (d*Llog(ABne™')). The number of parameters of each Fy for ¢ € [L] can be bounded

by O (nQLlog(ABne_l)). The number of parameters for each £, for £ € [L] can be bounded
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by O (Llog(ABne™')). The number of parameters in Fy is O(d?). Hence, the total number of
parameters in A/ can be bounded by O (nQL2 log(ABne_l)), where we used that d < n. |

Appendix B. Proofs from Sec. 4

The following lemma improves on Lemma 8 in terms of width, but the required depth is larger:

Lemma 14 Let 6 > 0, ¢,co, A € N, where ¢ > ¢y + log(A) + 1. There exists a neural network
N : RY — R with width d + 2 depth at most O(c2d) and weights bounded by (%ﬂ), such that if
we sample x ~ U ([0, A]%), then w.p > 1 — 6 for every i € [d] we have that:

BIN(i—1)~c+1:7L-c (N(X)) = [% . QCOJ AL

Proof In order to use less neurons in each layer of the network, we will use a slightly different bit
extraction technique, which was also used in (20). This construction is presented in Lemma 15. We
first construct the first layer which divides all the inputs by A, that is:

I

N

Zq

;>‘§

This way, we can assume that the input is in [0, 1]¢. We use Lemma 15 to define the following
subnetwork F : [0, 1] — R with width 4 which maps F' <<§>> =[z-2°+ywp>1-— g.

We will define the subnetworks F1, . .., Fy which will extract the relevant bits from each input
coordinate, and add it to the output coordinate. The construction of F; will be slightly different
from the construction of the other F;’s since we constrain ourselves to having a width of d + 2,
hence we will ’hide” the extracted bits from the first coordinate inside the second coordinate. We
will then extract those bits and add them to a designated output neuron.

Concretely, we define F : R? — R9~! such that:

ay [(E)

Ld
Zq

In the first coordinate of the output of F| we have both the value of z in the fractional part, and
the bits we extracted from z; in the integral part. We use a slightly different version of the network
F, which we call F’ such that: F’ (z) = L? . Note that constructing F’ is similar to the

construction of F', where we take the integral value of the input. For conciseness we do not repeat
this construction. It is also a width 4, depth O(cg) network. Next, we define F}’ : R9~! — R? such
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that: )
Lo F (1‘2)
F{/ . — xS
Td T4
We also define the network G : R% — R< as:
y Ay
o T2 —Y
G . = r3
Td Ty

We define the network F; := G o F}' o F|. By the construction we get that:

Lxl/A . QCOJ + l‘Q/A

xl/A .CCg/A
" =Go Fll/ .
I'd/A .Td/A
[z1/A - 2] z1 . 9co
[71/A - 2] + 75/ A Ugf/j A
-G x3/A — 2_
$d/A xd/A
where the second equality is since z2/A < 1 w.p 1, hence | |[z1/A - 29| + 22/A] = |x1/A - 29].
Now we define Fb, ..., Fy such that F; : R9=+2 5 RA=#+1 where:
Yy A-F((%’))%—y%c
T
F; . = Li+1
T4
T4

Finally, we construct N : R¢ — R such that:
N :=Fjo0---0F;.

By the construction of A/, and using union bound over i € [d] we have w.p > 1 — ¢ that for every i:
BIN(;_1).c41:i-c (N (X)) = | % -2 - A as required. As was argued before, the construction of F}
has width d + 2. In addition, the construction of each F; for ¢ > 2 has widthd — i +4 < d + 2.
Hence, the network A\ has width at most d + 2 as required. The depth of each F} is O(c?), hence
the depth of the network N\ is O(c?d). The maximal weight of A/ can be bounded by (%Ad). |

The following lemma shows a bit extraction technique, which is more efficient in terms of width
from Lemma 9 but less efficient in terms of depth.
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Lemma 15 Let § > 0 and ¢ € N. There exists a neural network N : [0,1]?> — R with width 4,
depth bounded by O(c?) and weights bounded by O (25:), such that if we sample x ~ U (|0, 1]),

then w.p > 1 — 6 for any y € [0, 1] we have that N <<§>) =|z-2° +v.

Proof We define ¢(z) = o(0(22) — o(4z — 2)), this is Telgarsky’s triangle function (23). We also
define the following function:

1 16 1 1 4
h5($)=50<x—2+2>—50<$—2—2> :

This function approximate the indicator 1(z > 1/2). That is, for every = ¢ [1/2 — §,1/2 + 6] we
have that hs(x) = 1(x > 1/2). For every 7 we define the function

vi(z) = hs <80(i) <ZE - 21-11)) :

Note that if we sample 2 ~ [0, 1], then w.p 1 — & we have that oV (z — 2+) ¢ [1/2—6,1/2 4 6]
for every i € [c]. Hence, intuitively this function extracts the i-th bit of  w.h.p. We now define the
network Fj : [0, 1] — R? such that:

E((2) = (st

This network can be constructed using width 4, that is simulating v; using width 2, and keeping
throughout the calculation the inputs , y. Finally we construct the network N : [0, 1]> — [0, 1] as:

N:=PoF,o---0oF

where P is the projection on the second coordinate. By our construction, we get that <<y>> =

|z - 2¢| + y as required. The width of N is the maximal width of its subnetwork which is 4. The
depth of each F; is bounded by O(c), hence the depth of A/ can be bounded by O(c?). The weights
of \/ can be bounded by O (%-). [ |

We are now ready to prove the main theorem in this section:

Proof [Proof of Thm. 5] We construct A in the same way as the proof of Thm. 2, where the only
difference is that to construct Fi,. we use Lemma 14. The correctness of the construction follows
from the same arguments. For conciseness we do not repeat the entire proof, and only calculate the
required width, depth and number of parameters in the network.

The width of the network F¢p. is bounded by d + 2. The width of any other component in the
network is bounded by 10. Hence, the width of A/ can be bounded by max{d + 2, 10}.

The depth of Fiye can be bounded by O(c}d) := O (L*log(ABne ')2d). Using the same
bounds on the other parts of the network from the proof of Thm. 2 we get that the depth of N/ can
be bounded by O (n?L?log(ABNe™1)).

The bound on the the weights of A remains the same as in Thm. 2.

The number of parameters in Fe,c can be bounded by O (d3L2 log(ABne~! )2) The number of
parameters for the other parts of the network remains the same as in the proof of Thm. 2. In total, the
number of parameters in A/ can be bounded by O (dnzL2 log(ABne_l)z). If n > d5, then d® =
O(n?), this means that in this case, the total number of parameters is O (n®L? log(ABne 1)?). W
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Appendix C. Proofs from Sec. 5
C.1. The 2-Layer Case

Lemma 16 Let f* : RY — R be a 2-layer neural network with width n. Then there exists a
(n+2)-layer neural network f : R% — R with width 2d + 2, such that for every x € R?* we have

fr(x) = f(x).
Proof We can write:

Frx) =Y uio((wf,x) +b}) +b* . (13)
=1

We denote V() b(®) to be the weights of the i-th layer of the network f we construct, and wy) the

jth row of (). For convenience, we denote the first layer of f as W and define it as:

Iy
W — —id c R(2d+2)xd
of
04
o(x)
and b(®) = 02412. Then, we have: 20 = O'(W(O)X + b(o)) = a(ax) . Now for every
0

i=1,...,n we define W® and b® in the following way: If u; > 0 then we define

Iy 04xd 0; 0y 04

W _ ded {d 04 Oq4 c R4+2)x(2d+2) (i) 04 c R24+2
uwf -w; —ul -w; 10 ’ by
0, 0 0 1 0

14 Odxd 0 04 04
W — O(C)l_>|<_d [ﬁ Old %d € RHDX(2d42) () — %d c R24+2
d d
|ui|*T W —\ui|*T w0 1 by

Denote by I := {i € [n] : u} > 0} and similarly I_ := {i € [n] : u} < 0}. Denote by x(*) the
output of the network f after ¢ layers (including the zeroth layer). We use the fact that for the ReLU
activation we have that o(z) — o(—z) = z for every z € R, hence also (w,o(x)) — (w,0(—x)) =
(w, x) for every w,x € R, Then we have that:

X(n) e R2d+2 )

Dier, wio (W, x) + bi)
Dier. uil" o (Wi, x) + bi)
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We define the last layer of the network as:

Wt — Old e R24H2) p(+l) — p* e R |

In total, we get that:

D) = 5 1 S W ((whx) + ) = Y Juyfo((whx) + b])

el jel_

=D wio((wh.x) +0]) +5" = f*(x).

C.2. The General Case

Proof [Proof of Thm. 7] We will show by induction on the depth L that for every neural network
N* : R — R of width at most n and depth L there is another neural network N : R2(d+L-1) _,
R2(+L=1) of width 2(d 4 L — 1) and depth (2n)%~1, such that for NJ : R? — R2(@+L=1) defined
by the weights:

Iy
WO — _Id c ]RQ(CH-L—I)Xd7 bO _ 02(d+L—1) c RQ(CH—L—I)‘ (14)
O02L—2)xd

we have that:

1. (N o N¥(x))agrar—3 — (N o NE(x))agrar—2 + b* = N*(x) for every x € RY, where b* is
the bias in the output layer of N.

2. The i-th coordinate of both the input and output of NV is equal to o (x;) fori € {1,...,d} and
o(—z;) fori e {d+1,...,2d},

The case of L = 2 is proved in Lemma 16, by taking all but the first and last layers of the
construction there. Suppose this is true for every ¢ < L, and that we are given a network N'* :
R? — R of depth L, with weights in the last layer wl € R" bY € R. For every x € R? let
z(x) € R"™ be the output of the (L — 1)-layer of N* on x. We can write N*(x) as a linear function
over its last layer:

n
N*(x) = (wh, 2(x)) + b5 = 0" + > wf - 2(x)s. (15)
i=1
Note that each coordinate of z(x) is the output of an (L —1)-layer network composed with the ReLU

activation. By the induction hypothesis, for every coordinate i € [n], there is a neural network V;
of width 2d + 2L — 4 and depth at most (2n)~2, such that for every x € R? we have:

z2(x); =0 ((NZ o N()Lfl(x))gd+2L_5 — (N; o NOL*l(X))Qd_,_QL_Ll + biLfl) (16)
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We construct a neural network NV in the following way: For each ¢ = 1,...,n we add to the
network N; two extra coordinates, and for each matrix in the network N; we concatenate it with the
block matrix 1. In other words, we extend each V; to have two more inputs and outputs coordinates,
and just apply the identity on those two coordinates. This way, the output of each network N; on
the last two coordinates are just the ReLU of the input. Now, for each /N; we construct a depth-2,
width-2(d + L — 1) network M; which maps the following input to output, where we assume in the
following equations that the y;’s are non-negative. If wiL > 0 then:

o(z1) o(z1)
U(l‘d) U(xd)
o(—x1) o(—z1)
o(—zq) — o(=%a)
Y1 0
Y2L—5 0
Y21,—4 0
Y2r—3 Yor—3 +wlo (yzL—5 — Yor—4 + bZL—l)
Y2r-2 Y2L—2
and if w¥ < 0 then:
o(xy) o(x1)
o(za) o(@a)
o(—x1) o (=z1)
o(—za) | oy o(—xq)
Y1 0
Y2L—5 0
Y2r,—4 0
Y2r—3 Y213
Yor—2 Yor—2 + |wllo <y2L75 — YoL—4 + sz_l)

We can define M; this way, since the output of the ReLU function is positive, and simulating the
identity on positive inputs using ReLU requires a single neuron (c(z) = z for all z > 0).
Finally we define the network as:

N(x) =M, o Ny---M;oNi(x).

First, note that the construction is valid, since for every M;, its output on the first 2d coordinates
satisfies the induction hypothesis, and also the output of the next 2L-4 coordinates is zero. Second,
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by the construction and Eq. (15) and Eq. (16) it is easy to see that for every x we have that:
N*(x) = (N o N§/(x))2a+20-3 — (N 0 N§'(x))2ar20-2 + b*

The depth of N, by the induction hypothesis, can be bounded by 2n - (2n)*~2 = (2n)“~!. The
width of N by the construction is bounded by 2d 4+ 2L — 2. This finishes the induction proof.
We now define Ny : R2(4+L~1) 5 R as the affine operator which maps

Y1
L
> Yod2L—3 — Y2d+20—2 + b7 .
Y2(d+L-1)

We finally define the network A/ : R¢ — R as
N := Noy o N o NF

where N is given by the induction step for L. We have shown that for any x € R? we have that
N(x) = N*(x).

The depth of the entire network is equal to the depth of the network NV plus the input and output
subnetworks, which by the induction hypothesis is at most (2n)%~! + 2, while the width of N\ is
2d+2L — 2. |
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